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Abstract. For any integer m > 1 �x � m = exp(2� i=m), and let Z �
m denote the

group of reduced residuesmodulo m. Let q = p� , a power of a prime p. The hyper-
Kloosterman sums of dimension n > 0 are de�ned for q by

R(d; q) =
X

x 1 ;:::;x n 2 Z �
q

� x 1 + ��� + x n + d( x 1 ��� x n ) � 1

q (d 2 Z �
q );

where x � 1 denotes the multiplicativ e inverseof x modulo q.
Salie evaluated R(d; q) in the classical setting n = 1 for even q, and for odd

q = p� with � > 1. Later, Smith provided formulas that simpli�ed the computation
of R(d; q) in these casesfor n > 1. Recently , Cochrane, Liu and Zheng computed
upper bounds for R(d; q) in the general casen > 0, stopping short of their explicit
evaluation. Here I complete the computation they initiated to obtain explicit values
for the Klo osterman sums for � > 1, relying on basic properties of some simple
specialized exponential sums. The treatment here is more elementary than the
author's previous determination of these Klo osterman sums using character theory
and p-adic methods. At the least, it provides an alternativ e, independent evaluation
of the Klo osterman sums.
Mathematics Subject Classi�c ation 11L05, 11T24

1 In tro duction

For any integer m > 1 �x � m = exp(2� i=m) and let Z �
m denote the group of

reduced residuesmodulo m. Let q = p� , a power of a prime p. The hyper-
Klo osterman sumsof dimension n > 0 are de�ned for q by

R(d;q) =
X

x 1 ;:::;x n 2 Z �
q

� x 1 + ��� + x n + d(x 1 ��� x n ) � 1

q (1)

for 1 � d � q, (d;q) = 1, where x � 1 denotesthe multiplicativ e inverseof x
modulo q for any x in Z �

q. For (a; q) = 1, if � a denotesthe automorphism of
Q(� q) induced by sending � q ! � a

q , then it is readily seenfrom (1) that

� a (R(d;q)) = R(dan +1 ; q): (2)

In particular, R(d;q) lies in the sub�eld K of Q(� q) �xed by automorphisms
� a for which an +1 � 1(mod q); and of degree

jZ � n +1
q j =

�
1
2 � (q)=(n + 1; 1

2 � (q)) if 8jq and n odd
� (q)=(n + 1; � (q)) otherwise.

(3)
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Salie[14] explicitly determined R(d;q) in the classicalcasen = 1 when p = 2,
and for odd primes p where q = p� with � > 1. Speci�cally , R(1; 2) = 1,
R(3; 4) = � R(1; 4) = 2; R(1; 8) = R(5; 8) = 0, R(7; 8) = � R(3; 8) = 4;
R(1; 16) = R(13; 16) = � R(5; 16) = � R(9; 16) = 4

p
2,

R(d;16) = 0 if d � 3(mod 4);
R(5; 32) = 16cos( 2�

16 + �
4 ), R(d;32) = 0 if d 6� 5(mod 8);

R(1; 64) = 16
p

2cos( 2�
32 + �

4 ), R(d;64) = 0 if d 6� 1(mod 8);
R(1; 128) = � 32cos( 2�

64 + �
4 ), R(d;128) = 0 if d 6� 1(mod 8);

For � > 5 (� 6= 7), R(1; 2� ) = 2( � +3) =2 cos( 2�
2� � 1 + �

4 ), R(d;2� ) = 0 if
d 6� 1(mod 8). The conjugates R(d;2� ) of R(1; 2� ) for d � 1(mod 8) with
� > 5 are determined from (2).

For odd primes p and � > 1, R(1; p� ) = i
( p � � 1) 2

4 p�= 2(� 2
p� + ( � 1

p )� � � 2
p� ),

R(d;p� ) = 0 if ( d
p ) = � 1. The conjugatesR(d;p� ) of R(1; p� ) for ( d

p ) = 1 are
determined from (2). Here ( p ) denotesthe usual Legendresymbol.

Recently [10] I generalizedSalie's result to the multi-dimensional case
n > 1 utilizing the well-known formula [7]

R(d;q) =
1

� (q)

X

�

�� (d)G(� )n +1 ;

the sum over all numerical characters � modulo q where G(� ) denotes the
classicalGausssum for the character � . That treatment relied on Mauclaire's
explicit evaluation of G(� ) for prime powers q = p� (� > 1) and recent
results of the author on exponential sumsof the form

P
� (x)ax � bx

q that used
somep-adic methods. Here I give a more elementary evaluation of the multi-
dimensional Klo osterman sums (1) using the well-known formulas of Smith
[15] (see also Evans [7]), relying on the Galois action (2) and elementary
properties of the special exponential sumsof the form

p

X

t =1

� ((1+ pj t ) k � 1� pj k t )=p� +2 j

p
 (
 ; j > 0);

for suitable exponents k � 1(mod p� ) when p is odd, and analogoussuch
sumswhen p = 2. I essentially complete the computation Cochrane, Liu and
Zheng [4] initiated in determining upper bounds for such Klo ostermansums.

