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1 Intro duction.

For any integerm > 1 x = exp(2 i=m) and let Z,, denotethe group of
reducedresiduesmodulo m. Let a be any integer satisfyinga O(modp 1)
for eadh prime pjm, and consideran exponertial sum of the form
X
S(a:b;; m) = ()™ 15 (D)
X272

m

where is any numerical character de ned modulo m and b any integer.

The sum (1) is readily expressedas a product of such sumsde ned for the

prime powers dividing m. Indee(bif m=p,* p,° asaproduct of distinct
r

prime powers, decompse = ~,_; ;i asa product of its p-componerts.
Speci cally, for any x prime to pi, set i(x) = (x9 with x° x(mod p, ")
and x° 1(mod m;) wherem; = mp, ' (1 i r). Then

Prop osition 1.

Y
S(ab;; m)=  S(abe; iip ')

i=1
whetre the ¢; are integers satisfying ccm;  1(modp; ') for 1 i r:

Pro of: From yje choice of the ¢;, cymq + +c¢my,  1(mod m). Thus
a typical term of ~[_, S(a;bg; i;p; ') hasthe form

S s O R O

with X = cgmqiXxy + + ¢ m;X;; one for ead choice of x; 2 Zp_, 1
i r),since ™ =1forl i6j r.But asthg x; independertly run
through Zp.i (L i 1), xrunsthrough Z,. Thus ~_; S(a;bg; i;p,') =
S(a;b;; m).

The above result reducesthe determination of any sum (1) to the prime
power case.My principal aim hereis to explicitly evaluate the sums

X
S(a;b;; q) = () & )

XZZq
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for prime powersg=p with a 0O(modp 1). While thlgre is an extensive
literature [3] concerning exponertial sums of the form (9(x)) ;(X) for
suitable typesof functions f (x) and g(x), the choicef (x) = bx and g(x) =
exp(x log x*) made hereseemso have beenoverlooked. Indeed, | have found
an elegarnt explicit evaluation of the sums(2).

To proceedl rst make someelemenary obsenations. When g = p, one
trivially obtains

p 1 ifb O(modp)

S@biiP= "1 p6 0(mod p),

and for b 0O(mod p) one nds the following reduction formula
Prop osition 2. For b O(mod p) in (2) with > 1,

( pS(a=p;b=p; P;p ') if a O(mod p)
S(ab;; p)= pSab=p;; p )  if imprimitiv emodulo p
0 otherwise.

Pro of: First note that any 0< x < p , p §x, can be uniquely expressed
x=i+jp tforO<i<p 10 j<pwith pGi. Thus

t 1
S@biip)= . (i+jp e O e
i=1;p6jj=0
X X1 _
- (i)al Fl))l (1+ |Jp 1)a|;
i=1;p4j j=0

wherei denotesthe multiplicativ einverseofi modulo p . Since (1+ijp 1)
= ' for someinteger ,

X 1 . X 1 . .
asip ="y o e St
j=0 j=0 '
If a O(mod p) one nds S(a;b;; p ) = pS(a=p;b=p; P;p ). If
0(mod p) then isimprimitiv eand may bede ned modulop *,soS(a;b;; p )
= pS(a;b=p;; p 1). In the remaining casesS(a;b;; p ) = 0.

In view of the above obsenations, one may assumeb 6 0(mod p) in (2)
with  primitiv e modulo p for > 1.1 will shaw that such a non-zerosum
(2) is up to conjugacy just

_,X 2 p_X X
p=2" § o (5w i () 3)

x2H X2H
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accordingas is even or odd when p is odd. For p= 2t is a conjugate of
272 sin% or 2:22003%; 4)

of algebraic degree2 2 with minimal polynomial easyto determine (see
[7], for instance). The sum (3) is an integer multiple of a classical Gaussian
period or a quadratic twist of such of algebraic degreep !, whoseminimal

polynomial has recerily beenstudied in [8]. In either case,the expressions
(3) and (4) lead to a bound

is@b;aj (e HPg or g

as g odd or even. This bound is of thg same order of magnitude obtained
by Cochrane [5] for sums of the form (a(x)) ;(X) for rational functions
f (x) and g(x) with integer coe cien ts, when the assaiated critical point
congruencehasp 1 zeros,all of multiplicit y one (chiey, Theorems1.1 and
6.1whent = 0in [5]).

My principal tool in determining the explicit valuesfor (2) is an adap-
tation of the classicalmethod of Salie [12] for Kloosterman sums, together
with basic facts about the p-adic exponertial and logarithm functions and
primitiv e characters. The casefor odd primes p is treated rst, with sums
(2) explicitly evaluated in section2. The casep = 2 is consideredseparately
in section 3. In the nal section of the paper, | explicitly evaluate certain
incomplete sums for odd prime powersq = p with > 1 and primitiv e
characters modulo g of the form

=1
(x)* 2, a;b6 0(mod p); (5)
x=1 ;p6f

with f = gedla (q)=o( );p 1) where o ) is the order of . There is a
natural extension of the theory deweloped here for analogous exponertial
sumsde ned over residuerings of algebraicintegers. This generalization will
appearin a sequel.

