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Abstract. For any integer m > 1 �x � m = exp(2� i=m) and let Z �
m denote the

group of reduced residuesmodulo m. Let q = p� , a power of a prime p. The hyper-
Kloosterman sums of dimension n > 0 are de�ned for q by

R(d; q) =
X

x 1 ;:::;x n 2 Z �
m

� x 1 + ��� x n + d( x 1 ��� x n ) � 1

q (d 2 Z �
q );

where x � 1 denotes the multiplicativ e inverseof x modulo q.
Salie evaluated R(d; q) in the classicalcasen = 1 when p = 2 and for odd primes

p, where q = p� with � > 1. Here I generalizeSalie's result for the multi-dimensional
case,employing the well-known formula

R(d; q) =
1
q

X

�

�� (d)G(� )n +1 ;

where G(� ) denotes the classical sum Gauss for the numerical character � modulo
q. The determination relies on Mauclaire's explicit evaluation of G(� ) for prime
powers and recent results of the author on exponential sums.
Mathematics Subject Classi�c ation 11L05, 11T24

1 In tro duction

For any integer m > 1 �x � m = exp(2� i=m) and let Z �
m denote the group of

reduced residuesmodulo m. Let q = p� , a power of a prime p. The hyper-
Kloosterman sums of dimension n > 0 are de�ned for q by

R(d;q) =
X

x 1 ;:::;x n 2 Z �
q

� x 1 + ��� + x n + d(x 1 ��� x n ) � 1

q (1)

for 1 � d � q, (d;q) = 1, where x � 1 denotesthe multiplicativ e inverseof x
modulo q. For (a; q) = 1, if � a denotesthe automorphism of Q(� q) induced
by sending � q ! � a

q , then it is readily seenfrom (1) that

� a (R(d;q)) = R(dan +1 ; q): (2)

In particular, R(d;q) lies in the sub�eld K of Q(� q) �xed by automorphisms
� a for which an +1 � 1(mod q); and of degree

jZ � n +1
q j =

�
1
2 � (q)=(n + 1; 1

2 � (q)) if 8jq and n odd
� (q)=(n + 1; � (q)) otherwise.

(3)



2 S. Gurak

Salie[18] explicitly determined R(d;q) in the classicalcasen = 1 when p = 2,
and for odd primes p where q = p� with � > 1. Speci�cally , R(1; 2) = 1,
R(3; 4) = � R(1; 4) = 2; R(1; 8) = R(5; 8) = 0, R(7; 8) = � R(3; 8) = 4;
R(1; 16) = R(13; 16) = � R(5; 16) = � R(9; 16) = 4

p
2,

R(d;16) = 0 if d � 3(mod 4);
R(5; 32) = 16cos( 2�

16 + �
4 ), R(d;32) = 0 if d 6� 5(mod 8);

R(1; 64) = 16
p

2cos( 2�
32 + �

4 ), R(d;64) = 0 if d 6� 1(mod 8);
R(1; 128) = � 32cos( 2�

64 + �
4 ), R(d;128) = 0 if d 6� 1(mod 8);

For � > 5 (� 6= 7), R(1; 2� ) = 2( � +3) =2 cos( 2�
2� � 1 + �

4 ), R(d;2� ) = 0 if
d 6� 1(mod 8). The conjugates R(d;2� ) of R(1; 2� ) for d � 1(mod 8) with
� > 5 are determined from (2).

For odd primes p and � > 1, R(1; p� ) = i
( p � � 1) 2

4 p�= 2(� 2
p� + ( � 1

p )� � � 2
p� ),

R(d;p� ) = 0 if ( d
p ) = � 1. The conjugatesR(d;p� ) of R(1; p� ) for ( d

p ) = 1 are
determined from (2). Here ( p ) is the usual Legendresymbol.

My aim here is to generalizeSalie's result for the multi-dimensional case
n > 1. To best describe this analog, I write n + 1 = p� u, for � � 0 and p 6ju,
and set f = gcd(n + 1; p � 1) if p odd or f = gcd(n + 1; 2) if p = 2. For odd
primes p, let H denote the group of f -roots of unit y modulo p� � � (or just
modulo p when � � � ). I shall show in section 2 that for � > � + 1 that

R(d;p� ) vanishesif d
p � 1

f 6� 1(mod p� +1 ), elseup to a fourth root of unit y is
a conjugate of

p( �n + � )=2
X

x 2 H

(
x
p

)c� x
p� � � (4)

with c = 0 or 1 accordingas�n � � (mod 2) or not. I alsodetermine R(d;p� )
for the smaller powers 1 < � � � + 1. However, the important caseR(d;p)
for odd primes p remains unresolved. In section 3 I show that for � > � + 4
with n odd that R(d;2� ) vanishesif d 6� 1(mod 2� +2 ), elseup to sign is a
conjugate of

2( �n + � )=2 � 2 cos(
2�

2� � � +
n�
4

): (5)

I separately determine R(d;2� ) for the smaller powers � � � + 4.
All results here utilize the well-known formula [6, 14]

R(d;q) =
1

� (q)

X

�

�� (d)G(� )n +1 ; (6)

the sum over all numerical characters � modulo q, where

G(� ) =
X

x 2 Z �
q

� (x)� x
q (7)

denotes the classical Gauss sum for the character � . The determination of
R(d;q) from (6) relies on Mauclaire's [16, 17] explicit evaluation of G(� ) for
prime powers q = p� (� > 1) in terms of normalized characters and recent
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results [10] of the author on exponential sumsof the form
P

� (x)ax � bx
q : The

methods may be applied to study certain typesof twisted Klo ostermansums,
but for the sake of simplicit y I consideronly the ordinary hyper-Kloosterman
sumshere.

