Minimal polynomials for Gauss periods with f = 2

S. Gurak

1 Intro duction

For an integerm > 1, x a primitive m-th root of unity ,, = exp(2 i=m)
and let Z, denotethe multiplicativ e group of reducedresiduesmodulo m.
Let H be a congruencegroup of conductorm and of orderf . It isaclassical
problemdating badk to Gauss[4] to determinethe minimal polynomial f (x)
of the Gaussperiods

X
1) v = m (V2 Z,=H)

x2H
correspndingto H, or equivalertly its reciprocal F (X ) = X ¢ (X 1) where
e= (m)=f. (It is known that the , are distinct and f (x) is irreducible
over the rational eld Q andthat H hasconductorm O(mod 4) if m is
ewen [6,8].) For f = 1, the minimal polynomial is the classicalcyclotomic
polynomial ,(x) given by

Y ¥m)
(2 n(x)= (@ xM™) @ = Bexk:
djm k=0
which satisi es o)
3 C(x) = =t
) ) m=p(X)

for any odd prime pjm. ., (X) is self-recipraal; that is, with coe cien ts by
satisfying

bb=1 bwm i=h for0O i [ (m)=2]

(Here [ ] denotesthe greatestinteger function, and and are the usual
Euler-phi and Mobius functions, respectively.)
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Gausshimselfsettledthe casef = 2whenm = pisanodd prime, giving
the explicit formula [4]

Xe
(4) FoX) = (1)
r=0

[e r=2] "
r=2)

for the reciprocal polynomial for , + pl. For f > 2it is known [5,7] that
no sud closedformula exists, but that the beginning coe cien ts, at least,
satisfy a predictable pattern depending polynomially on the distinct prime
factors of m. Herel treat the generalcasef = 2, shaving in section2 how
to compute the minimal polynomial F (X) for the reciprocals of the Gauss
periods (1) whenm is composite. This determination is seento rely on the
specialcasesH = f 1g(and H = f1;%  1g when 8m) of conductor m
for which | give a closedformula generalizing(4) for F(X), expressedn
terms of the coe cien ts of the cyclotomic polynomial 0(x) in (2), where
mCis the product of the distinct primes dividing m. The details appear in
section2. Laﬁ:[ in section|31l give analogousformulas for quadratic twists
oftheformi  I( m+( 1)z 1), whenljm®with mPodd andi = il V"=,
The latter formulas are expressedn terms of an appropriate Aurifeuille or
Sdinzelfactor [3,9,13]of no(( 1) Y=2x). Sudh quadratic twists or integer
multiples of them arise classically[12] as values of Klo osterman sums for
odd prime powersp ; > 1.

2  Minimal polynomials for Gauss periods
with f = 2

My principal aim hereis to rst give an explicit formula for the minimal
polynomial f (x) of the Gaussperiods , in (1) whenH = f 1g (and for
H=1f1% 1gwhengm). Then!| will shav how to employ it to compute
f (x) in generalwhenf = 2. It will be more corvenieri to expressthe
resultsin terms of the reciprocal polynomial

Y
(5) F(X)= (1 X)=1l+cX+  +cX®

v2Z,, =H

P
wheree = (m)=2. Then logF (X) I ﬁzl S, X "=n as a formal power
series,with n-th power sums S, = V22, =H vo(n 1) satisfying the



Newton idertities

(6) S+aS 1+ +G 1S1+Ggr=0(1 r e

Sht+CSy 1t +CSy e=0 (n>e):

| rst considerthe caseH = f 1g with correspnding Gauss period
1= m+ ,tin (1), and denoteits minimal polynomial by f.,(x) and
correspnding reciprocal polynomial as F,,(X). The following result will
be crucial to the determination of the minimal polynomials hereaswell as
quite useful later in section 3.

Prop osition 1 The reciprocal polynomials

e
(7) Cy(X) = @ (X'+ ,2HX) ford 1
v=1;v6( d+1) =2

of dggree 2 [d=2] are equivalently given by the closeal formula

P P
@cax) = (2 e A2 e ¢ o,

by the recursion
(9) Co=2Cy(X)=1; Cy(X)=Cq 1(X) XZ?Cq o(X) ford> 1;

by the generting function

(10) X Cyq(X)T4 = 2 T _.
‘ 1 T+ X?T?
d=0
by the ex@nsion
=2l
(11) ca)= (=L ¢ Moy,
_ d n n
n=0
or the power sums
(12) S, =d nzz or0forl n 2 [d=2];

according as n is evenor odd.



Proof. The argumen follows along that of Gupta and Zagier'sin the
proof of Theorem 2 in [5], rst establishingthe equivalenceof (8) - (12).
With Cy4(X) de ned by (8),

X 1 1

Ca(X)T%= P+ —
. 1+(1+ 1 &XT=2 1 (1 "1 2X9T=2

2T
1 T+ X2T?

which gives (10). The recursion (9) follows by multiplying both sides of
(10)by 1 T + X 2T? and then comparing corresmnding coe cien ts of T¢
. The formula (11) follows by expandingthe right-hand side of (10) as a
geometricseriesand using the binomial theorem. Speci cally,

2 T )4 ( 1)nT2nX2n_

T T+xore” G+ T))m @ Tt

)Q- ( 1)nT2nX2n+)4 ( 1)nT2nX2n_

o DT @)
% X % - % -
A LA 1) G IO LR B o
n=0 n=1 j=0 j=0 J
X X % - |
=1+ TN+ (1)t ”JTL’ ”+]! L ogxayan
n=0 n=1 j=0
T NPT RS B R IVEE
_ 1 n+j n
n=0 n=1 j=0
X 2]
=2+ TIC (1t 9Ny
n n
d=1 n=0