It is an interesting exerciseto adapt Cochran's methods in [5] to the sit-
uation here to ewaluate (2) using p-adic and algebraic techniques, though
the more direct approach | employ here is simpler and particularly cornve-
nient for evaluating the incomplete sumsin (5). | include a discussionof the
relationship, at least for odd primes p, at the end of section 2.

Lastly, | should mention that my initial interest in the sums (2) and
(5) arosefrom the problem of determining hyper-Kloosterman sums. The
results here are applied in [9] to explicitly evaluate the multi-dimensional
Klo ostermansums,thus generalizingthe classicalresult of Salie[12]for prime
powersin the one-dimensionalcase.
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P
2  Evaluation of (x)® & for q odd.

Here | considerthe sumsin (2) with b6 O(mod p) whenqg= p is odd and
> 1. Fix acharacter modulo qwhich generatesthe group of all numerical
characters de ned modulo g and is normalized so that

(1+p%)= ' for =2sevenor (6)
(L+p>+ (%1”)25) = eh for = 2s+ lodd:

Sets’= sor s+ 1accordingas isevenor odd. Any givencharacter de ned
modulo g equals Y for someintegerv, 0 v < (q). Such a character is
itself normalized if and only if v 1(mod pSD).

Now choosea primitiv e root g for g, and let k be the least positive integer
satisfying (g) = k(q). The following lemma and proposition will be crucial

in the determination of the sums(2). Here the multiplicativ e inverseof any
X in Z, will be denoted by x. The Legendre symbol is denoted (5) and

i =i D=4
Lemma 1. With primitive root g for g chosenas atove,
o Dps 1y 1 ykp® (modq) @f even
1 ykp® ky(p Kky)p?**=2 (modq) if odd;
for any integery.
Pro of: | 1considerthe case = 2sisewven rst. By the choiceof andg,
(g P VP = I But isanisomorphismbetweenZ, and the group

of (g)-roots of unity, sofrom (6) g P VP° 'k 14+ pS (mod q). From the
p-adic negative binomial series

hs
@ex) =" (ap METOt @)

n=0

one nds for any integery that
gP VP 'y =g (P Dp* kO kY (14 p8) kY 1 kyp® (mod g):

Next considerthe case = 2s+ 1> 1is odd. Arguing asabove, one nds
from (6) that

g ® np* k14 ps + —pzlpzs (mod q):

Using (7) onenow nds g DP° 'y = g (» DP" "k( ky) congruert modulo q
to

p ky 2s.

(1+p5+&21p25) o1 kyp® ky=——=p
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The proof of the lemma is now complete.
Now considerthe congruence

pkvt v 1 (mod pso): (8)
Whenv 1(mod p) let t be its unique solution with 0t < pSD 1 and set

t(v) = g® DL+ pkvt): )
With notation as above,

Prop osition 3. For 2

8
X L, 2 p=2 4 if ewenandv 1(mod p)
, .
gr V) = (D) Pop=" '™ if oddandv 1(mod p)
j=0 "0 if v6 1(mod p);

with t(v) as givenin (9).

Pro of:o Noting that one may uniquely write ead j in the summation as
j=t+ipS tfor0 t<p> 1,0 i< p’ onehas

1 sO 1 S,
p 1 _ p 1pg 1 0
X0 g vigeprugy = X KT g e e bt p ki)
q q
j=0 t=0 i=0
psg(l 1 1
_ g® D1+ pkvt) g® Di(kp’i)(v 1 pkvt)
q q
t=0 i=0
since

g® D 4 pkvt + pkvi) (1 ikpS)( + pkvt + pSkvi)

1+ pvkt+ ikpS'(v 1 pkvt) (mod q)

from Lemma 1. But

X o® Dtkiv 1 pkvty _  p° if pkvt v 1(mod p®)

pe 0 otherwise, (10)

i=0
Sincepkvt v 1(mod p°) is solvablei v  1(mod p), the double sum
above is zerowhenv 6 1(mod p). When isewenandv 1(mod p), the

. (> Dt .
double sum above reducesto the singleterm p° § PRk heret is the
solution specied in (9). When isodd andv 1(mod p), the congruence



6 S. Gurak

pkvt v 1(mod p°) hasp solutions; namelyt+ yp® 1 (0 y < p), wheret
is the solution speci ed in (9). In this casethe double sum becomes

B( 1 s 1

S (P DCt+yP™ %) (14 pkvt+ pSkvy).