I wish to mention some consequencesand related results regarding the
explicit valuesfor R(d;q) found here.Expressions(4) and (5) lead to a bound
jR(d;p� )j � f p

�n + �
2 for � > � + 1 (� > � + 4 if p = 2), already mentioned

in [3], that is a modest improvement of the customary Deligne [4] bound
jR(d;p� )j � (n + 1)p�n= 2 when � > 0. Moreover, from such expressions(4)
and (5), the non-vanishing sums R(d;q) are seento be integer multiples of
ordinary Gauss periods for p� � � or a quadratic twist of such. The author
has recently studied Gauss periods and quadratic twists of such for prime
powers [9] to obtain formulas for the beginning coe�cien ts of their minimal
polynomials and associated power sumsof zeros.When f = 2 a closedform
expression for the minimal polynomial and the associated power sums is
actually obtained [8]. Thoseresults can be applied with thesehereto describe
the polynomial satis�ed by the Klo osterman sums R(d;q) for d 2 Z �

q. This
determination may be found in [11] and generalizesthe author's previous
results [7] for Klo osterman polynomials when n = 1.

2 Klo osterman sums for odd prime powers p � , � > 1

As in the intro duction I write n + 1 = p� u, for � � 0 and p 6ju, and set
f = gcd(n + 1; p � 1) and considerq = p� , � > 1. For any w 6� 0(mod p), let
�w or w� 1 denote the multiplicativ e inverseof w mod p� . Let H denote the
group of f -roots of unit y modulo p� � � , or just modulo p when � � � , Choose
a numerical character  modulo q which generatesthe numerical characters
modulo q and is normalized so that

 (1 + ps) = � � 1
ps for � = 2s � 2 even; or (8)

 (1 + ps + (
p + 1

2
)p2s) = � � 1

ps +1 for � = 2s + 1 � 3 odd:

Any primitiv e character modulo q has the form � =  v for somev 2 Z �
q, so

R(d;q) =
1

� (q)

� (q)X

j =1 ;p6jj

� j (d)G( j )n +1 (9)

for any d 2 Z �
q from (6) sinceG(� ) = 0 if � is imprimitiv e. The Gausssums

G(� ) have beendetermined by Mauclaire [16, 17].

Prop osition 1. For any v 2 Z �
q, q = p� odd with � > 1,

G( v ) =

(
p

�
2  v (v)� v

q if � even

� 1� p
8 ( v

p )
p

pp
� � 1

2  v (v)� v
q if � odd:
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Pro of: For any v 2 Z �
q write v � th(mod q(p� 1)) with t = 1+ (v� 1)q �

1(mod q) and h = v � (v � 1)q � 1(mod p � 1). Since � =  t is normalized
modulo q, it follows from Mauclaire's result [16,17] (see also in Evans [6])
that G( v ) = G(� h ) = � h (h)� h (G(� )), where � h is the automorphism of
Q(� q(p� 1) )=Q(� p� 1) given by � h (� q) = � h

q . Thus

G( v ) =

(
 v (h)

p
q� h

q if � � 2 even
 v (h)( h

p )� 1� p
8

p
q� h

q if � � 3 odd:

Sincet � 1(mod q), the result as stated in the proposition follows.
The following lemmaswill prove crucial in the evaluation of R(d;q) here.

Lemma 1. If  is normalized modulo pr for r > 2, then  p is normalized
modulo pr � 1. The soleexception occurs for r = 4 with p = 3 where  3(22) =
� � 4

9 not � � 1
9 in (8).

Pro of: First note that for s > 0 that (1 + ps + p+1
2 p2s)p � (1 + ps)p �

1 + ps+1 (mod p2s+1 ). Thus for odd r = 2s + 1 � 3,  p(1 + ps) =  (1 +
ps+1 ) = � � 1

ps from (8) so  p is normalized modulo pr � 1. In addition, one
readily seesthat (1 + ps + p+1

2 p2s)p � 1 + ps+1 (mod p2s+2 ), except for
s = 1 with p = 3 where 223 � 37(mod 81). Thus for even r = 2s + 2 > 2,
 p(1+ ps+ p+1

2 p2s) =  (1+ ps+1 ) = � � 1
ps +1 from (8) so p is normalizedmodulo

pr � 1, though in the exceptional cases = 2 and p = 3,  3(22) =  (37) = � � 4
9

since37 � 104(mod 81). The proof of the lemma is now complete.

Lemma 2. Let � be any numerical character modulo p� for � > 1 and
normalized as in (8). Then for any integer y

� (1 + yps0
) = � � y

ps ;

where s0 = [ � +1
2 ].

The proof of Lemma 2 follows routinely from the Binomial Theorem and
the observation made at the outset of the proof of Lemma 1.

Before proceedingto the statement of the main results here I require a
fact from [10] concerningincomplete exponential sumsof the form

� (pr )=fX

v=1 ;p6jv

� (v)uv � uv
pr (f = gcd(u; p � 1); p 6ju);

where � generatesthe group of numerical characters modulo pr (r > 1) and
is normalized satisfying (8). From Corollary 10 in [10] one �nds that

� (pr )=fX

v=1 ;p6jv

� (v)uv � uv
pr =

(
p� 1

f p
r � 2

2
P

x 2 H 0 � ux
pr if r even

( � 2
p ) p� 1

f p
r � 3

2 i � p
p

P
x 2 H 0( ux

p )� ux
pr if r odd;

(10)
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where H 0 is the group of f -roots of unit y modulo pr and i � = i (p� 1) 2 =4.
Additionally , since f and u have the same parit y, a re-examination of the
proof of Theorem3 in [10] showsthat the twisted sum

P � (pr )=f
v=1 ;p6jv ( v

p )u � (v)uv � uv
pr

has the samevalue given in (10).
I am now ready to determine the values R(d;p� ) for odd prime powers.

The computation of R(d;q) now naturally breaks into two cases� > � + 1
and 1 < � � � + 1. I consider the case� > � + 1 �rst, with � even.

Theorem 1. Let q = p� with � = 2s > � + 1. Then

R(1; q) = p( �n + � )=2i
( p � � 1) 2

4 (
� 2
p

)�
X

x 2 H

(
ux
p

)� � ux
p� � � :

The sole exception when p = 3 and � = � + 3 is

R(1; 3� ) = 3
�
2 (n +1) � 2i

p
3

X

x 2 H

(
ux
3

)� 19ux
27 :

Furthermore, R(d;q) = 0 if d
p � 1

f 6� 1(mod p� +1 ) elseR(d;q) is conjugate
to R(1; q) above and determined from (2).

