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Abstract. For any integerm > 1 x 5, = exp(2 i=m) and let Z,, denote the
group of reduced residuesmodulo m. Let g= p , a power of a prime p. The hyper-
Kloosterman sums of dimension n > 0 are de ned for g by

X
R(d,q): (>‘.1<1+ xn+d(xy xn) * (d2 Zq)v

where x ! denotesthe multiplicativ e inverseof x modulo g.

Salie evaluated R(d;q) in the classicalcasen = 1 whenp = 2 and for odd primes
p, whereg= p with > 1.Herel generalizeSalie'sresult for the multi-dimensional
case,employing the well-known formula

X
R(d; ) = é (AG( )™

where G( ) denotesthe classical sum Gaussfor the numerical character modulo
g. The determination relies on Mauclaire's explicit evaluation of G( ) for prime
powers and recert results of the author on exponential sums.

Mathematics Subject Classi c ation 11L05, 11T24

1 Intro duction

For any integerm > 1 x , = exp(2 i=m) and let Z,, denote the group of
reducedresiduesmodulo m. Let q = p , a power of a prime p. The hyper-
Kloosterman sums of dimension n > 0 are de ned for g by

1

X
R(d;q): él+ +Xn+d(X1 Xn) (l)

forl d g (d;0) = 1, wherex ! denotesthe multiplicativ e inverseof x
modulo g. For (a;q) = 1,if 5 denotesthe automorphism of Q( ) induced
by sending 4! &, then it is readily seenfrom (1) that

a(R(d;q)) = R(da""™ ; ): )

In particular, R(d;q) liesin the subeld K of Q( o) xed by automorphisms
a for which a”**  1(mod g); and of degree

on+l:_ = (@=(n+ 11 (g) if 8g and n odd
g = 2(q):(n+ 1; (Zq)) otherwise. ®)
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Salie[18] explicitly determined R(d;q) in the classicalcasen = 1whenp

and for odd primes p whereq = p with > 1. Specically, R(1;2)

R(3;4) = R(1;4) = 2, R(1;8) = R(5;8) = 0 ICR(? 8) = R(3;8)

R(1;16) = R(13;16)= R(5;16)= R(9;16)= 4

R(d;16)= 0if d 3(mod 4);

R(5;32)= 16 os( + 7), R(d;32)= 0if d6 5(mod 8);

R(1;64)= 16 2cos(232 + 7), R(d;64)= 0if d6 1(mod 8),

R(1;128)= 32cog%; + 3), R(d;128)= 0if d6 1(mod 8);

For > 5( 6 7), R(1;2 + 7), R(d;2) =

d 6 1(mod 8). The conjugatesR(d;2 ) of R(1;2 ) ford 1(mod 8) with
> 5 are determined from (2).

For odd primespand > 1, R(L;p ) = i+ p= ¥ 2+ (?1) 0 %),
R(d;p ) = Oif (d) = 1.The conjugatesR(d;p ) of R(1;p ) for (g) = lare
determined from (2). Here (= ) is the usual Legendresymbol.

My aim hereis to generallzeSallesresult for the multi-dimensional case
n > 1. To best describe this analog,| write n+ 1= p u, for 0 and p 6u,
and setf = gcdln+ 1;p 1)if poddorf = gcd(n + 1;2) if p= 2. For odd
primes p, let H denote the group of f -roots of unity modulo p (or just
modulo p when ) | shall show in section 2 that for > + 1 that

R(d;p ) vanishesif d 6 1(mod p *1), elseup to a fourth root of unity is
a conjugate of

2
11
4

(n+ )=2 X Xic x
p (=) ; 4)
p
x2H
with ¢= 0 or 1 accordingas n (mod 2) or not. | alsodetermine R(d;p )
for the smaller powers 1 < + 1. Howewer, the important caseR(d;p)

for odd primes p remains unresoled. In section3 | shav that for > + 4
with n odd that R(d;2 ) vanishesif d 6 1(mod 2 *2), elseup to signis a

conjugate of
n

£ ) ©)

| separately determine R(d;2 ) for the smaller powers + 4.
All results here utilize the well-known formula [6, 14]

a(n + )=2 2cos(22

X
R(d;q) = W (G )" (6)

the sum over all numerical characters modulo g, where

X
G()= (0 U]

x22q

denotesthe classical Gausssum for the character . The determination of
R(d;q) from (6) relies on Mauclaire's [16, 17] explicit evaluation of G( ) for
prime powersq= p ( > 1) in terms of normalized characters and recert
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results [10] of the author on exponertial sumsof the form P (x)& gx: The
methods may be applied to study certain typesof twisted Klo ostermansums,
but for the sake of simplicity | consideronly the ordinary hyper-Kloosterman
sumshere.