p g (t*p prkvy). (11)
y=0

which equals
1

s g D1+ pkvt) k2y2=2.
P q P ;

y=0
sinceby Lemma 1

p ky

g® DP" Y(1+ pkvt+ pkvy) (1 kyp® ky=——=p*)(1 + pkvt + p*kvy)

v 1 pkvt 1 2

1+ pkvt + p*( k) P (=K%

1+ pkvt  p®k?y?=2(mod q):

2

P
It follows from the standard evaluation 5:01 gy = (%)i pﬁ for quadratic

Gausssumsthat the sum (11) equals
> V(s pkvt), 2y P o
pP g PO T
9 p
Thus, the result of the proposition holds in all the cases.
| note that the sum in Proposition 3 ordinarily depends on the choice

of gener%torg and value of v modulo p . Howewer, the special casev
1(mod p®') is exceptional. In this caset = 0in (9) soby Proposition 3

Corollary 1. For > landv 1(mod pso),

1 .
PX ! g(P i (1+ pkvj) — P ﬁ q. p_ |f even
q (=2)i "G4 if odd,
i=0 P
independent of the choice of geneator g

Here are a couple of examplesto illustrate Proposition 3 and the corollary
above.

Example 1. Considerq= 27 in Proposition 3 with primitiv eroot g = 2
and normalized character in (6) satisfying (2) = 33 with k = 5. One
nds for v  1(mod 3), that

X8 .
;117(1+15 vi) = 3ip§ ;(7v)

j=0
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with t(v) given by
v 1 4 7
t(v) 1 19 19
It suces to determine t(v) for v(mod 9) here by the remark above. For
this example the values of t(v) happen to be independert of the choice of
generator g sincet(4) = t(7) in view of Corollary 1.
With g= 81in Proposition 3 and normalized character in (6) satisfying
(2) = i with k= 11, 0ne nds forv  1(mod 3) that
RO ias v
gl(l 33 vj) =81 é(l\/);
j=0
with t(v) given by
v 1 4 7 10 13 16 19 22 25
tv) 1 28 37 1 55 10 1 1 64

Example 2. Considerq= 343in Proposition 3 with primitiv erootg= 3
and normalized character in (6) satisfying (3) = 43, with k = 71. One
nds for v 1(mod 7) here that

X8 . p_
LAV 707 W) with t(v) givenby
j=0

v 1 8 15 22 29 36 43
t(v) 1 19799 50 50 99 197

In the examplesabove the valuest(v) all satisfy t(v) 1(mod p?), a re-
lation that is readily con rmed to hold in generalwhen p is odd.
I am ready to state the main result concerningthe sums(2).

Theorem 1. Supmpse = VY in (2) wher a Omod p 1) and b 6
O(mod p) with > 1. If av 6 b(mod p) then S(a;b;; ) = 0 else
( p- 2" x2H 3Xg(p 7+ pabvkt) if even

S(a;b;; q) = t
(270 PP o (B) §97 TRt e g,

Here H is the group of (p  1)-roots of unity modulo g, and t satis es
pkavt av bmod ps) with 0 t < ps° 1
whenav  b(mod p) .

Pro of: First note that sinceo( 2)jq

v ax bx %) ' vi~wyag® bg”
()™ g = (@)% §%,
x2Z w=0
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which equals
1
X 2px 1 L ) 1 : 1.
V ([ iP +j(p 1)yag® +titp 1) bg® +ip 1),
(g ) ; :
i=0  j=0

where each w is uniquely expressednodulo (g) asw=ip 1+ j(p 1)with
0 i<p 1,0 j<p I Thislastsumin turn becomes

1
X 2px 1 L1 o o1 -
V(g ag®  g(p 1) viglp Diyag® Td® P bg? TgP B
(9 ) (9 ) q
i=0  j=0
1 1
X 2p x' 1 X pPx 1
_ g® Di(L+ pkabvj)bg? - bxgP VI (1+ pkabvj).
q q ’
i=0 j=0 x2H j=0

since (gP 1)'51 = lasgf " has order p 1 and generatesH. Thus from
Proposition 3 with abv replacing v, the sum S(a;b;; q) equalsO if av 6
b(mod p), and otherwise

(p _ .

Sab;; 9= pHP 2 3Xt(ab:)) bx t(ab 'oewn
My _ 1. — t .

won (BP0 TR ¢ i odd;

whenav b(mod p) in terms of the function t() in (9). The statemert of the
theorem now follows. .

The special casewhereav  b(mod p®’) again warrants separate consid-
eration.

Corollary 2. For any numerical character = Vv with av. b(mod pSO) in
(2), wherea O(modp 1), b6 O(modp) and > 1,
( P
=2 bx if ewen
Sabi; = ¢, 2y

(270 PP o0 (%) 2 i odd;
independent of the choice of normalized character in (6).

Pro of: The above follows readily from Theorem 1 and Corollary 1 upon
replacing v by abv and noting that t = 0 in Theorem 1.