Pro of: From (9) and Proposition 1 above, one �nds for any d 2 Z �
q that

R(d;q) =
1

� (q)

� (q)X

j =1 ;p6jj

p
�
2 (n +1) � j (d) j (n +1) (j )� j (n +1)

q

when � = 2s > � + 1 is even. One may write the expressionfor R(d;q) above
as

p
�
2 (n +1)

� (q)

eX

v=1 ;p6jv

f p� � 1X

i =0

� v+ ei (d) (v+ ei )( n +1) (v + ei)� (v+ ei )( n +1)
q ;

where each j is uniquely expressedj = v + ei with 1 � v � e = � (p� � � )=f ,
0 � i < f p� and p 6jv, or equivalently as

p
�
2 (n +1)

� (p� )

eX

v=1 ;p6jv

� v (d) v(n +1) (v)� v(n +1)
q

f p� � 1X

i =0

� ei (d) v(n +1) (1 + �vei)� ei (n +1)
q :

From the Binomial Theorem

(1 + �vei)v(n +1) = (1 + �vei)p� vu � 1 �
ui
f

p� � 1 (mod q)

here so  ((1 + �vei)v(n +1) )� ei (n +1)
q =  (1 � ui

f p� � 1)� � ui=f
p = 1 since  (1 �

ui
f p� � 1) = � ui=f

p from (8) and Lemma 2, and

f p� � 1X

i =0

 ei (d) =
�

f p� if d 2 Z � n +1
q

0 otherwise,
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since  e has order f p� . Thus R(d;q) = 0 for � > � + 1 even whenever
d 62Z � n +1

q . Otherwise,

R(d;q) =
p

�
2 (n +1)

e

eX

v=1 ;p6jv

� v (d) v(n +1) (v)� v(n +1)
q (11)

when d 2 Z � n +1
q . But d 2 Z � n +1

q if and only if d
p � 1

f � 1(mod p� +1 ) from
Euler's criterion, so the last statement of the theorem follows. In view of (2)
it is enoughnow to compute R(1; q). From (11) one obtains

R(1; q) =
p

�
2 (n +1)

e

eX

v=1 ;p6jv

 p� uv (v)� uv
p� � � : (12)

Now  p�
generatesthe group of numerical characters modulo p� � � , and is

normalized modulo p� � � (except when p = 3 and � = � + 3,  3�
= � w for

somenormalized character � modulo 27 with w � 4(mod 9)), by repeatedly
applying Lemma 1. Thus for even �

eX

v=1 ;p6jv

 p� uv (v)� uv
p� � � =

(
p� 1

f p
� � � � 2

2
P

x 2 H � ux
p� � � if � even

( � 2
p ) p� 1

f p
� � � � 3

2 i � p
p

P
x 2 H ( ux

p )� ux
p� � � if � odd

by (10) (but
P 18=f

v=1 ;36jv  3� uv (v)� uv
27 = 2

f i
p

3
P

x 2 H ( ux
3 )� 19ux

27 in the excep-
tional casep = 3 and � = � + 3 from Example 1 in [10] or direct calculation
here.). This together with (12) yields the expressionsfor R(1; q) as stated in
the theorem.

I next consider the casefor odd powers p2s+1 .

Theorem 2. Let q = p� with � = 2s + 1 > � + 1. Then R(1; q) is given by

R(1; q) = p( �n + � )=2� (1 � p)( n +1)
8 (

� 2
p

)� +1 i
( p � +1 � 1) 2

4

X

x 2 H

(
ux
p

)� +1 � ux
p� � � :

The sole exception is

R(1; 3� ) = 3( �n + � )=2i � n
X

x 2 H

(
ux
p

)� 19ux
27

when p = 3 and � = � + 3 > 3. Furthermore, R(d;q) = 0 if d
p � 1

f 6�
1(mod p� +1 ) elseR(d;q) is conjugate to R(1; q) above and determined from
(2).

Pro of: The argument is similar to the case� is even. Again one �nds
from (9) and Proposition 1 that R(d;q) = 0 whenever d 62Z � n +1

q ; otherwise

R(d;q) = � (1 � p)( n +1)
8

p
�
2 (n +1)

e

eX

v=1 ;p6jv

(
v
p

)n +1 � v (d) v(n +1) (v)� v(n +1)
q (13)
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when d 2 Z � n +1
q . In view of (2) it su�ces to compute R(1; q) here.From (13)

one obtains

R(1; q) =
p

�
2 (n +1)

e
� (1 � p)( n +1)

8

eX

v=1 ;p6jv

(
v
p

)u  p� uv (v)� uv
p� � � : (14)

Now one �nds with � odd that the twisted sum

eX

v=1 ;p6jv

(
v
p

)u  p� uv (v)� uv
p� � � =

(
p� 1

f p
� � � � 2

2
P

x 2 H � ux
p� � � if � odd

( � 2
p ) p� 1

f p
� � � � 3

2 i � p
p

P
x 2 H ( ux

p )� ux
p� � � if � even

from (10) (but again
P 18=f

v=1 ;36jv ( v
3 )u  3� uv (v)� uv

27 = 2
f i

p
3

P
x 2 H ( ux

3 )� 19ux
27 in

the exceptional casep = 3 and � = � + 3.) This together with (14) yields the
expressionsfor R(1; q) as stated, completing the proof of the theorem.

Next I consider the case1 < � � � + 1, where H is just the group of
f -roots of unit y modulo p and e = (p � 1)=f .

Theorem 3. For 1 < � � � + 1 and p odd with d � 1(mod p� � 1),

R(d;q) =

(
p

�
2 (n +1) � 1 P

x 2 H � (n + d)x=p � � 1

p if � even

� (1 � p)( n +1)
8 p

�
2 (n +1) � 1 P

x 2 H � (n + d)x=p � � 1

p if � odd;
(15)

where H is the group of f -roots of unity modulo p.
Furthermore, R(d;p� ) = 0 if d(p� 1)=f 6� 1(mod p� � 1) else R(d;p� ) is

conjugate to some R(d0; q) with d0 � 1(mod p� � 1) above and determined
from (2).

