Russell "On Denoting™: Logical vocabulary, translation, and the Present King of France

~ Negation "not," "It is not the case that"
. Conjunction "and"

v Disjunction "or"

D Conditional "if-then," "entails," "implies"
= Biconditional "if and only if"

(x) Universal Quantifier "Forall x..."

(3x) Existential Quantifier ~ "There exists an x..."
Predicates: A, B,...,.Z

Names: a, b,...

Variables: x, y, z

How do | say...

Socrates is a man. Hs

s is human

There is a man. (Ix)Hx

There exists an x such that x is human

There is a bald man. At least one man is bald (Ix)(Hx * Bx)

There exists an x such that x is human and x is bald.

There is exactly one man (AX)(Hx * (y)(Hx D y=x))

There exists an x such that x is human and, for any y, if y is human then y=x

Notice the underlined part expresses uniqueness, the idea that there is only one thing that's
human. The idea is this: suppose | say there's just one man on that island, that guy x. You say
now wait a minute, | met a guy, y, on the other side of the island. OK | say, there's just one man
there—y is identical to x, "they" are the same guy.

So, this language gives us a way to express what Russell takes to be the true form of what
appear to be subject-predicate sentences:

"The King of France is bald" breaks down to the conjunction of three claims:

(1) There is a (at least one) King of France (IX)Kx
(2) There is no more than one King of France (y)(Ky D y=x)
(3) That guy x is bald Bx

Putting it altogether

(4) The King of France is bald. (AX)(Kx * (y)(Ky D y=x) * Bx)
(4) is just the conjunction (and-statement) of (1), (2) and (3). No big deal

Now let's consider the idea of "scope"

This is familiar from arithmetic. Consider the following:

5)-2+3

(6)-(2+3)

In (5) the scope of the minus sign is narrow—it only applies to the 2—so the answer is 1. In (6)
however, the scope of the minus sign is the whole expression in parentheses so when we do the
arithmetic we evaluate the expression in the parentheses first to get 5 and then stick on the minus
sign to get — 5. Big difference.



It's the same in logic. The parentheses group expressions. To make it simpler, let's forget about
quantifiers and predicates and just remember, if we can, good old propositional logic where
capital letters stand for sentences. Let "H" stand for "You have your cake" and "E" stand for "You
eat your cake." Hence:

(7YH < E You have your cake and you eat your cake

Now what if you want to deny (7), to say it's false, i.e. to say that you can't both have your cake
and eat it? You don't want to say

(8)~H-E You don't have your cake but you do eat it

You want negation to have wide scope here, to attach to the whole sentence, not just the first part
SO you say:

(9)~(H<E) You can't both have your cake and eat it

Now let's get back to the King of France and see how Russell solves the apparent problem about
excluded middle by the business about scope. The conjunction of (1), (2) and (3) is:

(10) @x)(Kx = (y)(Ky D y=x) * Bx))
Russell claims that this is the correct translation of the English sentence
(S) The King of France is bald.

Let's ignore Russell's translation now. Suppose you're asked, "Is S true or false?" Well, you can't
say true because there isn't any King of France: to say true would be to say that there is a King of
France in the set of bald things and there's no King of France there or anywhere else. But it looks
as if you can't say false either because to say a sentence, P, is false is just to say Not-P and if
you say that it looks as if you're saying the King of France is not bald. To say that is to say he
belongs to the set of non-bald things. But he doesn't belong there either because he doesn't
belong anywhere, so it looks as if you're damned if you do and damned if you don't.

Excluded Middle says for any sentence, P, that you choose, P or Not-P—that's a tautology,
necessarily true. But if S puts the King of France in the set of bald things and Not-S puts him in
the set of non-bald things it looks like you don't have either P or Not-P so that Excluded Middle
fails.

Russell's solution is to argue that denying S does not say that the King of France is non-bald.
There's a difference between (11) and (12) because of the scope of the negation (note
underlining)

(11) It is not the case that the King of France is bald ~ ((@AX)(Kx * (y)(Ky D y=x) * Bx)))
(12) The King of France is non-bald (AX)(Kx * (y)(Ky D y=x) * ~ Bx))

(11) is the denial of (S) and it is true because there is no King of France. If we recognize that (10)
is the correct translation of (S) we can see that if we want to deny (S) we don't say (12), which
does illegitimately put the King of France amongst non-bald things. Showing the true logical form
of (S) displays with crystal clarity the scope ambiguity in the ambiguous sentence "The King of
France is not bald.

So our problems are solved. (S) is false, so Excluded Middle is not violated. To say (S) is false is
just to say (11) which doesn't commit us to the existence of any King of France, either amongst
bald or non-bald things!