To best describe the evaluation here, I write n + 1 = p� u, for � � 0 and
p 6ju, and set f = gcd(n + 1; p � 1) if p odd or f = gcd(n + 1; 2) if p = 2. For
odd primes p, let H denote the group of f -roots of unit y modulo p� � � (or
just modulo p when � � � ). I shall show in section 2 for odd primes p with

� > � + 1 that R(d;q) vanishesif d
p � 1

f 6� 1(mod p� +1 ), elseup to a fourth
root of unit y is a conjugate of

p( �n + � )=2
X

x 2 H

(
x
p

)c� x
p� � � (4)
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with c = 0 or 1 accordingas�n � � (mod 2) or not. I alsodetermine R(d;p� )
for the smaller powers 1 < � � � + 1. The important caseR(d;p) for odd
primes p remainsunresolved. In section3 I show for p = 2 with � > � + 4 and
n odd that R(d;q) vanishesif d 6� 1(mod 2� +2 ), elseup to sign is a conjugate
of

2( �n + � )=2 � 2 cos(
2�

2� � � +
n�
4

): (5)

I separatelydetermineR(d;2� ) for the smallerpowers� � � + 4. The methods
may be applied to study certain typesof twisted Klo osterman sums,but for
the sake of simplicit y I consider only the ordinary hyper-Kloosterman sums
here.

I wish to mention some consequencesand related results regarding the
explicit valuesfor R(d;q) found here.Expressions(4) and (5) lead to a bound
jR(d;p� )j � f p

�n + �
2 for � > � + 1 (� > � + 4 if p = 2), already mentioned

in [4], that is a modest improvement of the customary Deligne [5] bound
jR(d;p� )j � (n + 1)p�n= 2 when � > 0. Moreover, from such expressions(4)
and (5), the non-vanishing sums R(d;q) are seento be integer multiples of
ordinary Gauss periods for p� � � or a quadratic twist of such. The author
has recently studied Gauss periods and quadratic twists of such for prime
powers [9] to obtain formulas for the beginning coe�cien ts of their minimal
polynomials and associated power sumsof zeros.When f = 2 a closedform
expression for the minimal polynomial and the associated power sums is
actually obtained [8]. Thoseresults can be applied with thesehereto describe
the polynomial satis�ed by the hyper-Kloosterman sums R(d;q) for d 2 Z �

q.
This determination may be found in [11].

2 Klo osterman sums for odd prime powers p � , � > 1

As in the intro duction I write n + 1 = p� u, for � � 0 and p 6ju, and set
f = gcd(n+ 1; p� 1). For any w 6� 0(mod p), let w� 1 denotethe multiplicativ e
inverseof w mod p� . Let H denotethe group of f -roots of unit y modulo p� � � ,

or just modulo p when � � � , and set i � = i
( p � 1) 2

4 . For any integer d prime
to p, one has (chie
y , Cor 3.2 in [7])

R(d;p� ) = pns
ps

X

w=1 ;w n +1 � d(mo d ps )

� nw + dw � n

p� (6)

when � = 2s � 2 is even. For � = 2s + 1 � 3 odd, one has (chie
y , Cor 4.2
in [7]) for � = 0

R(d;p� ) = pn�= 2� (1 � p)n
8 (

u
p

)
ps +1
X

w=1 ;w n +1 � d(mo d ps +1 )

(
w
p

)n � nw + dw � n

p� ; (7)
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or for � > 0

R(d;p� ) = p(n� +1) =2� (1 � p)( n +1)
8 (

d
p

)
ps

X

w=1 ;w n +1 � d(mo d ps +1 )

� nw + dw � n

p� : (8)

I note that nw + dw� n is invariant modulo p� if w is replaced by w + ps

in the sums above in (6) and (8), so that each sum may be taken over any
complete set of solutions to the respective congruenceup to multiples of ps.

Before giving the results for Klo osterman sums de�ned for odd prime
powers p� , I �rst state an elementary fact about p
 powers modulo p� (see
also Lemma 2.1 in [4]) and an easyconsequence.

Lemma 1. Let f > 0 with f j(p � 1). For � > 
 � 0, an integer d relatively
prime to p is a p
 f -power modulo p� i� d is a p
 f power modulo p
 +1 i�
d

p � 1
f � 1(mod p
 +1 ).