| wish to mention some consequencesand related results regarding the
explicit valuesfor R(d;q) found here. Expressions(4) and (5) leadto a bound
jR(d;p)j fp—=for > +1( > +4if p= 2), already mentioned
in [3], that is a modest improvemert of the customary Deligne [4] bound
jR(d;p)j (n+ 1)p™ 2 when > 0. Moreover, from such expressions(4)
and (5), the non-vanishing sums R(d;q) are seento be integer multiples of
ordinary Gauss periods for p or a quadratic twist of such. The author
has recently studied Gauss periods and quadratic twists of such for prime
powers [9] to obtain formulas for the beginning coe cien ts of their minimal
polynomials and assaiated power sumsof zeros.When f = 2 a closedform
expressionfor the minimal polynomial and the assciated power sums is
actually obtained [8]. Thoseresults can be applied with thesehereto describe
the polynomial satis ed by the Kloosterman sumsR(d;q) for d 2 Z. This
determination may be found in [11] and generalizesthe author's previous
results [7] for Klo osterman polynomials whenn = 1.

2 Klo osterman sums for odd prime powersp , > 1

As in the introduction | write n+ 1 = p u, for 0 and p Gu, and set
f = gcd(n+ 1;p 1)andconsiderg=p , > 1.Forany w6 0(mod p), let
w or w ! denote the multiplicativ e inverseof w mod p . Let H denote the
group of f -roots of unity modulop , or just modulo p when , Choose
a numerical character modulo g which generatesthe numerical characters
modulo g and is normalized so that

(1+p)= ' for =25 2evenor (8)
(1+p°+ (%1”025) = en for =2s+1 3 odd:
Any primitiv e character modulo g hasthe form = Y for somev 2 Z,, so
1 Xa _
R(d;q) = @ Hd)e( )t 9)
i=1:p6i

forany d2 Z, from (6) sinceG( ) = 0if isimprimitiv e. The Gausssums
G( ) have beendetermined by Mauclaire [16, 17].

Prop osition 1. Foranyv2 Z,, q=p oddwith > 1,
pz (V) ¢ if even

Vy —
CCD= rPrre vw g i oda:
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Proof: Foranyv2 Z, write v th(modq(p 1)) with t=1+(v 1)q
1modg) andh=v (v 1)g 1(modp 1).Since = ! is normalized
modulo g, it follows from Mauclaire's result [16,17] (see also in Evans [6])
that G( ¥) = G( M) = M(h) n(G( )), where } is the automorphism of

Q( qp 1)=Q(p 1) givenby n(q) = g. Thus

, vPg! if  2ewen
G( ) = Vv hy 1 pp = h : .
(h)(5) s g if  3odd:
Sincet  1(mod @), the result as stated in the proposition follows.
The following lemmaswill prove crucial in the evaluation of R(d;q) here.

Lemma 1. If is normalized modulo p" for r > 2, then P is normalized

modulo p* *. The sole exeption occurs for r = 4 with p= 3 where 3(22) =
4 1

g not 4= in (8).

Pro of: First note that for s> Othat (1+ p°+ %pzs)p 1+ p)P
1+ pS*t (mod p?s*!). Thusfor odd r = 2s+ 1 3, P(1+p5) = (1L+
ps*t) = ' from (8) so P is normalized modulo p* . In addition, one
readily seesthat (1 + p*+ 25Lp?)P 1+ ps*t (mod p?**2), except for
s= 1with p= 3where22 37(mod 81). Thus for evenr = 2s+ 2> 2,

P(1+pS+ %pZS) = (1+p**t) = pSL from (8) so P is normalized modulo
p" 1, though in the exceptionalcases= 2andp= 3, 3(22)= (37)= 4
since37 10%(mod 81). The proof of the lemma is now complete.

Lemma 2. Let be any numerical character modulo p for > 1 and
normalized asin (8). Then for any integery

@+yp) = o
where s°= [F1].

The proof of Lemma 2 follows routinely from the Binomial Theorem and
the obsenation made at the outset of the proof of Lemma 1.

Before proceedingto the statemert of the main results here | require a
fact from [10] concerningincomplete exponertial sumsof the form

R®)=f
(V)W gy (f = gcd(u;p 1); p6u);
v=1:p6y

where generatesthe group of numerical characters modulo p" (r > 1) and
is normalized satisfying (8). From Corollary 10 in [10] one nds that
(,,.:2P

®)=f p ux .
R (V uwou — f p2 X2HO pr if r even

pr (TZ)Mp 72 pTJ szo(%) ¢ if r odd;

(10)

v=1 ;p6y
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where H? is the group of f -roots of unity modulo p' and i = (P D*=4,
Additionally , sincef and u have the same parity, qare—erxamination of the
proof of Theorem 3 in [10] shawsthat the twisted sum & )2 (4)u (v)w W
hasthe samevalue givenin (10).