Pro of: For the case� even, onehas from (9) and Proposition 1 asbefore

R(d;q) =
1

� (q)

� (q)X

j =1 ;p6jj

p
�
2 (n +1) � j (d) j (n +1) (j )� j (n +1)

q ;

which equals

p
�
2 (n +1)

� (q)

p� 1X

x =1

� x (d) x (n +1) (x)� x (n +1)
q

p� � 2 (p� 1) � 1X

t =0

� pt (d) pt (n +1) (x); (16)

where each j is uniquely expressedj = x + pt with 1 � x < p and 0 � t <
p� � 2(p � 1). But

p� � 2 (p� 1) � 1X

t =0

� pt (d) pt (n +1) (x) =
� (p� � 1 ) � 1X

t =0

 pt ( �dxn +1 ) =
�

p� � 2(p � 1)
0

according as xn +1 � d(mod p� � 1) or not, since  p has conductor p� � 1 and
generatesthe numerical characters modulo p� � 1. Thus R(d;q) = 0 unless
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d 2 Z � n +1
p� � 1 in this case.But when d � xn +1 (mod p� � 1) then for d0 = d�xn +1 ,

R(d0; q) is conjugate to R(d;q) from (2) with d0 � 1(mod p� � 1). Thus, it
su�ces to considerd � 1(mod p� � 1), say d = 1 + wp� � 1 for someinteger w.
Then from (16) and Lemma 2

R(d;q) = p
�
2 (n +1) � 1

X

x 2 H

� x (1 + wp� � 1) x (xn +1 )� (n +1) x=p � � 1

p

= p
�
2 (n +1) � 1

X

x 2 H

� wx +( n +1) x=p � � 1

p = p
�
2 (n +1) � 1

X

x 2 H

� (n + d)x=p � � 1

p

since (xn +1 ) = 1 and x 2 H when xn +1 � 1(mod p� � 1) here.
Arguing similarly when 1 < � � � + 1 is odd, one obtains the expression

� (1 � p)( n +1)
8

p
�
2 (n +1)

� (q)

p� 1X

x =1

(
x
p

)n +1 � x (d) x (n +1) (x)� x (n +1)
q

� (p� � 1 ) � 1X

t =0

� pt (d) pt (n +1) (x)

(17)
instead of (16) for R(d;q). Again R(d;q) = 0 unless d 2 Z � n +1

p� � 1 , limiting
consideration to d = 1 + wp� � 1 for someinteger w as before. This time for
such d,

R(d;q) = � (1 � p)( n +1)
8 p

�
2 (n +1) � 1

X

x 2 H

� x (1 + wp� � 1) x (xn +1 )� (n +1) x=p � � 1

p

= � (1 � p)( n +1)
8 p

�
2 (n +1) � 1

X

x 2 H

� (n + d)x=p � � 1

p

as before.The proof is now complete.
Example 1.
To illustrate Theorems 1-3 consider the casen = 6 for q = 49; 343 and

2401.Herep = 7 with � = 1, u = 1 and f = 1. Theorem3 applieswhenq = 49
where s = 1. Direct calculation using Corollary 3.2 in [6] yields R(1; 49) =
76� 7, R(8; 49) = 76� 2

7 , R(15; 49) = 76� 3
7 , R(22; 49) = 76� 4

7 , R(29; 49) = 76� 5
7 ,

R(36; 49) = 76� 6
7 and R(43; 49) = 76, with their conjugatesR(d;49) obtained

from (2), in agreement with the values given in Theorem 3. Here (Z �
49)7 =

f� 1; � 18; � 19g, so R(d;49) 6= 0 for each d 2 Z �
49. For q = 343, Theorem

2 applies where s = 1 to give R(1; 343) = � 79i
p

7� 49; and for q = 2401,
Theorem 1 yields R(1; 2401) = � 712i

p
7� 343 where s = 2. In each of latter

cases,R(d;q) = 0 if d6 6� 1(mod 49); otherwise R(d;q) is determined from
(2).

3 Klo osterman sums for q = 2�

As beforeI write n + 1 = 2� u for � � 0 and u odd, and set f = gcd(n + 1; 2).
For any odd integer w, let �w or w� 1 denote the multiplicativ e inverseof w
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modulo 2� , and ( 2
w ) = (� 1)

w 2 � 1
8 and ( � 2

w ) = (� 1)
w � 1

2 ( 2
w ) be the primitiv e

quadratic characters modulo 8. The values R(d;2� ) for � � 3 are readily
computed directly from (6) (seealso Evan's [6] ).

Prop osition 2. For any n and odd d, R(d;2) = (� 1)n +1 . For odd n and d,
R(d;4) = (� 1)

n + d
2 2n and

R(d;8) =
�

2
3n +1

2 ( 2
d ) if d 6� n(mod 4)

0 if d � n(mod 4):

For even n, R(1; 4) = (� 1)n= 22n � 4, R(3; 4) = � (� 1)n= 22n � 4. R(1; 8) =
(� 1)[( n +2) =4]23n= 2� n +1

8 with R(d;8) conjugate to R(1; 8) and determined from
(2) for any odd d.

Throughout the remainder of this section I shall now assume� > 3.
Choosean even numerical character  modulo q which generatesthe numer-
ical characters modulo q and is normalized so

 (1 + 2s) = � � 1
2s for � = 2s > 2 even; or (18)

 (1 + 2s + 22s� 1) = � � 1
2s +1 for � = 2s + 1 > 1 odd:

Let � (x) denote the quadratic character modulo q given by � (x) = (� 1)
x � 1

2 .
Any primitiv e numerical character modulo q has the form � =  v or � �  v

for someodd integer v, 1 � v � 2� � 2 so

R(d;q) =
1

� (d)

2� � 2
X

v=1 ;v odd

� v (d)G( v )n +1 + � � � v (d)G(� �  v )n +1 (19)

for any d 2 Z �
q from (6). From Mauclaire's evaluation [16, 17] (seealsoEvans

[6]) of G(� ) for primitiv e characters � modulo q, one immediately obtains

Prop osition 3. For any odd v, where q = 2� with � > 1 (� 6= 3)

G( v ) =
�

2�= 2 v (v)� v
q if � even

( 2
v )� v

8 2�= 2 v (v)� v
q if � odd;

and

G(� �  v ) =
�

2�= 2� (v) v (v)� v
q if � even

( 2
v )� v

8 2�= 2� (v) v (v)� v
q if � odd:

The next result is the analogof Lemma 2 in section2 and followsroutinely
from the Binomial Theorem.
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Lemma 3. Let � be any numerical character modulo 2� normalized as in
(18) with � � 3. Then for any integer y

� (1 + y2s0
) = � � y

2s ;

where s0 = [ � +1
2 ].