To establish(12), write Cy4(X) in (8) as

P P
1+ 1 4X2, 1 1 4X2
Cul(X) = ()" + ()™
Then
(13)
P
_ 1+ 1 4x2. X (1xx X op x:
0gCy(X) = dlog(——35——) ()
=1 n=0
since
p—
1 14Xz R gp x
(14) A(X) = X = X e

from the expansion

1+ P &z X xm

2 o n n+1

(15) E(X) =

givenin [5]. Thus, from (6) and (13) (seealso(17)), the power sums

(o if n odd
Sh= g " if n even
n=2

for 1 n 2[d=2]

aresu cien t enoughto determineCy(X) from Newton'sidertities (6). This
proves the equivalence of (8) - (12). It remains to shav that c4(x) =
x9Cq4(x 1) has zeros2cos( =(2d)) for odd and 1 2d 1 (this
includes the zero 2cos( =2) = 0 when = d odd). But from (10), the
generatingfunction for the cy(x) is

X X 2 XT
d — 1 d —

Substituting x = z+ z ! yields
R 2 (z+z HYT

+ 1Td: =
L W P O




R
@ zn)*+@ z*'m) = (+z )T
d=0

Thuscy(z+z ) =0i 2¢+z9=0i z¥%=1withz¢= ii z=
with oddi z+z = 2co§ =(2d)) for1 2d 1with odd. But
@(x) is monic (C4(X) has constart term 1) and has degreed, so cy4(x) =
20 oaa(X  (ag* 4q)) is the reciprocal polynomial of C4(X ) asde ned
in (7). This completesthe proof of Proposition 1.
Incidertly, the power seriesA(X) in (14) hasanimportant property that
will be usefullater.

Lemma 1 For any positive integersn  m, the coe cient of X" in the
n

, m e m
exmnsion A(X)™ is T (n m)=2

or 0 accordingasn  m(mod 2) or
not.

Proof: The proof proceedsusinginduction on m. With m = 1, the coef-
2 n 1 1 n

o (n 1)=2 " " (n 1)=2

if nisodd. With m= 2, A(X)2= 1+ A(X)=X soby (14)

cient of x" is clearly O if n is even or

)4 2k X 2k
2 _ .
(16) AX)2= 1+ « T
k=0
It follows that the coe cient of X" is 2. " = 2 : if n
n+2  n=2 n (n 2)=2

even or 0 if n odd. Now assumethat the conclusionof the lemma holds
for all powers A(X)* up to k = j for somej 2, and considerA(X)I*! =

A(X) T+ A(X)'=X by (16). Thusthe coecient of X" in A(X)*! is
the sumofthe coe cient of X" in  A(X)' ! and of the coe cient of X "*!
in A(X)!. By the induction hypopthesis,this sumis 0if n 6 j + 1(mod 2)
but equals

i 1 n ] n+ 1 j+1 n

1
n = n+1 ==

>
N

if n j+ 1(mod 2). This completesthe induction sothe conclusionof the
lemmais proved.

Whenm = 2, > 2, the following result is an immediate consequence
of Proposition 1 and the lemmaabove.
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Corollary 1

3
2 2 2 2 n

— n 2n

00= (D5 T X

with power sumsS, satisfying

g 0 if n odd
Si=.p 2 nr:]2 P 2 gy n 2n 1yy=p I N Even.
. Proof: Clearly F, (X) = C, 2(X) by Proposition 1. Using the expan-
sion

P X op x
2 = =
a7 log(l+ 1 4X?2)=2) n o

n=1
and the lemma above, one obtains the expressionfor the power sums S,
upon comparingcoe cien ts in the expansionof logC, 2(X) in (13).
| am now ready to descrike F,,(X) in general.For d > 0 put

P

ByX)= pL 2X(V(X)® W(X)9) ifdisodd

1 4X2(V(X)d w(X)9 if disewen,

whereV (X) = %(p1+ 2X+p1 2X)andW (X) = %(p1+ 2X p1 2X).
This sequencehas initial terms By(X) = 1 2X, By(X) = 1 4X?2,

Ba(X) = (1 2X)[ + X), B4(X) = 1 4X?, and satises B,(X) =

Bn 2(X) X?2B, 4(X) forn> 4. Then

Prop osition 2

Y
Fm(X) = Bm:d(x) @
djm

Proof: | assertthat (i) B4(X) hasdegree(d+ 1)=2with zeros( 4+ 4 ) %,

0 (d 21)=2if d odd, (i) By4(X) has degreed=2 + 1 with zeros
(q+ 4q) 40 d=2if 2jjd and (iii)) B4(X) hasdegreed:(%with zeros
(4*+ 4) 40 d=2, 6 d=4if 4id. Then Bn(X) = = 4, Fa(X);

sincethe right side hasconstart term 1 and accourts for all zerosthat are
reciprocalsof the non-zerovalues ,,+ ,, with O v [m=2]exactly once.
Now the statemert of the proposition readily follows by Mobius inversion.
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But (i) is essetially Theorem 3 in [5] taking into accourt the extra
factor 1 2X for = 0. Soit remainsto establish (i) and (iii) of the
claim. Now if 2jjd, say d = 2d°with d®odd, then B4(X) = Bgo(X)Bg( X).
Thus by (i), Ba(X) hasdistinct zeros( o+ 4 ) 1= (2 + 4%) *and

(ot o) 1= (2"+ ;2 O 1oro (d° 1)=2, or equivalertly
zeros( 4+ 4 ) *forO d° = d=2 establishing assertion (ii). To
settle claim (iii) rst note if 4jjd, say with d = 4d° where d® is odd, then
Ba(X) = Bago(X )Cqo(X) with Cgo(X ) asin (7). In this caseBy(X ) haszeros