I am now ready to determine the valuesR(d;p ) for odd prime powers.
The computation of R(d;g) now naturally breaksinto two cases > + 1
and 1< + 1.1 considerthe case > + 1 rst, with even.

Theorem 1. Letq=p with =2s> + 1 Then

(1?2 (%) ux
p’ P

R(Lig) = ptn * =2 (f)

X2H
The soleexeption whenp=3and = + 3is
. _ i) 2P 3 X ux 19ux .
R(1;3 ) = 3z i 3 (?) a7 %
X2H
Furthermore, R(d;q) = O if d 6 1(mod p *') elseR(d;q) is conjugate
to R(1;q) alove and determined from (2).
Pro of: From (9) and Proposition 1 above, one nds for any d 2 Z, that
1 X9
R(d;q) = — pz (MY T (d) 10+ (j) é(n+l)
@ i=1;p4

when = 2s> + liseven.One may write the expressionfor R(d;q) above
as

pz(n+) X X 1
(a)

v+ ei(d) (v+ei)(n+1) (V+ ei) (gv+ ei)(n+1) :
v=1;p@j =0

where ead j is uniquely expressed = v+ eiwith 1 v e= (p )=f,
0 i< fp andp§v, or equivalertly as

pz™ X vy o X e d) V"D (1+ vei) JO
) @ 0 ) (@ "0 L+ ve) §0°-

v=1 ;pei i=0
From the Binomial Theorem

1+ vei)' ™D = (L+ ve)P W 1 %p L (mod g)
hereso ((1+ ve)V™D) ™D = (1 Up 1 YT =1 since (1
Up 1= 5 from (8) and Lemma 2, and
f 1
XD ag= fp ifd2z

0 otherwise,
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since € hasorder fp . Thus R(d;q) = O0for > + 1 even whenewer
d62Z,"*'. Otherwise,

p7(n+1) xXe

R(d;q) = Y(d) O (v) gty (11)

v=1 ;p6y

whend 2 Z,"*. But d 2 Z,"** if and only if d"™  1(mod p *) from
Euler's criterion, sothe last statemert of the theorem follows. In view of (2)
it is enoughnow to compute R(1; g). From (11) one obtains

l:ﬁ(n+1) xe
R(1;0) = S () B (12)
v=1;p6y
Now P generatesthe group of numerical characters modulo p , and is
normalized modulo p (exceptwhenp=3and = +3, 3 = W for

somenormalized character modulo 27 with w  4(mod 9)), by repeatedly
applying Lemma 1. Thus for even

( P
1 2 ux .
X2 H if even

p 2
P p = pP P .
. P (D22p =i PP (%) if  odd

‘13
—_

by (10) (but P g TVM Y = fzipﬁp o (&) 2% in the excep-
tional casep= 3and = + 3from Example 1in [10]or direct calculation
here.). This together with (12) yields the expressionsfor R(1; q) as stated in
the theorem.

| next considerthe casefor odd powers ps*1 .

Theorem 2. Letgq=p with =2s+ 1> + 1 Then R(1;q) is given by

} 2 4.0 92 X ux
R(1;q) = pt" * )2 él p)(n+1) (-9 e (—) 1 rL;x
P x2H P

The sole exception is

o 2 X ux
R(1,3 ): 3(n + )—2i n (_ 2179ux
x2H P

whenp = 3and = + 3 > 3. Furthermore, R(d;q) = O if d 6
1(mod p *1) elseR(d;q) is conjugate to R(1;q) above and determined from
(2).

Pro of: The argumert is similar to the case is even. Again one nds
from (9) and Proposition 1 that R(d;q) = 0 whenewerd 622q”+1 ; otherwise

=(n+1) xe v
R(ig= ¢ P B 7 (2

v=1p6 P

)n+1 V(d) v(n+1) (V) (\:1,(“+l) (13)
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whend 2 an+1 . In view of (2) it su ces to compute R(1; q) here. From (13)
one obtains

z(n+1) xe
RLg= B— § Py 7 e wy w1
€ v=1p6}
Now one nds with  odd that the twisted sum
(.. . P .
(!)u p uv (v) W= pf_p i X32HpFL)JXP if odd
v=1;p6y P (?Z)pf_p 2 i r) x2H (%) ;JX if even
P g viu 3 uv uv 2-p_P ux y 19ux ;
from (10) (but again v:l;se;(§) (V) 37 = fi 3 ,ouq(F) ™ in
the exceptionalcasep= 3and = + 3.) This together with (14) yields the
expressionsfor R(1; g) as stated, completing the proof of the theorem.
Next | considerthe casel < + 1, where H is just the group of
f -roots of unity modulo pande= (p 1)=f.
Theorem 3. For 1< +landpoddwithd 1(modp 1),
P _ 1
=(n+1) 1 (n+d)x=p i
REUGD= Py iy 2P P g b O (s)
8 p pf(n+n 1 <2H P P if Odd;

where H is the group of f -roots of unity modulo p.

