
The following problems are to get you ready for he final. You won’t be turning them in so just use
them to learn. Really try to solve them on your own and don’t just watch someone solve them and
think you can do it next time.

1. Give an example of each or explain why no such example exists.

(a) A non-continuous, non-monotone function on [0, 1] that is in R[0, 1].

(b) A function f ∈ R[−1, 1] that has no anti-derivative.

(c) Bounded functions f and g defined on [0, 1] with f ∈ R[0, 1] and g 6∈ R[0, 1] such that
f + g 6∈ R[0, 1].

(d) A function f ∈ R[0, 1] such that f(x) ≥ 0 for all x ∈ [0, 1] and
∫ 1

0
f = 0 but f(c) = 1 for

some c ∈ [0, 1].

(e) A monotone function f ∈ R[0, 1] such that f(x) ≥ 0 for all x ∈ [0, 1] and
∫ 1

0
f = 0 but

f(c) = 1 for some c ∈ (0, 1).

(f) A function f ∈ c[0, 1] such that f(x) ≥ 0 for all x ∈ [0, 1] and
∫ 1

0
f = 0 but f(c) = 1 for

some c ∈ [0, 1].

(g) a function f ∈ R[0, 1] that is neither monotone nor continuous

(h) a function f ∈ R[0, 1] such that |f | 6∈ R[0, 1]

(i) a function f 6∈ R[0, 1] such that |f | ∈ R[0, 1]

(j) a sequence of function fn that converges to a function f pointwise on [0, 1] but not uniformly
on [0, 1]

(k) a sequence of function fn all of which are not continuous, that converges uniformly on [0, 1]
to a function f that is continuous

(l) a power series with radius of convergence R = 4

(m) a power series that converges at x = 2 and x = 4 but not at x = 0

(n) a Hilbert space

2. What is the derivative of F (x) =
∫ x2

x
ln(t) dt on [1, e]?

3. Suppose f ∈ R[a, b] and
∫ b

a
f = −1. Also suppose there exists d ∈ [a, b] such that

∫ d
a f = 3. Show

there exists c ∈ [d, b] such that
∫ c
a f = 0.

4. Define f : [0, 1] → R by:

f(x) =
{

1 if x = 1
n for n ∈ N

0 otherwise

Show f ∈ R[0, 1] and compute the value of
∫ 1

0
f .

5. (a) Suppose {ak} and {bk} are sequences such that |ak| = |bk| eventually, show that the power

series
∞∑

k=0

akx
k and

∞∑
k=0

bkx
k have the same radius of convergence.
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(b) Use the previous part (and series you already know) to show that
∞∑

k=0

x2k

(2k)!
and

∞∑
k=0

x2k+1

(2k + 1)!
both converge for all x.

(c) Define sinh(x) =
∞∑

k=0

x2k+1

(2k + 1)!
and cosh(x) =

∞∑
k=0

x2k

(2k)!
. Show fn(x) =

n∑
k=0

x2k+1

(2k + 1)!
con-

verges uniformly to sinh(x) on [−N,N ] for all N ∈ N and gn(x) =
n∑

k=0

x2k

(2k)!
converges

uniformly to cosh(x) on [−N,N ] for all N ∈ N.

(d) Prove
d

dx
sinh(x) = cosh(x) and

d

dx
cosh(x) = sinh(x).

(e) Let H(x) = sinh(x) + cosh(x) show H ′(x) = H(x) and H(0) = 1. Thus it follows that
H(x) = exp(x).

6. Suppose for all n, fn is defined on [0, 1] by:

fn(x) =
{

ne−nx if x > 0
0 if x = 0

(a) Show fn → f pointwise on [0, 1] where f(x) = 0 for all x ∈ [0, 1].

(b) Compute
∫ 1

0
fn for all n.

(c) Does fn → f uniformly on [0, 1]?.

7. Suppose V is a vector space and ||·|| is a norm on V . Let a > 0 and for all v ∈ V let ||v||a = a ||v||.

(a) Show ||·||a is a norm on V .

(b) Show that if d is the metric derived from ||·|| then show da defined by da(x, y) = a[d(x, y)]
for all x, y ∈ V is the metric derived from ||·||a.

(c) Show that {xn} ⊆ V and x ∈ V then xn → x using the metric d if and only if xn → x using
the metric da.

8. Find the radius for convergence of
∞∑

n=1

3n(x− 2)n.

9. For all n let fn = sin
(x

n

)
defined on [0, 1].

(a) Show fn → 0 pointwise on [0, 1].

(b) Compute f ′n.

(c) Show that f ′n → 0 uniformly on [0, 1].

(d) Does fn → 0 uniformly on [0, 1]?

(e) Find
∫ 1

0
fn.

(f) Use ?? to show that
[
n− n cos

(
1
n

)]
→ 0.
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10. Consider the metric space (R, d) where:

d(x, y) =
{

1 if x = y
0 otherwise

.

Does the sequence 1
n converge?

11. Let X and Y be normed vector spaces, and let B(X, Y ) be the space of bounded linear function
from X to Y . In class, for T ∈ B(X, Y ) we defined:

||T ||OP = sup
{
||T (x)||Y
||x||X

: x ∈ X

}
.

(a) Prove ||·||OP is a norm for B(X, Y ) (we did not ever show this in class).

(b) Prove that B(X, Y ) is a Banach space if Y is a Banach space.

12. Let T : (L2([1, 3]), ||·||2) → R defined by T (f) = 2
∫ 3

1
f .

(a) Show T ∈ (L∗2([1, 3]).

(b) Find (and prove) ||T ||OP .

13. Let:

A =
[

2 3
0 2

]
.

Find:

(a) ||A||1 (this is what we called ||A||11 before)

(b) ||A||2
(c) ||A||u
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