It is worth notirlg the connectionherewith the generalmixed exponertial
sums of the form (g(x)) ;(X) recertly studied by T. Cochrane and Z.
Zheng[3,4,5]for prime powersq= p ( > 1). In [5] Cochrane considersthe
casef (x) and g(x) arerational functions with integer entries, and shows how
to explicitly evaluate such a sum when its assaiated critical point congru-
encehas no multiple zerosmodulo p. For appropriately chosenTaylor series
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expansionsfor f (x) and g(x) he extellu_)ds the classicmethod of Salie to de-

termine the cortribution to the sum (a(x)) ;(X) from ead zero of the
critical point congruence.Cochrane and Zheng's techniques will extend to
more generalsettings, wheref (x) and g(x) have nice enoughp-adic analytic
properties. Such an adaptation is possible here which | shall sketch below,
but rst | make somepreliminary remarks about the p-adic logarithm and
exponertial functions.
Let Qp denotethe eld of p-adic numbers, O the ring of p-adic integers
andU, = fx 2 Opjx  1(mod p)gthe group of principal units. Any character
modulo g extendsto O, in the natural way; namely (u) = (0) wheret
denotesthe residue classof u modulo g, and similarly for 4 = exp(2 i0=q).
The p-adic logarithm and exponertial functions given by

* j * '
log(1+ pu)y= ( 1)* (pji)' and e™ = (puy. (12)

il
j=1 j=o )

are analytic on O, and satisfy the identity €°9@* P = 1+ pu for u 2 O,.
Corresponding to the primitiv e root g for q chosenbefore,let R be the p-adic
unit R = %Iog gP 1. Onede nes the exponertial function

z=gP V=R (120 (13)

which maps Oy, isomorphically onto U . With respectto the ltration U =
fu2 Upju 1(mod p')g(i > 0) of the principal units, the imagez(p 10,) =
UfJ ) for any positive integer . The inversemap for (13) is

t=R p Ylogz (z2Up): (14)

With = VY herein terms of the normalized character chosenin (6),
one nds (chiey Lemma2.lin [5]) that

1+ pu)y= Fevls@ren)  (y2 Oy (15)

Since satis es (6) one readily seesfrom (15) that k R(mod pSO) with
g= 27 being the only exception.

For the application here f (x) = bx and g(x) = exp(x log x2) are both
de ned for U, sincea O(mod p 1). Relying on (15) and the power series
expansions(12), one can show that

(x + psoy)a(x+ p*°y) = (x)¥ cI]?kv(log x3+a)yyps’

for any y 2 Oy, analogousto relation (3.5) in [5]. The assaiated critical
point congruencemay be expressed

W(x) := Rb+ kvlogx®+ kav O(mod p¥); x 6 O(mod p)
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0
in place of (;((;‘)) = Rfqx) + kvgg((;‘)) 0 there. Since is normalized, R may

be replacedby k in view of the commerts above (except for g = 27), sothe
critical point congruencebecomes

W(x): k(av b)+ kvlogx® O@modp¥); x 6 O(mod p): (16)

But x2 1(mod p) soW(x) O(mod p) is solvable if and only if av
b(mod p), and then for any x 6 O(mod p). Additionally W9Yx) kva=x 6
O(mod p) soeadt zeroof W(x) 0(mod p) is simple.
To nd the lift x for x 1(mod p) in (16) one may algebraically solve

for x making use of (013) and (14). Indeed from (16), one hasolog X

(av  b)=av (TOd p>) ort  Rp llog x 3‘&avb (mood p° 1) since
k R(mod p¥). Thusx  gP Yt wheret ;‘;avb(mod ps 1), is the lift
for x  1(mod p) with contribution

(
S]_:

=2 bg® Y1+ pkabvt .
p=24° (1+ plabvt) if even

pl D=2j Pip(2p) b P(tepbab) g

from Theorem 1.1 in [5] since

(g® 1)tag (P 1>') gg“’ e _ k(pll)avtg(p DU opge Dt pglP DU(1+ pkavbt)
p t(p 1) a q
and 2kW%1) 2b(mod p).

To nd lifts for the remaining solutions of W(x)  O(mod p), note that
the group H of p  1-roots of unity modulo g is isomorphic to Z, so one
may as well take H as the solution set of the critical point congruence
(16) modulo p. But now for eathh 2 H, x is alift of satisfying (16)

since @  1(mod p*’). Moreover, (x )3 X o = (x )X & with
2kWq ) 2b= (mod p) sothe cortribution dueto isS = (S;),
Y_s]here is the autgnorphism of Q( q)=Q satisfying (q) = 4. Thus
x22, (x) g" = ou S Yyielding the expressionsappearing in Theo-

rem 1. A slight modi cation of the argument above yields the sameresult in
the exceptional caseq = 27.

P
3 Evaluation of (x)> > for q= 2 .