Before stating the main result of this section I require somefacts about
imcomplete exponential sumsof the form

2r � 2
X

v=1 ; v� 1(mo d 4)

� �v (v)� v
2r ; � � 1(mod 4);

where � is a primitiv e character modulo 2r (r > 4) normalized as in (18). It
is shown in [10] that

2r � 2
X

v=1 ; v� 1(mo d 4)

� (v) �v � v
2r =

(
2

r � 4
2 � t ( � )

2r if r even
2

r � 5
2

p
2� t ( � )

2r if r odd;
(20)

where t(� ) is a certain integer-valued function of � (chie
y from Proposition
5 and Theorem 2 in [10] in view of (27) there.).

For r odd one has (chie
y , Corollaries 3 and 4 in [10])

t(� ) =
�

1 � 2r � 3 if � � 1(mod 2
r +1

2 )
1 + 2r � 3 if � � 1 + 2

r � 1
2 (mod 2

r +1
2 );

(21)

independent of the choice of normalized character � modulo 2r . For r even
one has (chie
y , Corollary 3 in [10])

t(� ) = 1 if � � 1(mod 2r =2): (22)

I am now ready to determine the sums R(d;2� ). The following result
treats the case� = 0.

Prop osition 4. For n even, R(1; 2� ) = (� 1)� [ n +2
4 ]2�n= 2� n +1

2� for � > 3. In
general for any odd d, R(d;2� ) is determined from (2).

Pro of: I �rst consider the case� > 3 even �rst. Then from Proposition
3 and (19) above,

R(1; q) =
1

� (q)

2� � 2
X

v=1 ;v odd

(1 + � (v))2
�
2 (n +1)  v(n +1) (v)� v(n +1)

q

=
2

� (q)
2

�
2 (n +1)

2� � 2
X

v=1 ;v � 1(mo d 4)

 v(n +1) (v)� v(n +1)
q :
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Since
P 2� � 2

v=1 ;v � 1(mo d 4)  v(n +1) (v)� v(n +1)
q = 2

� � 4
2 � n +1

q from (20) and (22), one

�nds here that R(1; q) = 2�n= 2� n +1
q . As Z � n +1

q = Z �
q, R(d;q) is conjugate to

R(1; q) for any odd d and determined by (2).
Now suppose� > 3 is odd. Then a similar argument yields

R(1; q) =
2

� (q)
2

�
2 (n +1)

2� � 2
X

v=1 ;v � 1(mo d 4)

(
2
v

)� v(n +1)
8  v(n +1) (v)� v(n +1)

q

=
2

� (q)
� n +1

8 2
�
2 (n +1)

2� � 2
X

v=1 ;v � 1(mo d 4)

 v(n +1) (v)� v(n +1)
q

since for v � 1(mod 4), ( 2
v )� v(n +1)

8 = � n +1
8 when n is even. From (20)

and (21),
P 2� � 2

v=1 ;v � 1(mo d 4)  v(n +1) (v)� v(n +1)
q = ( 2

n +1 )2
� � 4

2 � n +1
q � � (n +1)

8 , so

one �nds here that R(1; q) = (� 1)[( n +2) =4]2�n= 2� n +1
q . As before R(d;q) is

conjugate to R(1; q) for any odd d. Combining the results from each casethe
proposition now follows.

I now assumethat � > 0 throughout the remainder of the section and
� > 3. Then R(d;q) = 1

� (q)

P 2� � 2

j =1 ;j odd (1 + � (d)) � j (d)G( j )n +1 = 0 for d �
3(mod 4) in (19) so

R(d;q) =
�

1
2� � 2

P 2� � 2

j =1 ;j odd
� j (d)G( j )n +1 if d � 1(mod 4)

0 if d � 3(mod 4):
(23)

The computation from this point naturally breaksinto the cases� > � + 4
and 3 < � � � + 4. I consider the case� > � + 4 �rst with � even.

Theorem 4. Let q = 2� with � = 2s > � + 4 � 5. Then

R(1; q) = (
2

un
)� 2

�n + �
2 (� u(1+ n 2� � � � 3 )

2� � � + � � u (1+ n +2 � � � � 3 )
2� � � )

except

R(1; 2� ) = � 2
�
2 (n +1) � 3(� u(1+8 n )

64 + � � u (1+8 n )
64 )

when � = � + 6. Furthermore, R(d;2� ) = 0 if d 6� 1(mod 2� +2 ) elseR(d;2� )
is conjugate to R(1; q) above and determined from (2).

Pro of: From (23) and Proposition 3 one �nds for any d � 1(mod 4)

R(d;q) =
1

2� � 2

2� � 2
X

j =1 ; j odd

2
�
2 (n +1) � j (d) j (n +1) (j )� j (n +1)

q



12 S. Gurak

when � = 2s > � + 4 is even. Writing j = v + i2� � � � 2 uniquely with
0 < v < 2� � � � 2 odd and 0 � i < 2� , one may expressthis last sum for
R(d;q) above as

2
�
2 (n +1)

2� � 2

2� � � � 2
X

v=1 ;v odd

2� � 1X

i =0

� v+ i 2� � � � 2

(d) (v+ i 2� � � � 2 )( n +1) (v)� (v+2 � � � � 2 )( n +1)
q

or equivalently as

2
�
2 (n +1)

2� � 2

2� � � � 2
X

v=1 ; v odd

� v (d) v(n +1) (v)� v(n +1)
q

2� � 1X

i =0

� i 2� � � � 2

(d) v(n +1) (1+ �vi2� � � � 2)� iu
4 :

But since� > � + 2,  v(n +1) (1 + �vi2� � � � 2) = � � iu
4 from (18) and Lemma 3,

and also from the fact

2� � 1X

i =0

� i 2� � � � 2

(d) =
�

2� if d 2 Z � n +1
q ;

0 if d 62Z � n +1
q ;

so

R(d;q) =
�

2
�
2 (n � 1)+ � +2 P 2� � � � 2

v=1 ; v odd
� v (d) v(n +1) (v)� v(n +1)

q if d 2 Z � n +1
q ;

0 otherwise.