(3 '+ 2"y Tforl d°= d=4, 6 (d+ 4)=8 from Proposition 1,
and zeros( 2 + ,2) for0 d°= d=4 from above. Restated,B (X )
has distinct zeros( 4 + 4 ) ! forO d=2, 6 d=if 4jjd. Arguing

similarly using Proposition 1 and the above statemen, the assertion(iii) is
obtained in generalwhen 8jd by an induction involving the exact power of
2 dividing d . The proof of the proposition is now complete.

| should remark that the statemernt of Proposition 2 is not new, and
was rst noted by Watkins and Zeitlin [16] in reciprocal form using the
properties of the Chelychev polynomials T, (x) which are de ned by

Tm(cos ) = co{m )
for positive integersm and all real . Indeed, de ning
b (X) = 2(T[m=2]+1 (x=2) T[(m 1):2](X:2))

they essenally shaw by, (x) haszeros2cos(2 v=m) forO0 v [m=2]: Here
Bm(X) = XM (X 1),
| now give the main result of this section.

Theorem 1 Form6 2 ,

(md=2 1
Fn(X) = b mo=X ™7+ BX™=C, o (X)
=0 FO( 2 J)
J_

whee the ly are the coe cients for o(x) givenin (2) and the polynomials
Cy(X) asin (11).

The power sumsS, satisfy
(18)



X m &M n

S, = | (d)a (n  mi=d)=2 if n odd;
djm t=1;7 odd
or
[ng=m]
(m) n X m n . _
5 = + | (d)E (N mt=d)=2 if newen
djm t=1;7 even

The coe cients ¢ of F,(X) aregivenfor 1 r < (m)=2 by

(19)
=l (md .
G = ™ ( 1)ih Gl DI G DI
ﬂ(ﬂ ) t; t:
j=0;jm=m® r(mod 2) mo\ ™2 J j j
and

c _ (?2) if m°= pan odd prime
(m)=2 1 otherwise,

wheet; = (r jm=m9=2.

Proof: I rst notethat if F,(X) is expressedn terms of the coe cien ts
of mo(x) and the polynomials C4(X) as given in the initial statemen of
the theorem, then formula (19) for the coe cien ts ¢, is deducedin routine
fashionupon collecting like powers of X. The value of ¢ ()=, is seento be

K s
b (mo=+ 2 h = = m(l)=1
i =0 i =0

if m%is even (and hencecomposite sincem 6 2 ), or

(mO) 2
(m0)+2 T

bmot ( D& ] ( 1)[‘%112q
j=0




if m%is odd. The latter expressionis

(m9

o Xt .
(P 7 Dby =( )P mel)+ mel )22
j=0
if 4 (mY or
prl 2
(DT (Db =( D) o i)=2i)
j=0

if m°= p  3(mod 4) a prime. Noting that for odd primesp,

~_ 1 ifp 1(mod4)
M= i itp 3(moda)

and using (3), one nds  mo(i) = (1) ™M= whenewer m°is odd and com-
posite. It readily follows now for m 6 2 , that ¢ (m)= is (TZ) if m°= p, an
odd prime, and 1 otherwise.

Now | assertthat

Y
(20) Fn(X) = E(X) M2 (1 A(X)™d) @
djim
Then
(m) X ,
logFm(X) = —5—logE(X) + (d)log(1  A(X)™)
djm
_ (m) X 2n X2 X 3 A(X)mv:d
T2 n 2n (d) v
n=1 djm v=1

againusingthe formal Taylor seriesfor log(1 T) about T = 0. By Lemma
1the coecient of X" in

Dy A(X)mv=d_ ng=m] m n )
v dn (n mt=d)=2

v=l t=1; % n(mod 2)
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and sothe statemeris about the power sumsS,, in the theoremwould follow.
In addition, if (20) holds then

O
Fm(X) = E(X) (m)=2 mO(A(X)m:mO) — (E(X)mZmO) (m%=2 hA(X)mJ =m0
i=0

(m9

X ! i 0 m, (m9 .
= b (mo=2X MZ+ hX™=E (X )me(—2 D)
j=0
(mO) 1
x mm3 ().
+ b (mo | X "z A(X)metmz 1
j=0
sinceE(X)A(X) = X, or
b mo=X M2+ X MEEX)RCE D BT D)

j=0

whereE(X) = (1 P 1 4X?2)=2,since no(x) isself-recipracaland X A(X) =

E(X). But E(X)Y+ E(X)Yis just the polynomial C4(X) in Proposition 1,
so expressionfor Fn,(X) in the theoremwould follow.
It remainsto prove assertion(20). If m is odd then from Proposition 3,
Y
Fo) = CT 2XVOO™ WX)™) © =
djm

Y Y
vix)y ™ @ AX)™) @=EX) ™2 @ AX)™) ©@
djm djm

P

T 20 1T+ 2xX+ "1 2X)

as asserted,sinceA(X) = (p 1+ 2X
For even m, 4jm sofrom Proposition 3
Y
Fa0) = O T AXCVEO™ W)™ ©

djim
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again equaling E (X) (m)zszjm(l A(X)™=9) (@ Thus the assertion(20)
is veri ed sothe proof of the theoremis now complete.

| wish to remark that direct calculation of the power sums using the
binomial theorem

ng2 1
n X n

n=2 * _ ]
j=0

R (m+ "= (n 2+ 2N if newenor

(nx1)=2

(m+ ml)n =
=0

i (P 2+ AN f nodd;

and the fact the trace (chie y, equation 16 in [3])

X
(22) TrK:Q( r\./n+ mv) = . r\'/nx - (d)%

if (v;m) = m=d, whereK = Q( n + ,1), yield a variant form for the S,
in (18). Namely,

X (m) %™ n .
(23) S, = | (d)w (N mi=d)=2 if n odd;
djm t=1;(td)=1; Tt odd
or
[ng=m]
(m n X (m) n : .
5 = + | (d)W (N mi=d)=2 if n even:
djm t=1; T even

Howe\er, t@ese are seento be equivalert using the alternative expression

m(X) = 7 (1 %) to evaluate mo(A™™) in (20) before taking
logarithms. )
Here are a couple of examplesto illustrate Theorem 1.
Example 1.