Lemma 2. If R(d;q) 6= 0 then R(d;q) is conjugate to R(d0; q) for some
d0 � 1(mod ps0

) where s0 = [(� + 1)=2]. In addition, if s0 > � then one may
choosed0 = 1.

Pro of: The hypothesis R(d;q) 6= 0 implies that wn +1
0 � d(mod ps0

)
for some integer w0 6� 0(mod p) from expressions(6) - (8). In particular,
d0 � dw� (n +1)

0 � 1(mod ps0
) and R(d;q) is conjugate to R(d0; q), speci�cally

R(d;q) = � w0 (R(d0; q)) in (2). If s0 > � then d0 � 1(mod p� +1 ) sod0 2 Z � n +1
q

by Lemma 1, and thus R(d;q) is conjugate to R(1; q).
The following technical results on exponential sumsfor prime powerswill

prove crucial in computing the Klo osterman sums here and later in section
3.

Lemma 3. Suppose A(t) = g(t) + pr +1 B (t) for polynomials g(t) and B (t)
with integer coe�cients, where pr is the largestpower of the prime p to divide
the coe�cients of g0(t). Then if p� r g0(t) � 0(mod p) has no solutions, the
sum

p

X

t =1

� A (t )
p
 = 0

whenever
 � r + 2 when p is odd, and 
 � r + 3 (or 
 = 2; r = 0) when
p = 2.

The above result can be readily deduced using standard techniques to
evaluate exponential sums for prime powers. It is seento be an immediate
consequenceof Theorem 2.1 in [3].

For any positive integer k � 1(mod p), say with k � 1 = p� v, p 6jv, and
any j > 0 set

H j (t) =
1

p� +2 j ((1 + pj t)k � 1 � kpj t): (9)
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Then it is easyto seethat

H j (pt) = p2H j +1 (t) (10)

and for any 
 > 1 and t 6� 0(mod p)

H j (t + p
 � 1) � H j (t) + 2kvtp
 � 1 mod p
 : (11)

In particular,

Lemma 4. For any positive � , j , and 


p

X

t =1

� H j ( t )
p
 =

(
( 2v

p )p

 � 1

2 i � p
p if 
 odd

p


2 if 
 even;

except for p = 3 with 
 = j = 1 when

3X

t =1

� H 1 ( t )
3 = (

2v
3

)i
p

3� v
3 :

Pro of: First note that H j (t) � v
2 t2 (mod p) for j > 1 or p > 3, so

P p
t =1 � H j ( t )

p is an ordinary quadratic Gausssum and the result follows when

 = 1. For exceptional casep = 3, 
 = j = 1 direct computation yields the
value stated above. Now assume
 > 1 and write t = ip 
 � 1 + l for 0 � i < p,
1 � l � p
 � 1. Then

p

X

t =1

� H j ( t )
p
 =

p

X

t =1 ;p6jt

� H j ( t )
p
 + p

p
 � 2
X

t =1

� H j +1 ( t )
p
 � 2

from (10). But the �rst summand on the right above is

p

X

t =1 ;p6jt

� H j ( t )
p
 =

p� 1X

i =0

p
 � 1
X

l =1 ;p6jl

� H j ( l + ip 
 � 1 )
p
 =

p
 � 1
X

l =1 ;p6jl

� H j ( l )
p
 �

p� 1X

i =0

� 2ik vl
p = 0

from (11) since p 6jkvl . Thus for 
 = 2,
P p2

t =1 � H j ( t )
p2 = p, and the general

result follows now by induction.
I am now ready to determine the valuesR(d;p� ) for odd prime powers. I

�rst state the result for even powers p2s. The computation naturally breaks
into the cases� > � + 1 and 2 � � � � + 1.

Theorem 1. Let q = p� with � = 2s > � + 1. Then

R(1; q) = p( �n + � )=2i
( p � � 1) 2

4 (
� 2
p

)�
X

x 2 H

(
ux
p

)� � ux
p� � � :
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The sole exception when p = 3 and � = � + 3 is

R(1; 3� ) = 3
�
2 (n +1) � 2i

p
3

X

x 2 H

(
ux
3

)� 19ux
27 :

Furthermore, R(d;q) = 0 if d
p � 1

f 6� 1(mod p� +1 ) elseR(d;q) is conjugate
to R(1; q) above and determined from (2).