Furthermore, R(d;p ) = 0if d® Y= 6 1(mod p 1) elseR(d;p ) is
conjugate to some R(d%q) with d® 1(mod p 1) above and determined
from (2).

Pro of: For the case ewen,onehasfrom (9) and Proposition 1 asbefore

L X9 - |
R(d;q) = e pz(MD d(d) 1D (j) a(n+1) :
j=1:p6i
which equals
pr(n+) K1 P D1
(q) X(d) x(n+1) (X) a((n+1) pt(d) pt(n+1) (X), (16)
x=1 t=0

where ead | is uniquely expressed) = x+ ptwith 1 x<pand0 t<
p ?p 1).But

PoCse D 1 (b ") 1
* PLid) PHN*D) (%) = X Plx"*ty= P b 1)
t=0 t=0 0

accordingas x"*!  d(mod p 1) or not, since P hasconductorp * and
generatesthe numerical characters modulo p . Thus R(d;q) = 0 unless
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d2 Zp”"% in this case.But whend x"*(mod p 1) then for d®= dx"*,
R(d%q) is conjugate to R(d;q) from (2) with d® 1(mod p 1). Thus, it
suces to considerd 1(modp 1), sayd= 1+ wp ! for someintegerw.
Then from (16) and Lemma 2

1

X
R(d,q) — p?(n+1) 1 X(l+ wp 1) X(Xn+l) |()n+l) X=p
x2H

1 1

— pz(n+l) lx wx+( n+1) x=p — pz(n+l) lx (n+ d)x=p
P p P p

x2H x2H

since (x"*')=1andx 2 H whenx"** 1(modp 1) here.

Arguing similarly when 1< + 1is odd, one obtains the expression
_ 1 (rx " 1
pz (n+1) B( X
él p)(n+1) (q) (B)n+l X(d) x(n+1) (X) a((n+1) pt(d) pt(n+1) (X)

x=1 t=0

17)
instead of (16) for R(d;q). Again R(d;q) = 0 unlessd 2 Zp”"%, limiting
considerationto d = 1+ wp ! for someinteger w as before. This time for
such d,

R(d:q) = (I p)(n+l) —(n+l) 1 X X(1 + 1y x yn+ly (n+l) x=p 1!
(d:g) = ¢ p (1+wp ) “(x"7) 5
X2H

— (@ p)(n+l) - (n+1) 1X (n+d)yx=p !
- 8 p p
X2 H

as before. The proof is now complete.

Example 1.

To illustrate Theorems 1-3 considerthe casen = 6 for q = 49;343 and
2401.Herep= 7with = 1,u= landf = 1. Theorem3applieswhenq= 49
where s = 1. Direct calculation using Corollary 3.2 in [6] yields R(1;49) =
7% 7, R(8;49) = 75 2, R(15;49) = 75 3, R(22;49) = 75 4, R(29;49)= 75 2,
R(36;49) = 7° & and R(43;49) = 75, with their conjugatesR(d;49) obtained
from (2), in agreemen with the values given in Theorem 3. Here (Z,4)" =
f 1, 18 199, soR(d;49) 6 O for eath d 2 Z,¢. For g = 343, Theorem
2 applies wheres = 1 to give R(1;343) = 7° 7 49; and for q = 2401,
Theorem 1 yields R(1;2401)=  7%2i" 7 343 wheres = 2. In ead of latter
cases,R(d;q) = 0if d® 6 1(mod 49); otherwise R(d;q) is determined from
(2).

3 Klo osterman sums for q = 2

As beforel write n+ 1= 2 u for O and u odd, and setf = gcd(n+ 1;2).
For any odd integer w, let w or w * denote the multiplicativ e inverse of w
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modulo 2 , and (2) = ( 1)"5% and (<2) = ( 1)"z*(2) be the primitiv e
quadratic characters modulo 8. The values R(d;2 ) for 3 are readily

computed directly from (6) (seealso Evan's [6] ).

Prop osition 2. For any n and odd d, R(d;2) = ( 1)"*'. For odd n and d,
R(d;4) = ( 1)"z 2" and

3n+1

v 2(2) if d6 n(mod 4)
R(d:8) 0 ’ if d n(mod 4):
For evenn, R(1;4) = ( 1)™22" 4, R(3;4) = ( 1)"™22" 4. R(1;8) =

( 1)ln+2)=413n=2 B+l wjith R(d;8) conjugateto R(1; 8) and determined from
(2) for any odd d.