It su�ces to compute R(1; q) in view of (2). Now

 (v � 2� � � � 2 )( n +1) (v � 2� � � � 2)� (v � 2� � � � 2 )( n +1)
q =

 v(n +1) (v)� v(n +1)
q  v(n +1) (1 � �v2� � � � 2)� � u

4 =  v(n +1) (v)� v(n +1)
q

since is normalized of order 2� � 2 and  (1 � �v2� � � � 2)v(n +1) = � u
4 from (18)

and Lemma 3. Consequently , one may write R(1; q) as

2
�
2 (n � 1)+ � +2

2� � � � 2
X

v=1 ;v � 1(mo d 4)

( v(n +1) (v)� v(n +1)
q + � � v(n +1) (� v)� � v(n +1)

q ) or

2
�
2 (n � 1)+ � +2 (

X

x 2 X

 2� ux (x)� ux
2� � � +

X

x 2 X

 � 2� ux (x)� � ux
2� � � ) (24)

whereX = f 1; 5; 9; � � � ; 2� � � � 2� 3g. But the character sums
P

x 2 X  2� ux (x)� ux
2� � �

that arise here have beenevaluated in [10] in terms of the normalized char-
acters  
 modulo 2
 in Proposition 6 there. Speci�cally , let f k
 g (
 > 3) be
given modulo 2
 � 2 by

k
 =
�

� R(1 � 2


2 � 1) if 
 � 4 even

� R if 
 � 5 odd;
(25)
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where R is the 2-adic unit R = 1
4 log 5. Then the normalized characters  


modulo 2
 are given by

 
 (5) = � k 


2
 � 2 ;  
 (� 1) = 1 (
 > 3): (26)

Choosing  =  � as determined in (26), I assert

X

x 2 X

 2� x
� (x)� x

2� � � =

8
>>>><

>>>>:

2
� � � � 4

2 � 1� 2� � � � 3

2� � � if � > 1 odd

2
� � � � 4

2 � 1+2 � � � � 3

2� � � if � = 1

� 2
� � � � 4

2 � 1� 2� � � � 3

2� � � if � = 2; � > 8 or � > 2; � = � + 6

2
� � � � 4

2 � 1� 2� � � � 3

2� � � if � = 2; � = 8 or � even; � > � + 6 > 8;
(27)

sothe expressionsfor R(1; q) would follow in view of (24) whenever � > � + 4
is even. Indeed, for � � 1 odd, one �nds from (25) that

 2�

� =  k � =k � � �

� � � where
k�

k� � �
�

�
1 mod 2

� � � +1
2 if � > 1

1 � 2
� � 2

2 mod 2
�
2 if � = 1.

The corresponding values in (27) follow now from (20) and (21). For � � 2
even, one has similarly from (25) that

 2�

� =  k � =k � � �

� � � where
k�

k� � �
�

�
1 + 2

� � � � 2
2 mod 2

� � � +2
2 if � > 2

1 � 2
� � 2

2 mod 2
�
2 if � = 2.

The corresponding values in (27) follow here from Corollary 5 in [10].
For the case� > � + 4 with � odd one �nds

Theorem 5. Let q = 2� with � = 2s + 1 > � + 4 � 5.
i) If � = 1 then

R(1; 128) = (� 1)(n +3) =42(7n +1) =2(� u(1+8 n )
64 + � � u (1+8 n )

64 )

R(1; 22s+1 ) = (� 1)(n � 1)=42( �n +1) =2(� u(1+ n 2� � 4 )
2� � 1 + � � u (1+ n 2� � 4 )

2� � 1 ) for � > 7:

ii) If � > 1 then

R(1; 22s+1 ) = (
2

un
)� � 1(� 1)(n +1) =42( �n + � )=2(� u(1+ n 2� � � � 3 )

2� � � + � � u (1+ n 2� � � � 3 )
2� � � );

except when � = � + 6

R(1; q) = � 2� (n +1) =2� 3(� u(1+8 n )
64 + � � u (1+8 n )

64 ):

Furthermore, R(d;q) = 0 if d 6� 1(mod 2� +2 ) else R(d;q) is conjugate to
R(1; q) above and determined from (2).
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Pro of: Now from (23) and Proposition 3 one �nds for any d � 1(mod 4)
that

R(d;q) =
1

2� � 2

2� � 2
X

j =1 ; j odd

2
�
2 (n +1) � j (d) j (n +1) (j )( � q� 8) j (n +1)

when � = 2s + 1 > � + 4 is odd. Arguing as in the case� is even, one �nds

R(d;q) =
�

2
�
2 (n � 1)+ � +2 P 2� � � � 2

v=1 ; v odd
� v (d) v(n +1) (v)( � q� 8)v(n +1) if d 2 Z � n +1

q
0 otherwise,

so again it su�ces to compute R(1; q) in view of (2). Proceedingas in the
case� even leadsto the expression

R(1; q) = 2
�
2 (n � 1)+ � +2 (� 2� u

8

X

x 2 X

 2� ux (x)� ux
2� � � + � � 2� u

8

X

x 2 X

 � 2� ux (x)� � ux
2� � � );

(28)
whereX = f 1; 5; 9; :::; 2� � � � 2� 3g. Herethe character sums

P
x 2 X  2� ux (x)� ux

2� � �

are determined choosing  =  � as in (26) as before. I assert

� 2�

8

X

x 2 X

 2� x
� (x)� x

2� � � =

8
>>>>>><

>>>>>>:

� 2�

8 2
� � � � 4

2 � 1� 2� � � � 3

2� � � if � > 0 even

2
� � � � 4

2 � 1� 2� � � � 3

2� � � if � odd; � > � + 6 > 7

� 2
� � � � 4

2 � 1� 2� � � � 3

2� � � if � = � + 6 > 7

2
� � 5

2 � 1+2 � � 4

2� � 1 if � = 1; � > 7

� 2
� � 5

2 � 1+2 � � 4

2� � 1 if � = 1; � = 7;
(29)

so the expressionsfor R(1; q) follow in view of (28) whenever � > � + 4 is
odd. Indeed, for � > 0 even,  2�

� =  � � � from (25), and the corresponding
values in (29) follow from (20) and (21). For � � 1 odd, one �nds here from
(25) that

 2�

� =  k � =k � � �

� � � where
k�

k� � �
� 1 + 2

� � � � 2
2 mod 2

� � � +2
2

so

X

x 2 X

 2� ux
� (x)� ux

2� � � =

(
2

� � � � 4
2 � 1� 2� � � � 3

2� � � if � � � > 6

� 2
� � � � 4

2 � 1� 2� � � � 3

2� � � if � � � = 6

from Corollary 5 in [10]. The corresponding values in (29) for � odd now
follow. This completesthe proof of the theorem for � > � + 4 odd.

Next considerthe case3 < � � � + 4, whereonemay assumed � 1(mod 4)
from (23). One �nds here that
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Theorem 6. Let q = 2� with � > 3. For � < � + 2,

R(d;q) =
�

(� 1)(n + d)=2� � 1
2

�
2 (n +1) � 1 if d � 1(mod 2� � 1)

0 otherwise.
:

For � = � + 2,

R(d;2� ) =
�

0 if d � 1(mod 2� � 1) or d 6� 1(mod 2� � 2)
(� 1)(n + d)=2� � 1

2
�
2 (n +1) � 1 if d � 1 + 2� � 2(mod 2� � 1):

For � = � + 3,

R(d;2� ) =
�

2
�
2 (n +1) � 2(� n + d

q + � � n � d
q ) if d � 1(mod 2� � 2)

0 otherwise.

For � = � + 4 > 4,

R(d;q) =
�

2
�
2 (n +1) � 2(� n + d

q + � � n � d
q ) if d � 1 + 2� � 3(mod 2� � 2)

0 otherwise.

The sole exceptions occurs when � = 5 and � = 1 with d � 5(mod 8) where
R(d;32) = (� 1)

n � 1
4 2

5n +1
2 (� n + d

32 + � � n � d
32 ), and when � = 5 and � = 2 with

d � 1(mod 8) where R(d;32) = � 2
5n +1

2 (� n + d
32 + � � n � d

32 ).

Pro of: For � even, one has from (23) and Proposition 3 that

R(d;q) =
1

2� � 2

2� � 2
X

j =1 ; j odd

� j (d)2
�
2 (n +1)  j (n +1) (j )� j (n +1)

q

=
2

�
2 (n +1)

2� � 2

2� � 2
X

j =1 ;j � 1mo d 4)

( � j (d) j (n +1) (j )� j (n +1)
q +  j (d) � j (n +1) (j )� � j (n +1)

q )

(30)
upon noting

� j � 2� � 2

(d) ( j � 2� � 2 )( n +1) (j � 2� � 2)� ( j � 2� � 2 )( n +1)
q = � j (d) j (n +1) (j )� j (n +1)

q

since j (n +1) (1 � �j 2� � 2)� � 2� � 2 (n +1)
q = 1 by (18) and Lemma 3. In particular,

for � < � + 4,

2� � 2
X

j =1 ; j � 1(mo d 4)

� j (d) j (n +1) (j )� j (n +1)
q = � (d)� n +1

q

2� � 4 � 1X

t =0

� 4t (d)

since j (n +1) (j )� j (n +1)
q = � n +1

q againfrom (18) and Lemma3 for j � 1(mod 4).
Now

2� � 4 � 1X

t =0

� 4t (d) =
�

2� � 4 if d � 1(mod 2� � 2)
0 otherwise,
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since � 4 has order 2� � 4. Thus from (30) with � < � + 4, one �nds for
d � 1(mod 2� � 2) that

R(d;q) = 2
�
2 (n +1) � 2( � (d)� n +1

q +  (d)� � (n +1)
q ) = 2

�
2 (n +1) � 2(� n + d

q + � � (n + d)
q )

(31)
since (d) = � 1� d

q by Lemma 3.

When � = � + 4 one seesthat  j (n +1) (j )� j (n +1)
q = � n +1

q or � � � n � 1
q

accordingasj � 1 or 5(mod 8), by (18) and Lemma3 in view of the expansion

j j (n +1) = (1 + 4 �
j � 1

4
)2� � 4 j u � 1 + 2� � 2j u

j � 1
4

+ 2� � 1 j � 1
4

(mod 2� ):

Now

2� � 2
X

j =1 ;j � 1(mo d 4)

� j (d) j (n +1) (j )� j (n +1)
q = � n +1

q (
2� � 2
X

j =1 ;j � 1(mo d 8)

� j (d)�
2� � 2
X

j =1 ;j � 5(mo d 8)

� j (d))

= � n +1
q

� (d)(
2� � 4 � 1X

t =0 ;t even

� 4t (d)�
2� � 4 � 1X

t =0 ;t odd

� 4t (d)) = � n +1
q

� (d)(1� � 4(d))
2� � 5 � 1X

t =0

� 8t (d):

But

2� � 5 � 1X

t =0

� 8t (d) =
�

2� � 5 if d � 1(mod 2� � 3)
0 otherwise,

as � 8 has order 2� � 5 and � 4(d) = 1 for d � 1(mod 2� � 2) or � 1 for d �
1 + 2� � 3(mod 2� � 2). Thus one �nds when � = � + 4 that R(d;q) equals
the expressionas given in the theorem for d � 1 + 2� � 3(mod 2� � 2), and
otherwise R(d;q) = 0. A routine calculation now yields all the expressions
for R(d;q) as stated in the theorem when � is even.

