Continuous Convolution

Convolution Representation of Linear Time-Invariant Continuous-Time Systems

Impulse Response

Recal the definition of an impulse function:

d(t)=0 ,t* 0

(1 )dl =1 .

Theimpulse responseis,

For acausd system, h(t) =O0fordl t<O.

x(1)=d(t)

t> —> SYSTEM >

Figure 1. System impulse response.
If x(t) isacausd function ( x(t) =0for dl t <0), by the dfting property,
x(t)= ox(1 )d(t-1)dl

The output is,

= o¢(1)h(t-1)dl

o

which is the convolution representation.

h(t)
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Therefore,
1 <0

X(t)*"(t)zi (1)v(t-1)dl ,t>0

OQ/"' o

Theintegrd exigsif x(t) and v(t) areintegrable. That is,

t

ax(1 )l <¥

0

t
dv(l Jdl <¥ t>o0.
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The following steps are recommended when performing convolutions of two functions x(t) and v(t).

Stepl. Gragphx(l ) andv(- 1) (or vise-versd) asfunctionsof | . That is, fold v(l ) about the verticd
axis.

Step 2. Uponfolding v(l ), denote the point wherel =0 ast. All other pointsof v(- | ) arerdative
to the reference point t. Remember, were now inthel -axis.

Step 3.  Define an interva for which the product x(l )v(t - | ) hasthe same andyticd form (eg. from t
=0tot=1).

Step 4. Integrate the product x(I )v(t - 1 ) asafunctionof | over the integra defined in Step 3.

Step 5. Repeat Steps 3 and 4 as many times as necessary until x(1 )*v(t) iscomputed for dl  t >0.

EXAMPLE
Convolve the following functions.
x(t)=p B19
2 g
v(t)=2p &- 18
& 25
A0 AXO
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Chooseto flip v(t) about the y-axis. Thiswill then be the convolutionat t = 0.

AV(-|)

341
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Thefird region of integration ist<0 for which no overlapping areaexists. We congtruct atable as

follows
Time shift , t | lower limit | upper limit Areaof Overlap
Region of Overlap of integration of integration (Integrd)
t<0 0
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For ease of viewing the "overlgp” intervals, the two functions are drawn on the same axes.

A
O<t<1
vit-1)
x(1)
1 (
| | | | | |
2 -1 0 1 2 3 4 5>|
t-1 t

Thefunction v(t - | ) didesover thefunction x(I ). The second region region of overlgp and function
to beintegrated isO £ t < 1 with the lower limit of the overlapping area determined by x(I ) and the
upper limit t of the areaisdetermined by v(t- | ) .

Time shift , t | lower limit | upper limit Areaof Overlap
Region of Overlap of integration of integration (Integrd)
t<O0 0
| upper
0 AQ)dl

0f£t<1 0 t | lower
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Thethird region of overlapis1 £ t <2 asshown below. There is complete overlap of the two areas.
Therefore, the integration limit of the overlap areaarefromt - 1tot definedby v(t- |) intheregion
1Et<2.

A
I<t<?2
2__vt-|)
1 x(1)
] ] ] ] ] ]
2 1 0 1 2 3 4 5>|
t1 ot
Time shift , t | lower limit | upper limit Areaof Overlap
Region of Overlap of integration of integration (Integrd)
t<O0 0
| upper
0 @@
0f£t<1 0 t | lower
| upper
0 @@
1£t<2 t- 1 t | lower
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The fourth region of overlgpis 2 £ t < 3 over which the upper limit of integration is 2 as defined by x(l )

and the lower limitist - 1asdefinedby v(t- |).

A
2<t<3
51 v(t -1
1 (1)
] ] ] ] ]
2 1 0 1 2 3 5>|
t1 ot
Timeshift , t | lower limit | upper limit Areaof Overlap
Region of Overlap of integration of integration (Integrd)
t<O0 0
| upper
0 @@
0£t<1 0 t | ower
| upper
0 @dl
1£t<2 t- 1 t | lower
| upper
0 @@
2£t<3 t- 1 2 | ower
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Thelast region istrivid in that there is no overlgp between the two functions. The resultant area of
overlapisO.

A
t>3
3_
5 v(t-1)
1 x(1)
] ] ] ] ] ]
2 1 0 1 2 3 4 5>|
t-1 t
Time shift , t | lower limit | upper limit Areaof Overlap
Region of Overlap of integration of integration (Integrd)
t<O0 0
| upper
0 A@adl
0f£t<1 0 t | lower
| upper
0 QQ)dl
1£t<2 t- 1 t | lower
| upper
0 @@adl
2£t<3 t-1 2 | lower
t3 3 0
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The reault of the convolution is;

i0 t<0
.,;Zt 0f£t<1
x(t)*v(t):|2 1Et<?2
.:.-Z+6 2£t<3
i0 t33
AXOV()
3 4
2
1_

Result of the convolution.