Here | considerthe sumsin (2) whenq= 2 with bodd and > 1.1t is
straightforward to compute these sumsfor g = 4 or 8. Here denotesthe
quadratic character (x) = E) 1)%, and (%) and (72) the usual Kronecker
symbols assaiated with Q(" 2) and Q(*  2), respectively.

Prop osition 4. For b odd

) S(a;b;; 4) =
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0 p_ if 2=1or
i) S(ab;; 8= (§)2 g if ()= (}) andaodd

" (3)2i* 2 if (x) = (52)andaodd:

8
<

The above result is readily obtained by direct calculation from (2).

I now assume > 3 throughout the remainder of this section. Fix a nu-
merical character modulo g which generatesthe group of all evennumerical
characters de ned modulo g and is normalized so that

(1+25)= L' for =2s evens 2 or (17)

(L+22+2% Hy= 3 for =2s+1odd; s 2

Sets’= sors+ 1againas isevenor odd. Note that hasorder2 2 and
that any given numerical character de ned modulo qequals Y or V for
someintegerv, 0 v < 2 2. Additionally oneseesthat suc a character
is itself normalized if and only if v 1(mod 250).

Next choose a generator g 1(mod 4) for the subgroup T = fv 2
Z, jv 1(mod 4) g of Z, , say with least positive integer k satisfying

@= 5 .

The 1‘20IIowing lemma and propositions are the natural analogsof those

given at the beginning of section 2 for the situation at hand.

Lemma 2. With geneator g chosenas atove

gzs 2y 1 yk2% (modq) if even
1 yk25+ (yk)?22% ' (modq) if odd;

for any integery.

Proof: In case = 2sonehas (g ¢ 2) = ! by the choice of
and g. Now is anisomormphismbetweenT and the group of 2  ?-roots of
unity, sofrom (17)

g " 1+ 2modq
In particular using (7) one nds that

@ Y g R 14 2%) 1 ky2S (mod q):
In the alternative case = 2s+ 1, one nds similarly from that

g " 1+2°+2% 1 (modq):

Using (7) again, onehasg? Y = g k2 “C k) (14 25+ 225 1) kv or

ky(25+ 225 1)+ ky(k;-'_ 1) (25+ 225 1)2 1 ky25+ (ky)222s 1 (mOd q):
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Now considerthe congruence
kvt v 1 (mod2%): (18)
Whenv 1(mod 4) let t be its unique solution with 0 t < 2s° 2, and set

gt (1 + 4kvt) if even

) = gi(1+ 4kvt+ (1 2( 1)H2 3) if odd:

(19)

With notation as above,

Prop osition 5. For > 3andv 1(mod 4),
2x" 1 _
g’ (1+4 kvj) _ 2T4 ;(v)
j=0
with t(v) asgivenin (19).

Pro of: When = 4,the sum consistsof the singleterm 15 with t = Oin
(19) sothe formula holds. When = 5, the sumequals 3, + 25" **) with
t = 0or 1accordinggsv 1 % 5(mod 8). A straightforward computation
showsthis sumequals 2 323 or 2 3, respectively, independert of the choice
of g, sothe result of the proposition follows for = 5. Now assume > 5

andwrite j = t+i2° 2for0 i< 2 2and0 t< 25° 2 Then

234 1 232 12°%2 1

0

gl (1+4 kvj) — gt 12% % (144 kvt+2 $°kvi)

a q
j=0 t=0 i=0

2%2 1 2% 1
_ g' (1+4 kvt) g'ki(v 1 4kvt)
= ; g
t=0 i=0

since

g7 T+ kvt 2kvi) (1 K2)(L+ dkvt+ 2kvi)

1+ 4kvt + ikZSO(v 1 4kvt) (mod q)

from Lemma 2. But
25)(2 1
4

g'ki(E kvt) 25 2 jf Yl kvt(mod2s 2?)
9 2 . (20)
0 otherwise.

i=0

For eventhe double sum above reducesto the singleterm 25 2 3t (44 kvt),
wheret is the solution speci ed in (19). For odd the double sum becomes

2s 2( d@rakvy) 4 g’ ?(a+a kvts2 *kv)y =
q q
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25 2( g' (1+4 kvt) . g'(L+4 kvt+ k(v 1)2° Kk*v2?® KkPvt2°*2 +22° 1)).
q q

wheret is the solution speci ed in (19). Sinceg? ° 1 k25+ 225 1 (mod q)
from Lemma 2 ask is odd, the last expressionis seento equal

t

t 2s 2 t t 2 p—=
2s 2 g(1+4kvt 2 )(g + 8g): (_t)zs 2 2( c:|]_+4kvt 8l)g:

The result of the proposition now follows as stated for odd with the ex-
pressionfor t(v) sinceg 5(mod 8). Thus the proof of the proposition is
complete.

| note that the sum in Proposition 5 ordinarily depends on the choice
of generator g for T and value of v modulo 2 2. Howewer, the special case
v 1(mod 2°) is exceptional. In this caset = 0in (19) so by Proposition 5

Corollary 3. For > 3andv 1(mod 250),

2yt 1 ( .
X g (1+4 kvj) - 274pq if even
q 275 )

=0 2 24+ if odd

independent of the choice of geneator g for T.
Corollary 4. For > 3oddwith v 1+ 25 (mod 25*1)

2yt 1 p
I (1+4 kvj) — n—2F 5
g( i) = o= 2q8

j=0
independent of the choice of geneator g for T.