Consider ; = 7+ 7 in (1). Herem = 27, m%= 3 and 3(x)
1+ x + x? in (2). Direct calculation of the power sums S, yields S,
S3=5=5=0,5 = 9,5 =18,5,= 54,5 = 180 and Sg = 630
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with Fo7(X) =1 9X2+ 27X4 30X ¢+ 9X 8+ X ?in agreemeh with the
formulasin Theorem 1.
Example 2.

Now consider ; = 15+ 2 in (1). Herem = m®= 15and 35(x) =
1 x+x3 x*+x> x’+x8in (2). Direct calculation of the power sumsS,
yieldsS; = 1,S,= 9,S3= 1,S; = 29with Fi5(X) =1 X 4X2+4X3+X*
againin agreemenh with Theorem 1.

The casem = p , p an odd prime, warrants special consideration.

Corollary 2 For an odd prime p,

(Py(3)=2

Fo X)=X (P)=2 4 N Co 1p 1 2y=2(X)
j=0
with n-th power sumssatisfying
Sh=p x n p 1 X n
"o = 1) =
o (M PO citogg (NP D=2

if n odd, or

(p) no , R =2 n ; 1[np>1( =2] N

2 n=2 n=2 pt n=2 p 4

t=1 t=1

if n is even. The coe cients ¢, of F, (X) aregivenfor1 r < (p )=2by
X PP D) R D)y

G = (P L7 |
j=0;j r(mod2) Y l(T 1) t; t;

with ¢ (5 )= = (), wheet; = (r p j)=2

| remark that for m = p, the above formula for the coe cien ts ¢, reduces
to that found by Gaussin (4) in view of the conbinatorial idertity

o 2D 2 0 e (01 D=2
=0 R () t [r=2]
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forO r < (p 1)=2. This identity follows readily from the fact
X«

X 2k+2t x 2k+t
) [P —
tzo( )x 2k + t t
Xk Xk
X 2k+t x 2k+t 1
( 1) + (1
t t 1
t=0 t=1
Xk X1
¢ X 2k+t ¢ X 2k+t k X kK
(o t e R N G VA
for x > k.

Next | considerthe alternative situation whenwhenH = f1;m=2 1g
with 8jm, and denote F(X) in (5) by Gn(X). Now ; = , ! =
i(m* '+ 5 ™% in (1), soone nds that Gn(X) = Fm(iX ) with corre-
sponding sumsS, = 0if nisodd and S,, = ( 1)"S;,. The next result

immediately follows now from Theorem 1 and Corollary 1.

Theorem 2 Let8mandH = f1;m=2 1g. The minimal polynomial for
the the reciprocals of the Gaussperiods = Y Y (v2 Z,=H) is

(mQ=2 1
- — i =m0 .
Gm(X) = (1) ™Mb (mopX M=+ G XM =C o (IX)
j=0 "

whenm 6 2 , with correspndingsumsS,, = 0 if n is odd and

[ng=m] "

(n mt=d)=2

(m) n o K m
2 o TCOT @y

djim t=1

Sy = (2

if n is even. The coe cients of G,(X) are givenfor 1 r < (m)=2 by

( .
P _ m (mY m( (m9 )t
_ 1)r=21 _[Tof-m] 1)t mol—2— 1) mol ™3 J j ]
¢= (D =0 (1) hm%(—“;“5 Dy t; ’
0

14



aacording as r is evenor odd, resgctively, with ¢ (;my=> = 1. If m = 2
( >2),

X° g9 2 2 2 n

Gz (X) - m 0 XZ 2 2n
n=0
with correspnding sumsS,, = 0 if n is odd and
g 1
S, = ( 122 2 nr:]2 +2 1 ~ ( 1)+ " 2” 1y=2
if n is even.

Hereis an exampleto illustrate Theorem 2.
Example 3.

Consider ;1 = 4+ 2= 10 4 in (1) whereH = f1;193 modulo
40. Herem = 40and m®= 10with 1p(x) = 1 x+x2 x3+ x%in (2).
Direct calculation of the power sumsS,, yields S; = S3= S5 = S; = 0and
S, = 16,S;=52,S¢= 184,Sg= 668with G(X) = 1+ 8X 2+ 19X *+
12X ® + X 8 in agreemeh with the formulasin Theorem?2,

Now | return to the generalproblemto computethe minimal polynomial
F (X) for the reciprocals of the Gaussperiods (1) for a given congruence
group H of conductor m and order f = 2. This determination is seento
rely on the specialcasesH = f 1gandH = f1;%  1g already discussed.
For this purposesomefamilarity with congruencegroupsis needed. (The
readermay nd the discussionin section5 of [6] helpful here.)

Given a congruencegroup H of conductor m and positive divisor djm,
let Hy denotethe congruencegroup de ned modulo d determinedby

Hq=fx2 Zjx x{modd) for somex°2 Hg:

If p jm, wherep is prime, H, hasconductorp and order dividing that of
H.
The next result is critical in the determination of F (X).