Throughout the remainder of this section | shall now assume > 3.
Choosean even numerical character modulo q which generatesthe numer-
ical characters modulo g and is normalized so

(1+ 25) = L' for = 2s> 2even or (18)

1+22+2% Hy= 5 for =2s+1>1 odd:

Let (x) denotethe quadratic character modulo q givenby (x) = ( 1)le.
Any primitiv e numerical character modulo g hasthe form = VY or v
for someodd integerv,1 v 2 ?so

2

1

NG YAG( )+ A6 )M (19)

R(d;q) =

v=1;v odd

for any d 2 Z, from (6). From Mauclaire's evaluation [16, 17] (seealso Evans
[6]) of G( ) for primitiv e characters modulo g, oneimmediately obtains

Prop osition 3. For any odd v, where q=2 with > 1( 6 3)

(V) = 272 Y(v) 4 if even
(B g272 v(v) y it odd;
and
=2 \Y \Y H
G( vy = 2 (V) (V) 4 if even

(2) y2=2 (v) Y(v) ¢ if odd:

The next result is the analogof Lemma 2 in section2 and followsroutinely
from the Binomial Theorem.



10 S. Gurak

Lemma 3. Let be any numerical character modulo 2 normalized as in
(18) with 3. Then for any integery

(1 + y250) = zsy;
where s°= [F1].

Before stating the main result of this section | require somefacts about
imcomplete exponertial sumsof the form

r, 2
X v Vo .
(V) 53 1(mod 4);
v=1l;v 1(mod 4)

where is a primitiv e character modulo 2" (r > 4) normalized asin (18). It
is shown in [10] that

r (
X ° L2t ) :
27 if r even
(V) Y g’ = 2% pzi t() if dd: (20)
v=1;v 1(mod 4) 2 It r oad;
wheret( ) is a certain integer-valued function of (chiey from Proposition
5 and Theorem 2 in [10] in view of (27) there.).

For r odd one has (chie y, Corollaries 3 and 4 in [10])

1 20 3% if  1(mod27%)

t = r r+
O fios i 1+ 2= (mod 2°%°);

(21)

independert of the choice of normalized character modulo 2". For r even
onehas (chiey, Corollary 3 in [10])

t()=1Iif 1(mod 2 7?): (22)

| am now ready to determine the sums R(d;2 ). The following result
treats the case = 0.

n+2

Prop osition 4. For n even,R(1;2 )= ( 1) F'=12™ 2 2* for > 3. In
geneanl for any odd d, R(d;2 ) is determined from (2).

Pro of: | rst considerthe case > 3 ewen rst. Then from Proposition
3 and (19) above,

2

1
R(l,q) — (q) (l+ (V))27(n+1) v(n+1) (V) (\:1,(“+l)
v=1 ;v odd
2
_ 2 ZT(n+1) X v(n+1) (V) v(n+1) :
(a) K

v=1l;v 1(mod 4)
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P
Since \2,:1?\, mod gy MY (v) ¢ = 272" 041 from (20) and (22), one
nds herethat R(1;q) = 2" 2 8** . As Z "*! = Z_, R(d;0) is conjugate to
R(1; ) for any odd d and determined by (2).
Now suppose > 3is odd. Then a similar argumert yields

2

2 X 2
. — = (n+1) v(n+l) v(n+1) v(n+1)
R(1;0) = WZZ (2) s (V) 4
v=1l;v 1(mod 4)
2
— 2 n+1 27(n+l) X v(n+1) (V) v(n+1)
G I
v=1l;v 1(mod 4)
since for v_ 1(mod 4), (2) y(*) = 8+l when n is even. From (20)
2 2 1 4 1
and (21), Sty 1mod ) v(n+1) (v) (\]l(n+) — (%)2 . g+l 8(n+), so

one nds herethat R(1;q) = ( 1)("*2=42n=2 8+ As before R(d;q) is
conjugateto R(1;q) for any odd d. Combining the results from ead casethe
proposition now follows.
| now assumethat > |9 throughout the remainder of the section and
> 3. Then R(d;q) = ﬁ j2:l i oga(1+ (d) I(d)G( )"+t = oford
3(mod 4) in (19) so
1 Poo i jyn+l
R(d,Q) — 7 i=13j odd (d)G( ) |f d 1(mod 4) (23)
0 if d 3(mod 4):

The computation from this point naturally breaksinto the cases > +4
and 3< + 4.1 considerthe case > + 4 rst with ewven.

Theorem 4. Letq=2 with =2s> +4 5 Then

2 n +
RELig = () 2 (ua+n2 R , a2 )

exept
R(1;2 ): 27(n+1) 3( g£1+8 n) + 64u(1+8 n))

when = + 6. Furthermore, R(d;2 )= 0if d6 1(mod 2 *?) elseR(d;2 )
is conjugate to R(1; g) alove and determined from (2).