Pro of: With v. 1+ 25 (mod 25*1) one nds t = 25 2 in (19). Direct
computation showst(5) = 5when = 5.For > 5,tisevensofrom Lemma
2 and Proposition 5, t(v) is congruert modulo g to

@ T(1+ kv 225 %) (1 K25+ 2% L)1+ kv 2% 2) 1+ 2% 2

This vyields the value stated above.
The following exampleillustrates Proposition 5 and the corollaries above.
Example 3. Here | evaluate t(v) in Proposition 5 for q= 2 with 5
8, where g = 5 has beenchosento generatethe subgroup T. It su ces
to consideronly v 1(mod 4) and lessthat 2 2.
For = 32 a normalized character in (17) must satisfy (5) = g with
k = 1. From Proposition 5, one obtains
\ 1 5
t(v) 3 5
For q = 64, choosing a normalized character in (17) satisfying (5) =
1 with k= 3, one nds from Proposition 5 that
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v 1 5 9 13

tv) 1 25 1 7

Choosing a di erent normalized character
with k = 5, one nds instead that

v 1 5 9 13

tv) 1 7 1 25

Similarly for g = 128in Proposition 5 and normalized character  satis-
fying (5) = 3, with k = 1 one obtains
v 1 5 913 17 21 25 29
t(v) 15 39 17 25 15 25 17 39

With normalized character satisfying (5) = & in (17) for k = 25
where g = 256, one nds
v 1 5 9 13 17 21 25 29 33 37 41 45 49 53 57 61
ttv) 1 55 31 55 1 9 97137 1 73 3173 1137 97 9
Choosinga di erent normalized character " in (17) satisfying "(5) = 2, one
nds instead
v 1 59 13 17 21 25 29 33 37 41 45 49 53 57 61
t(v) 1137 97 9 1 55 31 55 1 9 97137 1 73 3173

In the examples above the values t(v) all satisfy t(v) 1(mod 8), a
relation that is readily con rmed to hold herein general.

In addition to the patterns exhibited amongthe valuest(v) in the exam-
ples above that are predicted by Corollaries 3 and 4, there is another worth
noting which depends on the choice of generator g for T and value k used
to determine the normalized generating character in (17). To this end |
describe a canonical choice of normalized characters ~ modulo 2 satisfying
(17) for > 3 corresponding to the generatorg= 5 for T.

Let Q», and O, denote the eld of 2-adic numbers and ring of 2-adic
integers,respectively, and considera character modulo qextendedto O, as
beforeand similarly for . The 2-adic logarithmic and exponertial functions
given by

AN

in (17) satisfying "(5) = 3

b _ _ R _
log(1+ 4u)= (1Y '(4u)=j and e = (4u) 5! (21)
i=1 j=0

are analytic on O, and satisfy the identit y €'°9(1*4 U) = 1+ 4u. Let R be the
2-adicunit R = %Iog 5. The exponertial function

z=5=¢&" (12 0y

hasinverset = %Iog zforz 1(mod 4). For any character = V,interms
of the normalized character chosenin (17), one has (chiey, (6.4) in [5])

(1+4u) = Jvos(uw (y2 Oy): (22)
Now de ne a sequenceof integersfk g ( > 3) given by the congruences

RL 221 if =25 4

k R if 2s+1 5

(23)
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modulo 2 2. The characters  given by
G®=3;. (=1 >3 (24)

are seento be even and normalized modulo 2 , and were the oneschosenfor
in Example 3 for 5 8.

Prop osition 6. Each character alove is normalized modulo 2 .
Pro of: From (22) and (24) one hasfor any u 2 O,
(1 + 4u) = g?k log(1+4 U):

For > 3 odd one nds using (21) that

(1+ 25 4 925 1) = (254225 )42 427 N)2=2 o _ 25%
sincek R(mod g). So  is normalized in this case.For > 2 ewvenone
similarly has
(1+ 25 = ézs Log@s 2% 1423523 ) _ 35(25 ya 22 Y - 251
sincek R(1 25 ') (modq). Thus is normalizedfor ewven,too.

For the choicesmadein (23) and (24) | nd

Corollary 5. Letq= 2 with =2s> 4andk k (mod 25*1) in (23).
Forv 1+ 25 (mod 25*!);

2x* 1 .
X 5 (144 kvj) — 2= q gt ifs>3
o 277 gt ifs=3
Forv 1 25 (mod 25*') the above sum has the samevaluesbut with the
alternatives interchange.