Arguing similarly in the case3 < � < � + 4 odd yields

R(d;q) = 2
�
2 (n +1) � 2(� n +1

8
� (d)� n +1

q + � � (n +1)
8  (d)� � (n +1)

q ) (32)

or equivalently

R(d;q) = 2
�
2 (n +1) � 2(� n +1

8 � n + d
q + � � n � 1

8 � � n � d
q ) (33)

for d � 1(mod 2� � 2) and otherwise R(d;q) = 0. For � = � + 4 odd one �nds
similarly that R(d;q) = 0 for d 6� 1+ 2� � 3(mod 2� � 2), and otherwiseR(d;q)
equals the expressionin (31) for d � 1 + 2� � 3(mod 2� � 2) (and also in (32)
except for � = 1). Routine calculation gives the expressionsfor R(d;q) as
stated in the theorem when � is odd, including the exceptional caseswhen
� = 5, � = 1 or 2. The proof is now complete.
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Example 2. To illustrate Theorems4-6 consider the casen = 3 for q =
32; 64; 128and 256.Here� = 2 with u = 1 and f = 2. Direct calculation using
Corollaries 3.2 and 4.5 in [6] yields R(1; 32) = � R(17; 32) = � 256

p
2 and

R(9; 32) = � R(25; 32) = 256
p

2. The values R(d;32) = 0 for d 6� 1(mod 8).
R(9; 64) = 211 cos 3�

8 with R(d;64) conjugate to R(9; 64) if d � 9(mod 16)
and otherwise 0. This is in agreement with the values given in Theorem 6
above. For q = 128, one �nds R(1; 128) = � 212

p
2 cos 3�

16 in agreement with
Theorem 5, and for q = 256,R(1; 256) = 214 cos 7�

32 aspredicted by Theorem
4 in the exceptional case. In the two latter cases,R(d;q) is conjugate to
R(1; q) if d � 1(mod 16) elseequals0.

Using the formulas of Smith and Evans [6], I have tabulated below the
non-zerovaluesR(d;q), onefor each n+ 1-st power classmodulo q, for several
small valuesof n and small powers q = p� (� > 1) with � > 0. The explicit
calculations com�rm the valuesobtained from Theorems1-6.

n = 2 : R(1; 9) = 9� 3; R(4; 9) = 9� 2
3 ; R(7; 9) = 9 with Z � 3

9 = f� 1g
R(1; 27) = 27� 9i

p
3 with Z � 3

27 = f� 1; � 8; � 10g
R(1; 81) = 81� 19

27 i
p

3 with Z � 3
81 = f� 1; � 8; � 10; � 17; � 19; � 26; � 28; � 35; � 37g

n = 3 : R(1; 4) = � R(3; 4) = 8; R(1; 8) = � R(5; 8) = 32; R(13; 16) =
� R(5; 16) = 128

R(1; 32) = � R(9; 32) = � 256
p

2 with Z � 4
32 = f 1; 17g

R(9; 64) = 211 cos(3� =8) with Z � 4
64 = f 1; 17; 33; 49g

R(1; 128) = 212
p

2cos(13� =16) with Z � 4
128 = f xjx � 1(mod 16)g

R(1; 256) = 214 cos(7� =32) with Z � 4
256 = f xjx � 1(mod 16)g

n = 5 : R(3; 4) = � R(1; 4) = 32; R(7; 8) = � R(3; 8) = 256; R(1; 16) =
R(5; 16) = � 210

p
2

R(5; 32) = � 214 cos(5� =8) with Z � 2
32 = f 1; 9; 17; 25g

R(1; 64) = 216
p

2cos(� =16) with Z � 2
64 = f xjx � 1(mod 8)g

R(1; 128) = � 219 cos(27� =32) with Z � 2
128 = f xjx � 1(mod 8g

R(1; 9) = R(7; 9) = � 243, R(4; 9) = 486;
R(1; 27) = � 2 � 38 cos(4� =9) with Z � 6

27 = f 1; 10; 19g
R(1; 81) = 2�310

p
3sin(22� =27) with Z � 6

81 = f 1; 10; 19; 28; 37; 46; 55; 64; 73g

n = 7 : R(1; 4) = � R(3; 4) = 128; R(1; 8) = � R(5; 8) = 211; R(1; 16) =
� R(9; 16) = � 215; R(25; 32) = � R(9; 32) = 219;

R(1; 64) = � R(17; 64) = 222
p

2 with Z � 8
64 = f 1; 33g

R(17; 128) = 227 cos(3� =8) with Z � 8
128 = f 1; 33; 65; 97g

R(1; 256) = 230
p

2cos(3� =16) with Z � 8
256 = f xjx � 1(mod 32)g

R(1; 512) = � 234 cos(7� =32) with Z � 8
512 = f xjx � 1(mod 32)g

n = 8 : R(1; 9) = 38, R(4; 9) = 38� 3, R(7; 9) = 38� 2
3 with Z � 3

9 = f� 1g
R(1; 27) = � 312i

p
3� 3, R(10; 27) = � 312i

p
3� 2

3 , R(19; 27) = � 312i
p

3
with Z � 9

27 = f� 1g
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R(1; 81) = 317� 9 with Z � 9
81 = f� 1; � 28; � 55g

R(1; 243) = 321� 19
27 with Z � 9

243 = f xjx � � 1(mod 27)g

n = 9 : R(3; 4) = � R(1:4) = 29; R(7; 8) = � R(3; 8) = 214

R(1; 16) = � R(5; 16) = � 218
p

2 with Z � 2
16 = f 1; 9g

R(5; 32) = 224 cos(7� =8) with Z � 2
32 = f 1; 9; 17; 25g

R(1; 64) = � 228
p

2cos(7� =16) with Z � 2
64 = f xjx � 1(mod 8)g

R(1; 128) = 233 cos(13� =32) with Z � 2
128 = f xjx � 1(mod 8)g

R(1; 25) = R(6; 25) = R(14; 25) = R(4; 25) = 59 � 2cos(4� =5); R(16; 25) =
2 � 59 with Z � 10

25 = f� 1g
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