Lemma 2 LetH be a congruene group of conductor m and order f = 2,
say H = f1;ag modulo m for spmea 2 Z,. Then m = mem; with
(mg;my) = 1, wheeH = H,, Hp,, with H,, = f1g (mod m,;) and
Hm, = f 1g (mod mo) or possiblyf1; % 1g (mod mo) whengm,. More-
over, the Gaussperiod ., + 2 is a conjugateof ,( m,+ &

m mo/*
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Proof: Write m = p,* p,r as a product of distinct prime powers,
where p; < <prand >0 i r). SinceH hasconductor m
andorderf = 2, ead congruencegroupH, i hasconductorp,' (1 i )
with order equalingl or 2. Let mg be the product of the prime powersp; '
for which Hpii hasorder 2, and put m; = mﬂo (Note that if p, = 2 divides
Mo then necessarily ; > 2.) Thena 1(mod m;) andord,: a = 2 for
ead pjjmo. In particular, a 1(mod p; ') for any odd pijmy and a 1
or2t 1 1(mod2?) shouldp; = 2divide my. (The choicea 2 1+ 1
(mod 2 1) would cortradict the fact H, . has conductor2 * > 4. ) It
follows from the ChineseRemainderTheorem(chie y, asin (40) in [q5|) that
a 1(mod mg) ora 3 1 (mod m,) respectively, soH = Hy, Hp,,
where H,,, = f1g modulo m; and H,, = f 1g or fl;% 1g modulo
mo accordingasH,, = f 1gorf1;2:t ! 1g. The last statemert of
the proposition follows readily now from the ChineseRemainderTheorem,
usingthe factthat ¥ (W + &) forv2 Z, andw2 Z, =Hp,, comprise
a completeset of conjugatesof n,((m, + $,)-

Using the decompsition for H in the lemmaabove, onecannow express
the reciprocal polynomial F(X) in terms of the polynomials Fp,,(X) or

Gnm,(X) appearingin Theorem1 and 2.

Prop osition 3 Let H be a -pongruene group of conductor m and order
f = 2 saywithH = H,, Hqy, asin Lemma?2, whee m = mom; ,
(mg;m;) = 1and Hy, = f 1g maodulo mg (or possiblyf1; 5 1g when
8imy ). Then

FX:YFVX YGVX
( ) mo( mi ) or mo( mi )

v2Z V2Zp

my

acordingasHy,, = f 1gor f1;%°  1g modulo my. The correspnding
sumsS, of n-th powerssatisfy

ms

(my) .
(n; my) S (n>0)

m n
((n’n']ll))

whee S, are the n-th power sums asseiated with Fy,,(X) in Theorem 1
(Corollary 1if mg= 2t ) or Gn,(X) in Theorem 2, resgctively.

S = (

)

Proof. Much of the proposition's assertionsfollow readily from Lemma
2 and its proof. To justify the formula for the power sums S, note that
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from Lemma?2,

X X
— nv w wayn — nv .
Sn - ml( Mo + Mo - mlsn (n > 0)'
V2Zp W2Z =Hm g V2Z,
P w wayn i
whereS,, = WZZmO:Hmo( met ma)™ (n > 0) arethe power sumsassaiated

with I;mo(X) or Gn,,(X) accordingasa lor B2 1 (mod mg). From
(22), " oz, M= () T2 where(n; my) = my=d, sothe formula for S,
given in the proposition follows.

| concludethis sectionwith two examplesdemonstrating Proposition 3.
Example 4. Consider ; = 35+ 22 in (1) whereH = f1;29 modulo
35. Heremy = 5and m; = 7 with Hy,, = f 1g modulo 5 and F5(X) =
1+ X X2 from Theorem1 or direct calculation. One nds ;= 3( 2+ ;?)
with minimal polynomial

Y
F(X) = F(YX)=1 X +2X? 3X3+5%X*

v2Z,

8X 5+ 13X+ 8X 7+ 5X 8+ 3X %+ 2X 10+ X1+ X 12

from Proposition 3. Direct calculation of the power sumsS, yields S; = 1,
SZ = 3, 83 = 4, S4 = 7, S5 = 11, 86 = 18, 87 = 174, Sg = 47,
Sg = 76,S;0 = 123,S;; = 199and S;; = 322in agreemeh with the
formula in Proposition 3.

Example 5. Nextconsider ; = 150+ 13, in (1) whereH = f1; 193 modulo
120. Heremg = 40 and m; = 3 from Lemma 2 with H,, = f1; 199 modulo
40. From Example 3, G4(X) = 1+ 8X2 +19X 4+ 12X %+ X 8. One nds
1= 3( 2+ 132 with minimal polynomial

F(X) = Guo 3X)Guo( 2X) =1 8X?2+ 45X* 128K°

+264X8 212x104+ 12512 12x 144+ x 16

from Proposition 3.
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3 Minimal polynomial for quadratic twists

1
of n+
Hgre | considercertain twisted Gaussperiods for odd m gf the form =
i 1(m+ (DO D201, whereljm® with againm®= = . p asin the
previous sectionand i = i D*=4, i is easyto seethat  generatesK =

Q(m+ pb)since = Tro(.)=«( | m)and
(24) 2= (DI DRI+ 2 (DU D)

alreadygenerateX . | wishto give formulasanalogougso thosein Theorem
1 for sudh quadratic twists, which ultimately depend on the Aurifeuille and
Sdinzel factors [3,9,13]of the cyclotomic polynomial 0 of the form

mo(( )" D222 = ag+ a2+ +a oz ™

p_
+ l(ayz+ agz®+  +a(mo 12 (m%) 1y

Now the conjugatesof are

v, P v = v
(25) v=A(PE 1m*( nt D2 (v2Z,5 1)
with power sumsS,, equaling
(26)
[Ny %=m] n
|(n 1)=2m+ ( 1)(| 1)(1+ m+ t=m%=4 il (t) N ~ :
t=1;(t;1)=1 ;t odd (n mt_m%_z
if n is odd, where
lt=m° m (m )
(1) = ( ) (—— ) ,
" | (mt=m%m ) ((mt:rnﬁio;m))
or
dr?‘n]
|n=2( (m) n X (d) (m) % ( 1)(| D=2 n )
2 n=2 _ (d) n=2 mt=d
djim t=1; (t,d)=1