Pro of: From (23) and Proposition 3 one nds for any d 1(mod 4)
1 2

2 2
j=1;]j odd

R(d;q) =

2z T (d) 1D () g’q(n+l)
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when = 2s> + 4is even. Writing j = v+ i2 2 uniquely with
O<v<?2 2o0ddand 0 i < 2, one may expressthis last sum for
R(d;q) above as

oz (n+1) 2X * X 1

5 v+i2 2(d) (v+i2 2)(n+1) (v) év+2 2)(n+1)
v=1;v odd i=0
or equivalertly as
20+ 2X 2 v v(n+1) v(n+1) x 1 i2 2 v(n+1) - 2y iu
-7 (d) (V) q (d) (1+vi2 )4
v=1; v odd i=0

But since > +2, V("D (1+vi2 2y= , Y from (18) and Lemma 3,
and also from the fact

X 1 0 z(d) 2 if d2 an+1 :
. S 0 ifdexz,
i=0 q
SO
P + .
R(d;q) - 27(n 1+ +2 \2/=1;V20dd V(d) v(n+1) (V) a/(n 1) if d2 an+1;
0 otherwise.

It suces to compute R(1;q) in view of (2). Now
(v 2 2)(n+1) 2y (v 2 2)(n+1) _
v 2 ) q =
v(n+1) (V) g(n+l) v(n+1) (l v2 2) 4 u— v(n+l) (V) a/(n+l)

since isnormalizedoforder2 2?and (1 v2 2)v(n+) = Y from (18)
and Lemma 3. Consequetly, one may write R(1;q) as

2 2
Zi(n 1+ +2 ( v(n+1) (V) (\q/(n+l) + v(n+l)( V) qv(n+l)) or
v=1l;v 1(mod 4)
=(n 1)+ +2 X 2 ux ux X 2 ux ux
2z(n v 2 x) 2~ + x), ) (24)
X2 X x2X

P
whereX = f1;5;9; ;2 2 3g.But thecharactersums ,,, 2 “(x) ¥
that arise here have beenevaluated in [10] in terms of the normalized char-
acters  modulo 2 in Proposition 6 there. Speci cally, let fk g ( > 3) be
given modulo 2 2 by
R(1 27 1) if 4 even

k = R if 5 odd; (25)
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where R is the 2-adic unit R = %Iog 5. Then the normalized characters
modulo 2 are given by

k

G)=, .. (=1 ( >3) (26)
Choosing = asdetermined in (26), | assert
8 . s
% 272 17 if >1 odd
4 142 3 ; _
2X(X); = 2772 4212 s !f =1
<2 X 5 224 5 . if =2 >8o0r >2, = +6
2T 12 if =2 =8or ewen > +6>8,
(27)
sothe expressiondor R(1; q) would follow in view of (24) whenewer > +4
is even. Indeed, for 1 odd, one nds from (25) that
2 _ ko= where k 1 modZZf ?f >1
k 1 272 mod2z if =1
The corresponding valuesin (27) follow now from (20) and (21). For 2

even, one has similarly from (25) that

2 _ k= where k 1+ 27" mod 27— if > 2

k 1 27" mod 27 if =2

The corresponding valuesin (27) follow here from Corollary 5 in [10].
For the case > + 4with odd one nds

Theorem 5. Letq=2 with =2s+1> +4 5
i) If = 1then

R(l, 128): ( 1)(n+3) =42(7n+1) =2( gfﬁg n) + 64U(l+8 n))

R(1;2%57) = (" D =y =2 glgnz Dy ulen2 9y gor > 7.

2

i) If > 1then
_ 2 = = 1+n2 3 +n2 %),
R(l,223+1) — (u_n) l( 1)(n+1) 42( n+ ) 2( ;( +n )+ ) u(d+n )),
exeptwhen = +6
R(l;q) — 2 (n+1) =2 3( g£1+8 n) + 64u(1+8 n)):

Furthermore, R(d;q) = 0if d 6 1(mod 2 *?) else R(d;q) is conjugate to
R(1;q) above and determined from (2).