Pro of: The choicev  1(mod 25*1) yieldst = 25 3 with v 1 4kvt
0(mod 2) in (18). Then t(v) = gt(1+ 4kvt) = 52° °(1+ 25 kv) is congruert
to(1+ 25 IR+ 2% 31 25 'R@ 25 Y)(1+ 25 1)) modulo g from the
2-adic expansionof 52° ° = € 'R in (21).

1+2 'R+2* %1 R21hH 1 2% 2+ 2% %(modq);

which is readily seento be congruert to 1 225 3 or 1+ 3 22 3 according
ass > 3or s= 3. The result stated in the corollary now follows. Note that
with v. 1 25 (mod 25*!) instead, a similar computation yields the same
valueswith alternativ esinterchanged.
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Corollary 6. Letg=2 with =2s>4andk k (1+ 2% (mod 25*1) in
(23). Forv 1+ 25 1(mod 25*1),

2x* 1 ( 4 .
5 (1+4 kvj) — 24Tq81 if s> 3
0 27 4t ifs=3
Forv 1 25 (mod 25*') the above sum has the samevaluesbut with the
alternatives interchangel.

Pro of: | rst note that 1+ 4kvj is invariant modulo q if k and v are
replaced by k(1 + 25) and v(1 2°) respectively in Corollary 5. But (1 +
2@ 28 1 22 Ttand(@ 2¢ H(1 25) 1+ 25 ! modulo 25*t so
the result follows from Corollary 5.

(Incidently, the alternativ e choice of charactersin Example 3 for g= 64 and
g= 256 weremadeto illustrate Corollaries 5 and 6 above.)

| nally remark that if onereplaces R(1 25 ') by R(1+ 25 )in
(23) for = 2s 4to de ne the characters , then Proposition 6 remains
valid, and also CoroII%ries 5 and 6 but with the alternativ esinterchangedfor

2 4 1 5 (1+4 kvj).
the value of the sum  [_, q :

| am now ready to state the main result concerningthe sums (2) when
p = 2 and b odd.

Theorem 2. For boddandg=2 with >3/ let = Yor V.
If av6 b(mod 4) then S(a;b;; g) = 0 else
( P 2 b
2" Gco W@y g = v
S(a1b1 1 q) = ( ) q g 2 bt(abv)) .
(B) 2| gsin(=——=) if = VY

Here t() is the function givenin (19).

Pro of: To begin set

X
W(a;b;; q) = 0™ ¥ (25)
xX2T

for any numerical character modulo g, where T is the subgroup fx 2
Z,jx  1(mod 4) g of Z, asbefore. One has

X
)™ ¢ = W(asb;; @+ *( YW( a b;; g
XZZq
reducing the computations to sumsof the form (25) with even,say = VY
for someinteger v. Now Y(1+ 2 2)a@#2 %) = ayg4+ 2 2) = &

since satises (17) with s 2. In addition, any elemen of T hasa unique
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represeration modulo g as a product xy with x 2 X = f1;5; ;2 2 3g
andy2f1;1+2 21+2 1:1+3 2 2g Thus

W(a,b,, q)) — X ( (X)avx gx + (X(l+ 2 2))avx(1+2 2y bx(1+2 2)+

q
x2X

1yyavx(1+2 1) bx(@a+2 1) 2yyavx(1+3 2 2) bx(1+3 2 ?)
(x(1+2 7)) q + (x(1+32 9)) q )

X
— (X)aVX gX(1+ (1+ 2 2)av E+ (1+ 2 1)av §b+ (1+ 32 2)av gb)
x2X

sincex 1(mod 4). This in turn equals

X
(X)avx 3)((1+ E av 4 j(b av) + 43(b av))
x2X
SO =] .
avx bx
W( V)= 4 ox (X)X ifav  bmod 4) (26)

0 if av6 b(mod 4):

P

Moreover, the value of any term  (x)&* & in . (x)®* 2 for av
b(mod 4) depends only on the choice of x modulo 2 2. Taking the values
fgjo j<2 # 1gto represen the elemeris of X modulo 2 2, onenow
obtains

X 2x* 1 L 2y 1

— 4] J d iy,
aVX(X) cl:]Jx - gv ]zg gg - gg (1+4 kabvl)’ (27)
x2 X j=0 j=0

just a conjugate of the sum evaluated in Proposition 5. A straightforward
computation using Proposition 5 with v replacedby abv yields

2. .-
S(abi; @ = (p) 27%( g™+ (1) 4™
in view of (26) above. The expressiondor S(a; b; ; q) asstated in the theorem

immediately follow. .
The special casewhenav  b(mod 2°') warrants separatemertion.