18



if n is even. Herem is uniquely expressedn = m,. m where(m ;I) =1
and m; > 0 is divisible only by primes dividing I. Theseformulas for S,
above are readily obtained directly asin (23) using the expansions

ng2 1
n_n=2 N n=2 X (I 1)(n+2j)=4 N n 2 2 n
27 I + | 1 +
( ) 1~ n=2 ( ) j ( m m )
j=0
if n is ewen, or
D (My1)=2
( 1)(| 1)(n 1):4|(n 1)=2i |_ n ( 1)(| 1)j:2( rr;]\ 2j+( 1)(| l)=2r2nj n)
J

j=0

if n is odd, from the binomial theoremtogetherwith equation (22), the fact

X \Y = X \'
DN+ D2 V= O
v2Z,=( 1) v2Z,,

and the lemma belown. Details of the calculation similar to that in estab-
lishing (23) are left to the reader.

Lemma 3 With notation as alove

X . Pom, It=m m (m)

X\ tx -
=) Gy

X2Z

if (m,;t) = m, =l and O otherwise.

P
Proof: First notethat = ,,, & = (d)-5 where(t;m) = m=d from
(22). Applying the result of problem 4, p. 336in [2] with m = m;y m ,
one nds

X x m X x X
(I_) m = (I— (I_) rtr)1(+ kA
X2Z X2Z , X2Z

The rst sum in the product on the right is non-vgnishing only when
(t; my) = m. =, sinceotherwisein the factorization of ,,, (}) o, asa

product of Gausssumsde ned modulo the distinct prime powers dividing
m.., at leastonesud componert will be zero(chie y, problem 4, p. 336in

19



[2] again, and from the fact that any imprimitiv e Gausssum de ned mod-
ulo a primegpower vanishes). When (t; m.) = m, d, sy t = m, v=I with
(v;l) = 1, X227, (¥) m. is just m, =l copiesof x2Z, (1) " soequals

m+

i IT=("5*=). The secondsum in the product equals (n ))(—(m—))
' tm )

by my initial obseration. The result of the lemma now follows since
() = (5.

My aim hereis to nd a formula for the minimal polynomial of , or
more preciselyfor the reciprocal polynomial Py, (X ) analogousto that for
Fm(X) in section2, whosezerosare the reciprocals of , in (25). To this
end| rst nd anexpressiorfor the polynomial P(X) with zerosf |, jv 2
Z..=( 1)g. From (24),onehas( 2+ .2 1= ( 10 V2| 241 2 ?2),
a zeroof F,(X), so

P(X)= (1 2x?) M=2F 1! D2Ix251 2X?) =

P p

1 2X2+ 1 4IX2 ... 1 2X2 "1 4IXZ,
( 2 ) ( )2 mo(( ( 1)(| 1)=2|X2 ) )
pP— p—
1+ 1 4IX?2 .1 1 4IX2., _
= (m) o 1) D=2 ol 2m=m
( > ) (1) ( Pix ) )
from (20) since ((1 P 1 4X?)=2)2= (1 2X? P 1 4IX?2)=2. For
corveniencel write
(28) P(X) = E(X) ™ mo(( 1" H2A(X)2™m)
where E|(X) & a+ P 1 6I_X =2, Ei(X) = (1 P 1 41X?)=2 and

AX)=(@1 1 4X?2)=2 1X). Now P(X) = Pni(X) Pmi( X) over
Z[X], sothe strategy is to nd the ¢orrect factor of P(X) in (28). Sup-
pose mo(( 1) Y=2z2) factorsin Q( 1) as gmei(2)gmoi( 2z) With gme(2)
self-recipracal and of the form

(29)

P -
Onei(2) = B+ @22+ +a 9z M+ [(ayz+agz+  +a (my 1z ™ 1Y)

20



for integersa; (0 j (mY). Thena moy j = & (0 j (m9=2)
and E;(X) M= g o (A/(X)™™" is a polynomial in Z[X]. In fact, since
E/(X)A(X)="IX and IXA|(X) = E|(X), this polynomial is

(p9=2 . (p9=2 B .
aj (A(X)mo)9 + ay 1 I(A(X)m)d )
i=0 j=1

E/(X)m 5

which equals
(30)

[ (MY 2)=4] L p_
a (moy=pll (M2 =4 (M)=2 4 ay (IX)™=""C . w9 . .( IX)
i =0 HO( 2 2])
J:

[ (9=4] i i D
. (m2j 1)=m°+1) =2y, m(2j 1)=m 1 .
+ ay i X Cmmo( (20) 2j+1)( IX)

j=1
To nd sud afactor gnei(z) rst considerg(x) = szz (1 (1) moX),
a polynomial over Q(i T) with power sumsgiven by (chley Lemma 3)

(31) X Yy v = P e ™) (o) ((n; me=D) it (n)=1
v2z 0 if (N6 1,
whenn is odd, or by

X
mo = (d) (m=d)

v2Z o
whenn is even, where (n; m% = m%d. | assertthat gmo(z) = g( z), where

1 if | 1(mod 4)

— (I DA m=m%=4; _ o
32 =(1 ! (1)@ ™M= | 3(mod 4)

has the desirablecharacteristicsin (29) . From (31) its assaiated power
sumsfor odd n are