14 S. Gurak

Pro of: Now from (23) and Proposition 3 one nds forany d 1(mod 4)
that

R(d:q) = 1 x oz(M+D) I gy 100D (i j (n+1)
(d;0) > (d) (1) q8)

j=1;j odd
when = 2s+ 1> + 4isodd. Arguing asin the case is ewven, one nds

P
R = 27" Y 2 o Y@ () 9™ i d2 2
0 otherwise,

so again it suces to compute R(1;q) in view of (2). Proceedingas in the
case evenleadsto the expression

X X
R(l;q):zj(n 1)+ +2(§u ZUX(X) gx + 82u 2UX(X) 2ux );

x2X x2X
. (28)
whereX = f1,5;9;::;2 2 3g.Herethe charactersums  ,,, 2 “(x) 5
are determined choosing = asin (26) asbefore.| assert
8
22—="12 ° if >o0ewn
X %224212 ’ if odd: > +6>7
5 X3 =, 2722 7 if = +6>7
x2X % Pl if =1 >7
S 2t it =1 =71,

(29)
so the expressionsfor R(1;q) follow in view of (28) whenewver > + 4is
odd. Indeed, for > Oewen, 2 = from (25), and the corresponding
valuesin (29) follow from (20) and (21). For 1 odd, one nds here from
(25) that

2 - K=k Wherekk— 1+27 mod 27"
o]
(. ey, e
2 ux ux — 27> 2 if > 6
(x) 2" = 41 2 3 -
x2X 277, if =6

from Corollary 5 in [10]. The corresponding valuesin (29) for odd now
follow. This completesthe proof of the theoremfor > + 4 odd.

Next considerthe case3 < + 4, whereonemay assumed 1(mod 4)
from (23). One nds herethat
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Theorem 6. Letgq=2 with > 3. For < + 2
R(;g= ( DOTO? "2:000 1 ifd imod2 )
0 otherwise.
For = +2
R(d:2 ) = 0 ifd 1(mod2 1) or d6 1(mod2 ?2)
’ ( 1)+d=2 Toz(+) 1 g 142 2(mod2 1):
For = +3
R(d;2 ) = 27N+ 2( g+d+ q" 9 ifd 1(mod2 ?)
’ otherwise.
For = + 4> 4,
R(d;q) _ 27(n+1) 2( g+d+ qn d) if d 1+ 2 3(mod2 2)
0 otherwise.
The sole exeptions occurs when = 5and = 1withd 5(mod 8) wher
R(d;32) = ( 1) 2% ( 19+ 532: 4, and when = 5and = 2 with
d 1(mod 8) where R(d;32)= 277 ( 5,9+ " 9.
even, one has from (23) and Proposition 3 that

Pro of: For
1 2
j(d)zi(n+l) j(n+1) (J) é(n+1)

R(d;0) = 5
j=1;]j odd
% iy J(n+D) iy j(n+D) o j(n+1) iy j(n+1
( T(d) I )(J)a(n )+ I(d) I )(J)qJ(n ))

27(n+1)
e
j=1;j 1mod 4)
(30)
upon noting
i 2 Z(d) (G 2 2)(n+1) (G 2 2) (gj 2 %)(n+l) — j(d) j(n+1) () a(n+1)
since 1M (1 j2 2) 42 e 1 by (18) and Lemma 3. In particular,
for < + 4,
X ° o . 2x' 1
I(d) j(n+1) G) a(n+1) = (d) 3+1 4t(d)
t=0

j=1;j 1(mod 4)
1(mod 4).

since 1D (j) §(™*Y = 1+ againfrom (18) and Lemma3for j
Now
2X ag= 2 ¢ ifd Lmod2 ?)
0 otherwise,

t=0
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since 4 has order 2 4. Thus from (30) with < + 4, one nds for
d 1(mod2 ?) that

R(d;q) = 27(n+1) 2( (d) g+l + (d) a (n+1) )= 27 (n+1) 2( g+d + g (n+d))
(31)

since (d)= § 9 by Lemma3.
When = + 4 oneseesthat 10" (j) j" = 1 or 01
accordingasj 1or5(mod 8), by (18) and Lemma 3 in view of the expansion

pom = qea L2 v a0 gl 1o 11—41 (mod 2 ):
Now
ZX j j(n+1) ¢y j(n+l) — n+1 ZX j ZX i
(d) () 4 = 4 ( (d) (d))
i=1; 1(mod 4) j=1; 1(mod 8) j=1; 5(mod 8)
2x* 1 2x* 1 2x® 1
= g™ () *(d) M) = g7 (@@ A(d) 8 (d):
t=0;t even t=0;t odd t=0
But
2x° 1

2 5 ifd 1(mod2 3)

8t —
(d) = 0 otherwise,

t=0

as 8 hasorder2 %and “4d) = 1ford 1(mod2 2)or 1ford
1+ 2 3(mod 2 2). Thusone nds when = + 4 that R(d;q) equals
the expressionas given in the theoremfor d 1+ 2 3(mod 2 ?2), and
otherwise R(d;g) = 0. A routine calculation now yields all the expressions
for R(d; q) asstated in the theorem when is even.

