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We know now, from the circuit point of view, that waves exist on a trans-
mission line. Now let’s look from the elctromagnetic point of view.

A transmission line consists of 2 parallel metal pieces (unchanged geom-
etry with ). That is,

— /

Later, it will be shown that, at high frequencies, the currents are surface cur-
rents, even if the conductors are thick. However, for now, assume for sim-
plicity that the two conductors are thin strips of metal. Then,

| = Io ej (ot-B2z)
We have on one conductor J,=& J_e' " "?? where J.= I /I (lis the
width, or the perimeter). J, is uniformly distributed in the tranverse plane

for these two. From the continuity equation, we have

- 8/)
v-j=_2P.
ot

But J is purely axial and is a surface density. Therefore, we have:

0 __9ps(2)
EJS(Z) - at

R

dt
Therefore, integrating, we get:
ps= %Jsoe““”“)= poe’” = p(2)

Thus, we have also a surface charge distribution equal and opposite sign
on the two conductors. This is also a wave.



Now let’s look from the electromagnetic point of view.

contour | and p both have

e (“'~P2) dependence

Let’s consider Maxwell's integral equations.

The surface Sis in the cross sectional plane. It is obvious that E (and D) is
in the plane also and, therefore, the surface integral is zero.

.-.§F|-df=|

incl

Therefore, for a given value of z, we have same as the magnetostatic result
(which has no zvariation).

(b)

It is obvious that B is in the plane. Thus, the surface integral is zero.
Therefore, fﬁﬁ- d =0. That Is, for a given value of zZ, we have the same as
the electrostatic result.

We can thus use the concept of the electrostatic potential (for a given value
of 2)

2
V:—jE-dF
1



So we can calculate that (i) we can use static E and H (of e long conduc-
tors), (i) add e'“'~"? variation, and (iii):

2
V=-[E-d | =§H-d
1 C
arbitrary path from arbitrary path around
conductor 1to 2 one conductor

For the coaxial line, then, we have, by Ampere’s Law:

| = | el A=e o qitet-p2)
2mwr

We also have E = & — ¢’

Integrate from ato b:

V=-[E-df = Aln(%)) e’ 7=y el

s A= Vo

In(V

=_ 4 % 1 jet-py
(E_er In(D)) r © )

Note that, for the coaxial line, both E, and H, are functions of r.

But E and H obey the dynamic Maxwell equations (when counting zand @
dependence). In phasor form:

VXE=-jouH VxH=J+jweE

The only components are E, and H,, and Js. Therefore, the above curl
equations simplify to:
Hy

JE, . JH, .
- =—jouH, (1) 5y = J0EE (2)




In full-time domain form, these are:

JE, oH oH OE

0z = Mo © - =g @

Notice the exact analogy to the transmission line equations (!)
oV _ ol al oV
9z- 2=

EseV Ho usL e&C

L = inductance / unit length

constants: _ _
C = capacitance / unit length

Combining (3) and (4), we get:

J0%E, d°E, d*H, _ d*H,
972 ~ THE 5z 0 O Tz TTHET S

The wave equation.
Or, in phasor form, combining (1) and (2), we get:

O2E,

572 =-w?ueE, w?ue = B?
9°E, 9*H
52 = PE a2 =P

The Helmholtz equation with solution:

— j(wt-Pz) _ i (wt-B2)
E.(r,z)=E(r)e H,(r,2) = H(r)e'
— Vo l ej(wt—ﬁZ) — I_ol el@t-52)
In(b)) 21
Substituting back into the curl equation:
—iBE=-jouH, —jBH, = joeE,

E:%:\/Ezn E:ﬁz\/Ezn
Hy, B € H, we €



So, the behavior of the fields is like a uniform plane wave. But, they are not
uniform (there is transverse dependence and they are of finite transverse
extent!). However, they are plane (phase fonts are constant z planes). The
ratio of E,/H,, does not depend on I, but is constant (1), just like for uni-
form plane waves. We already know from the transmission line equations
that V/I = ,/L/C = Z. Therefore, for the coaxial transmission line, we
have:

E
_EC)_EM _ VY, 11 .V, 2¢

CH,(r,z) H(r) In(%); 1,

This is correct with our known values of L,C, calculated from 2-dimensional
statics.

L=2nb))  c=2ze—t

2 )

For a general transmission line:

C= 81 L =ug (g is a geometrically determined constant.)

g
L_ |u
Therefore, \/g = \/;g

B =w/LC=w./ue (same as plane wave propagation constant)



It is also instructive to calculate the power flow from the electromagnetic
point of view. The Poynting vector P,, is the complex Poynting vector:

R R T A S
P.= 5 ExH zeZEErH‘p_ezln(g/a)ijrr
N A N
av_e2227r|n(ba)r2

- T 1,..1 & ¢ dr
F?";lv:ez‘!).‘!:avrdrdq)za\/oloﬂIn(eé/a)znj._

Another look: The transmission line equations derived from Maxwell's
equations.

Take line integral around path indicated:

b c d a
fEr (r,z)dr +JEr (r,z)dr +jE, (r,z+Az)dr +fEr (r,z+Az)dr = —ECD
a b c d dt

\J \

Since the definition of L = 9,

I
V(z) -V(z+Az)=-L 9l LAZ&—I
at at

where L’ isthe inductance per unit length,
L is the total inductance, and L = L’Az.



. V(z+AZ)-V(z) _ L al
h Az ot

N o, dl
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