@3 si= 1) () (im=)°T i (=L
0 otherwise
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and
S, = ( )" Y™ (d) (m%d) if newen

where (n; m% = m%d. From Newton's idertities (6) onereadily nds that
Omei(z) hasform (29) with & satisfying a polynomial dependenceon | of
degree [j=2]. Furthermore, a im0 ; = & since gnoy(z) is seento be
self-recipraal. In fact, gmomo(2z) is just the polynomial L 0(z) or Lo 2)
in equation (24) in [3], sois expressiblein terms of the Aurifeuille factors
of mo(( 1)™° D=2z). More generally gmei(z) is seento be expressiblein
terms of the Sdinzel factors [13] of o(( 1) Y7z). Brent [3] givesan
e cient algorithm to compute gnomo(z) from Newton's idertities, basically
dueto Dirichlet, that readily generalizedo compute gno(z) here.

| assertthat Pp (X) = Ej(X) ™=2g.0,(A (X )™™°) is the correctchoice
with zeros , ! for , in (25). Indeed,

Theorem 3 Let gmo(z pethe self-reciprocal polynomial of form (29) and
of degree (m9 over Q(' 1) determined from the power sumsin (33). Then
Pm: (X)) is given by (30) with coe cients ¢ for X" satisfying

(34)
g =m! e ) mem gy oy

¢ = I (1)
(m9 -
j=0;j r(mod 2) %’( 2 1) 4

for1 r < (m)=2, with

(m9
2
(m)+2

m0)+ j+
SN @ o+ (D] ( DI 2a);
j=0;j (m)=2(mod 2)

Cm=2= Il

wheet; = (r mj=m9=2.
Proof: In view of the remarks already made it su ces to show that

Ei(X) MZg0 (A (X )™=m% which yieldsthe polynomial expressiorin (30)
above, has assaiated power sums matching those in (26). Again from
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expandinglog(1 T) aboutT = 0,one nds logE (X ) (M=2g 0 (A (X )™M
equals

X
D iogei)+ T gt (1) mA0)™™) =

w2Z o

m>* on Inx> X R Wy wa oy
2 n  2n v mer B

n=1 w2Z v=1
m

v X
vAI(X)mvzm0 (lw vV wv.

mo-

(m)>4 on Inxz R
2 n 2n

n=1 v=1 w2Z
m

In view of (31) and Lemma 1, this last expressionis seento have coe cien t
X" equalto

[d§z2m]
(m) n |n=2 EX (d) (m% X ( 1)(| 1)t=2|nzzm n
2n 2 n (d) mo o o
2 djm?© t=1;(td)=1 2 d
if n is ewen, or
In n=2  Ime=ml CoEm) mE ) dm
" mo= mo=l ymo N mt
t=1; (t1)=1; t odd ! (t m®=)) (Gmey) ™ 2 2mo

if nis odd. Sincefor (t;1) = 1, (mt=m%m ) = (Z;;m ) = T (t; m™=I),

mo=l  _ m (mO=1) mO=| (m

one nds = and ——o7— = ———m——, sothis last
(t,mO:I) (mt—mO,m ) ((t,‘m(_l_fl)) m (mm_))

expressionfor odd n equals

n

= [Ny ®=m]
|(n D=2, X o .
! (n mt=m9=2

t=1; (t;1)=1; t odd
with (1) asin (26). But for t odd, i '= ( 1) D+m=m9=4 from (32),
so the polynomial E;(X) (M=2g..0,(A(X)™™") has asseiated power sums

asin (26).
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The formulasfor the coe cien ts ¢; are obtainedin straightforward fash-
ion from the expression(30). This completesthe proof of the theorem.

| give a few examplesnext to illustrate Theorem 3.
Example 6.

Consider ; = i 15 15 ) in (25). Herel = my = m= m°%= 15
andm = 1with 5(x)=1 x+x3 x*+x%> x7+ x8 One nds

Oisas(z) = 1+ 82° + 13z* + 82° + 2% + g 15@ + 32+ 32° + Z)

is the correct "Aurifeuille” factor of 15( z?) satisfying (32). Indeeddirect
computation of Py515(X) yields

Pisis(X) = 1+ 15X + 60X? 225X %
l0se coe cien ts agreewith those obtained from (34). Note that =
i 15(45  45) with | = m®= 15, m, = m = 45and m = 1 requiresthe
conjugatefactor
Oi515(2) = 1+ 82° + 132* + 82° + 78 P 15z + 32°+ 32°+ 77)

in the computation of

Pisas(X) = 1 180K 2 225X 3+54 15*+ 9 15X ° 10415°X° 27 15'X”

+57 15'X 8+ 27 15X %+ 36 15X 10 15% 1%

Example 7. p

Next consider 1 = i° 3(45 4)in (25) with m= 45,1=3, m, = 9,
m®= 15andm = 5,andagain 15(x) = 1 x+x* x*+ x> x'+x%
One nds herethat

Ois3(z) = 1+ 222+ 2%+ 228+ 78 P 3z+ 22+ 2%+ Z))
is the correct "Schinzel" factor of 15( z?) satisfying (32). Direct compu-
tation of the power sumsS, yield S; = 0, S, = 72,S; = 27,S, = 3* 8,
Ss=3"5S=379S,=3 7,S5= 3 272,Sg= 3’ 28,S,0= 3 107,
S = 3® 110and Sy = 3 1159, with

Pasa(X)= 1 36X2 9x3+ 3 2x*+ x> 3% 110°®
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3I’X7T+ 3 93x8+ 3P 20x° 3 2x10 3 ooxt FPx1?