Corollaryo 7. For any character = VY or = Viin (2) with av
b(mod 2°) whenp= 2, bisoddand > 3,
(
272( b+ 1) ,° if even
S(a;b;; o) = bt L)

2P (82 Ve (1™ 2 ) i odd

independent of the choice of evennormalized character in (17).
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The following results treat the special casewhen 25" li(av b) and are
readily deducedfrom Corollaries 4 and 5, respectively, in view of Theorem 2.
The details are left to the reader.

Corollary 8. For any character = Y or Vv in (2) with 2%jj(av D),
wher b is odd and q= 2251 > 8,

2...P= 3 3
S(aibi; @)= (§)2° 2 D+ (1) 4% )

Corollary 9. Let = VY or Vin (2) in terms of the canonical characters
givenin (24). If 25 ljj(av b) wher bis odd and q= 225 > 16, then

s@b:g= 2P0+ (™M) its>3
1M s, b 2 %) b1 2 3) e

2(q + (1)q ) if s= 3.
Here = 1is determined by the congrueneav b  b2% (mod 25*1).

4 Evaluation of some incomplete sums for primitiv e
characters.
In this section| considerthe sumsP x(:i);:prj (x)™(x) §X in (5), with p b,
f = gcd(@av;p 1) and a primitiv e character modulo g of the form =V,
whereav  b(mod p) and is normalized asin (6) with (g) = k(q) asin
section 2.
The following lemma plays a key role in evaluating theseincomplete sums.

Lemma 3. For any character modulo q of the form =V, wher av
b(mod p) with  satisfying (6) and x;y 6 0(mod p),

O = (¥ ¢ if x ymodp *(p 1)=f)

Pro of: First note that since isnormalized (1+vp 1)= p " for any
integerv from (6). Now write y = x+p (p 1)t=f for someintegert. Then

P Lavt

WM¥= (0¥ @+p p Dxt=FH)¥ = ()™ p

since 2 = @& hasorder dividing (q)=f. Thus

P lavt bx+p ‘P lpt P Llav byt
WY &= 0% "7 q RO = (0>
| am ready to state the main result.
Theorem 3. Let = Vv be a primitive character modulo q = p where
f = ged(@v;p 1) and p §b with av. b(mod p). Then
8
)= <pl1 2P bxgP *(1+ pkabvt)
(X)ax bx — f_p 2 x2H 4
q .

(b_X) bxg(P Yt (1+ pkabvt)
x2H\p/ a

~

1,2 p_P
x:l;pei Tz)pf_p 2|
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according as . 2 is evenor odd, where t satis es pkavt av b(mod pso)
for 0 t< p> . HereH is the group of f -roots of unity modulo g.
Pro of: From Lemma 3,
§) =t 1 AP D= 1% T 1 . .
bx — bx — i T+ bg' .
(O™ &=~ (0™ g = 3 (g)(@ 19 g

p q
x=1; p6} x=1 péj j=0 =0

where ead x is uniquely written x = ¢ + jg(modg(p 1)) for0 i< (o)
and0 j < (p 1)=f:But the rightmost sum above equals

ol L ) 1 X 1
1 X W cvitg +iar bp g _ 1 babpkvi+p g X apkvi .
p ap 1) - p ap 1) p1
j=0 =0 i=0 j=0
Sincef = gcd(av;p 1),
pt1
apkvi _ 22 if i O(mod 1)
o Pl 0  otherwise,
sothe last summation becomes
f 1
1p 1°X 7 yabkup(p it +p Do D (28)
p f o a(p 1) '
Noting that ead integeri in 0 i < fp ! can be uniquely expressed

modulo fp *!as

iz=wp l+jf for0 w<f;0 j<p 1

the sum (28) may be written

1py* 1 _
p 1 X X bgabk\;p(w(p Dp =f+j(p 1)+ p 1)g (@ glr i
pf i alp 1

(P Dj i (q)w =f
g (1+ pkabvj)bg or

bxg® DI (1+ pkabvj).
0 :

pf x2H j=0
Here | usethe facts that f jav and g (9= generatesthe group H of f -roots
of unity modulo g. The result stated in the theorem now follows from Propo-

sition 3.
For the special casewhenav  b(mod pso) one nds from Corollary 1 that
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Corollary 10. With the samehypothesesasin Theorem 3, if av.  b(mod pso)
then

- ( P
)=f 1,2
% (X)ax bx — pf_p z X32H 3X
x=1 ;6 ’ (Tz)pf_lpTi P y2n (%X) o
according as 2 is evenor odd, independent of the choice of genegting

character satisfying (6).
Comparing the results of Theorems1 and 3 one also notes

Corollary 11. With the samehypothesesasin Theorem 3, if av. b(mod p)
anda O(modp 1) then

1

X ax bx 1
(X)* q" = =S(a;b;; 9):
x=1; péf P

In closing, | remark that to determine the incomplete sum (5) when av 6
b(mod p) remains an open question.
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