Arguing similarly in the case3< < + 4 odd yields

R(d;q) = 2z(n+l) 2( g+1 (d) 3+1 + 8(n+l) (d) a (n+l)) (32)
or equivalently

R(d;q): ZT(”"'l) 2( g+1 g+d+ 8n 1 n d) (33)

q

ford 1(mod2 ?2) and otherwiseR(d;g) = 0. For = + 4 odd one nds

similarly that R(d;q) = Oford6 1+ 2 3(mod2 ?2), and otherwise R(d;q)

equalsthe expressionin (31) ford 1+ 2 3(mod 2 ?2) (and alsoin (32)

exceptfor = 1). Routine calculation givesthe expressionsfor R(d;q) as

stated in the theorem when is odd, including the exceptional caseswhen
=5, = 1or2. The proofis now complete.
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Example 2. Toillustrate Theorems4-6 considerthe casen = 3 for q =
32,64; 128and 256.Here = 2with u= landf = 2. Direct calculatiqy_using
Corollaries 3.2 and 4.5 in [6] yields R(1;32) = R(17;32)= 256 2 and
R(9;32)= R(25;32)= 256 2. The valuesR(d;32)= 0for d 6 1(mod 8).
R(9;64) = 21 cos 3- with R(d;64) conjugateto R(9;64) if d  9(mod 16)
and otherwise 0. This is in agreemen with th% values given in Theorem 6
above. For q= 128,0one nds R(1;128)= 22" 2cos3; in agreemet with
Theorem5, and for g = 256,R(1;256)= 2 cos Z; aspredicted by Theorem
4 in the exceptional case.In the two latter cases,R(d;q) is conjugate to
R(1;0) if d 1(mod 16) elseequalsO.

Using the formulas of Smith and Evans [6], | have tabulated below the
non-zerovaluesR(d; g), onefor ead n+ 1-st power classmodulo g, for seeral
small valuesof n and small powersq=p ( > 1) with > 0. The explicit
calculations com rm the valuesobtained from Theorems1-6.

n=2:R(1;9) =94 R(49)=93%R(7,9=9with Z2=f 1g
R(1;27)= 27 4i Bwith Z,3=f 1, 8 10g
R(1;81)= 81 i 3with zg3=f 1, 8 10, 17, 19; 26, 28; 35 37g

n=3:R%4) = R34 = 8 R(1;,8 = R(5;8) = 32; R(13;16) =
R(5;16) = 128 o_
R(1;32)= R(9;32)= 256 2with Z44 = f1;17g
R(9;64) = 21 cog3 =8) with Z.} = f1;17:33;49%
R(1;128)= 212" 2cog13 =16) with Z,% = fxjx 1(mod 16)g
R(1;256)= 2% coq7 =32) with Z,3; = fxjx  1(mod 16)g

n=>5: R(3;4)p: R(1;4) = 32; R(7;8) = R(3;8) = 256; R(1;16) =
R(5:16)= 210 2

R(5;32)= 2%cog5 =8) with Z43 = f1;9;17: 25g

R(1;64)= 26" 2coq =16) with ZZ = fxjx 1(mod 8)g

R(1;128)= 2¥9cog27 =32) with Z,53 = fxjx  1(mod 8g

R(1;9)= R(7;9) = 243,R(4;9) = 486;

R(1;27)= 2 3Bcog4 =9) with Z,& = 1;10;19g

R(1;81)= 23" 3sin(22 =27)with Z48 = 1;10; 19; 28, 37; 46; 55, 64; 73g

n=7:R(14) = R(34) = 128;R(1;8) = R(5;8) = 2'1; R(1;16) =
R(9;16)= 2%, R(25;32)= ,R(9;32)= 29,
R(1;64)= R(17;64)= 222" Z with Z.8 = f1;33g
R(17;128)= 227 cog3 =8) with Z & = f1;33;65;97g
R(1;256)= 230" 2cog3 =16)with Z,8 = fxjx 1(mod 32)g
R(1;512)= 2**coq7 =32)with Z 8, = fxjx 1(mod 32)g

n=8:R(L9) =3 B(49) =33 R(79=3 Zwith Z°=f 1g

R(1;27) = 3% 33 R(10;27) = 3% 32, R(19;27) = 312" 3

with Z,2 = f 1g
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R(1;81)= 37 gwith Z0=f 1, 28 559
R(1;243)= 32t 12 with Z,3; = fxjx 1(mod 27)g

n=9:R(3;4)= R(14) = 2% R(7:8)= R(3;8)= 214
R(1;16)= R(5;16)= 28 2with z,Z2= 1,99
R(5;32)= 2 cg{7 =8) with Z.5=11,9,17,25
R(1;64)= 2% 2coq7 =16)with Z¢;7 = fxjx 1(mod 8)g
R(1;128)= 233 cog13 =32) with Z,35 = fxjx  1(mod 8)g
R(1;25)= R(6;25) = R(14;25) = R(4;25)= 5° 2cog4 =5); R(16;25)=
2 5°with Z,3°=f 1g
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