B1_agreemen with the formulas in Theorem 3. If instead one takes ; =
B5( 45+ 4¢)in (25)som = 451=m, =5 m°= 15andm = 9, then
the correct "Schinzel" factor of 15(z?) satisfying (32) is

Ois5(z) = 1+ 222+ 324+ 225+ 28 p5(2 + 22+ 2%+ Z7):
Direct computation of P4s5(X ) yields
Pis(X) =1 60X? 25X3+ 57 54X4+ 5% 9x° 5% 22x°©

5 27X 7+ 5% 93X 8+ 5° 20x° 5° 18X 10 55 @gx1l4 gOx 12

whosecoe cien ts agreewith thosedeterminedfrom (34).
Example 8. p

Now consider ; = = 21( 1+ ') in (25). Herel = m, = m= m°= 21
andm = 1,with ,(x)=1 x+x3 x*+x® x®8+x® x+ x'¥2 One
nds herethat

Gr21(2) = 1+ 1022 + 132* + 728 + 1328 + 10220 + x*2

I02_1(x+ 33+ 25+ 2x7 + 3x° + x*)

is the correct "Aurifeuille” factor of ,;(z?) satisfying (32). Direct compu-
tation yields

Poror(X) =1 21X + 84X2+ 8823 79384+ 1852X°> 9261X°

whosecoe cien ts agreewith thoseF{o_und from (34).
If oneconsidersinstead 1 = i 7( 21 o) in (25), sol = m, = 7,
m®= m= 21landm = 3. One nds then that

Gr7(X) = 1+ 422 2% 7% 2B+ 4210+ 7P

p_
+ 7z+ 2 222 22"+ 2%+ 7Y)
is the correct "Schinzel" factor of ,;( z?) satisfying (32) with
Pu7(X) = 1+ 7X  14X2 7% 4X3 7% 8X“4+ 7°X®

from (34).
The special casem = p warrants special consideration. Here | simply
write P, (X)) for Py .n(X).
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Corollary 3 For an odd prime p, P, (X) hasthe form

. ) [(px3)=4] . D
ap 1):2pp [(p+1) =41y P “(p 1)=2 4 ay, (sz)p Jcp (e 1 2j)( pX)
j=0
[(py1)=4] . » D
+ ay pP @ D=y 1)Cp (et 2j+1)( pX);
i=1

with coe cient ¢ for X' satisfying

+ [r)% ] 1p 1 i 1 p_]_ . _
G = p[%] ( 1)tj 3 pl p(12 : ]) p ( 5 i J) tJ
j=0;j r(mod 2) (T i) t ]
for1 r< (p)=2, wheet;=(r p ?*)=2 andwith
( (5)p )= if p 1(mod 4)
c (p )=2 = (p )2

( DYG) p« ifp  3(mod4),
whete N is the numler of quadatic non-residuesof p in (0; p=2).

Proof: | needonly justify the determination of the last coe cient ¢ (, )=
= (1) PNyl pr)( o +( 1= o), WhereK = Q(p, + ,%). For
p 1(mod 4), oneimmediately hasc (, y=» = (%)p (P )= sinceNg=( p +
o) = (3) from (19). Forp  3(mod 4), onenotesthat (chiey, problem
14, p. 355in [2]; seealso(35) below)

[oy=2] fpe2] 5
(Y= (s oM =i
v=1;p6j v=1 P
sothat
=2l _V 2 (p )*2
C o)z = ipp(B)(; 2= O DY T
v=1;p6j

whereN courts the number of times(%) = 1forl1 v (p 1)=2

Actually it is no more dicult to determinethe last coe cient ¢ (m)=
for the polynomial Py, (X) in Theorem 3 in general. For odd compos-
ite m% ¢ (m)=2 is the norm of ; in (25) so equals | (™M= sincei ( m +
( ¢ Y= 1)isaunit of K. The correctsignis given by
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Prop osition 4 For odd composite m®in Theorem 3,
C my= = ( 1)N| (m)=4,

where N counts the number of reduced residuesv modulo m®in (0; m®=2)
with () = L

Proof: First note that for any integera with (a;m% = 1,

Y wp
(35)

3<
3
Ej:JB
S o
3(43
3
3
o
3
o

v2Z. ;v a(mod m9) =0
. 0
since &M = . §for0 < m=mC Moreover, | assertherethat
m

mol m

Y 2 Y )
(36) 2 sin—g = 2 cos—g =1
v=1; (v;m9=1 m v=1; (v;im9=1 m

8nce m° is odd and composite. To verify (36) obsene that up to sign

2 sinZy is the norm from K to Q of the unit i( mo  5) soequals 1.
But 2 sin Zm—z,’ >0forl v (m® 1)=2, sothat the product must be 1 and
hencealso the product of its conjugates2 sin 4m—g forr v (m° 1)=2.

Since

2 v _ 2siniy
= —mY.

m?O 2sin <

2 cos

the product of cosinesmust alsoequal 1. Now from (35),

[F?EZ] P-v |1
C (my=2 = G mt( Dz )=
v=1; (v;m9=1
[Wp=2]
[N _ \' 1
( pz1 M= (l—)( mot (1)7 0
v=1; (v;m9%=1

or just

(1)) M N D = (N
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by (36), where N courts the number of reducedresiduesv modulo m®in
the interval (0; m%2) with (1) = 1. This completesthe proof of the
proposition.

Beforeconcludingthis sectionl wishto remarkthat oneobtainsa variant
for the sumsS, in (26) when n is even using the fact P(X) = Py, (X)
Pmi( X), sothat S, = 1S;, whereS; is the n-th power sum assaiated to
P (X) with n even. Now from (28),

X 0.
logP(X) = (m)logE,(X) + (dlog(X (( 1)" Y=2A,(X)2mm%)
djm?©
X nxa2n X b3 (I 1v=2
= (m) 2n I"X (d) LAI(X)vasz:
_ n 2n _ _ v
n=1 djm© v=1
Thusif n even,
(m) X g ]
= 2 M) N n=2 m (I D=2 n
Si=Im L FIT @y (D) NP
djim t=1

as an alternative expressionfor S, in (26).
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