Pro of: I consider the case s > � �rst. The second assertion of the
theorem follows easily in this casefrom Lemmas1 and 2. In computing

R(1; q) = pns
ps

X

w=1 ;w n +1 � 1(mo d ps )

� nw + w � n

p2s

it has been noted that the summation may be taken over any complete set
of solutions of the congruence(mod ps), say those of the form x(1 + tps� � )
for 1 � t � p� and x any element of H . One writes R(1; q) = pns P

x 2 H Sx

where

Sx =
p�
X

t =1

� nx (1+ ps � � t )+ x (1+ ps � � t ) � n

q

since x � x � n (mod q). Since Sx is the conjugate of S1 under the action
� q ! � x

q it su�ces to evaluate S1. Setting k = (� (q) � 1)n and j = s � � > 0
one has k � 1 = p� v for p 6jv, and modulo q

n+ ntps� � + (1+ tps� � )� n � n+ ntp j + (1+ tpj )k � n+ 1+ (1+ pj t)k � 1� kpj t;

so

S1 = � n +1
q

p�
X

t =1

� H j ( t )
p� =

(
� n +1

q p� =2 if � even
� n +1

q ( � 2u
p )i �

p
pp( � � 1)=2 if � odd

(except S1 = � n +1
81 ( u

3 )i
p

3� 2u
3 if � = 4 and � = 1 with p = 3 ) by Lemma 4.

This yields the expressionfor R(1; q) in Theorem 1 whenever s > � .
Next consider the case� + 1 < � = 2s � 2� , where from Lemmas1 and

2 it su�ces to considerR(d;q) for d � 1(mod ps), say d = 1 + yps for some
integer y. I assert that if R(d;q) 6= 0 then R(d;q) is conjugate to R(1; q), so
the secondstatement of the theorem holds here, too. Indeed, onemay choose
solutions of wn +1 � d(ps) in (6) of the form

f x(1 + pt)j1 � t � ps� 1; x 2 H g (12)

and write R(d;q) = pns P
x 2 H Sx where

Sx =
ps � 1
X

t =1

� nx (1+ pt )+ xd (1+ pt ) � n

q
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sincex � x � n (mod q). Again it su�ces to evaluate S1. With k = (� (q) � 1)n
as before,one �nds

n(1 + pt) + d(1 + pt) � n � n + npt + (1 + yps)(1 + pt)k

� n + 1 + (1 + pt)k � 1 � kpt + yps(1 + pt)k (mod q);

so

S1 = � n +1+ yps

q

ps � 1
X

t =1

� y((1+ pt ) k � 1)=p)+ p� +1 � s H 1 ( t )
ps � 1 = 0

by Lemma 3 when ordp y < � + 1 � s sinces � � and g(t) = 1
p ((1 + pt)k � 1)

is linear modulo ps� 1. Thus if R(d;q) 6= 0 then d � 1(mod p� +1 ), and
henced is an n + 1-power modulo q by Lemma 1 so R(d;q) is conjugate to
R(1; q) asasserted.Taking solutions (12) to compute R(1; q) yields R(1; q) =
pns P

x 2 H Sx similarly as before,with

S1 = � n +1
q

ps � 1
X

t =1

� H 1 ( t )
p� � � � 2 = p� +1 � s� n +1

q

p� � � � 2
X

t =1

� H 1 ( t )
p� � � � 2

= p� +1 � s� n +1
q p

� � � � 2
2 or p� +1 � s� n +1

q (
� 2u

p
)i � p

pp
� � � � 3

2

by Lemma 4 according as � even or odd. The soleexception occurs for p = 3
when � = � + 3 where S1 = 3� +1 � s� n +1

q ( u
3 )i

p
3� 2u

3 . The expressionsfor
R(1; q) in the statement of the theorem now follows when � + 1 < 2s � 2� .
The proof of the theorem is now complete.

Corollary 1. If q = p2s and p 6j(n + 1) then

R(1; q) = pn�= 2
X

x 2 H

� (n +1) x
q :

For small even valuesof � one �nds that

Prop osition 1. Let q = p� with 1 < � � � + 1 even. For d � 1(mod p� � 1),

R(d;p� ) = p
�
2 (n +1) � 1

X

x 2 H

� (n + d)x=p � � 1

p ;

where H is the group of f -roots of unity modulo p. Furthermore R(d;q) = 0

if d
p � 1

f 6� 1(mod p� � 1) elseR(d;q) is conjugate to someR(d0; q) above where
d0 � 1(mod p� � 1) and is determined from (2).
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Pro of: First assumed � 1(mod ps). One may take the solutions of
wn +1 � d(mod ps) in formula (6) of the form w = x(1 + tp) for 0 � t < ps� 1

and x 2 H . Since x � n � x(mod q), one �nds using the negative binomial
seriesthat nx(1 + tp) + d(x(1 + tp)) � n is congruent to

nx + nxtp + dx(1 � ntp +
�

n + 1
2

�
t2p2 �

�
n + 2

3

�
t3p3 + � � �)

� (n + d)x + nxtp (1 � d) + dx
�

n + 1
2

�
t2p2 � dx

�
n + 2

3

�
t3p3 (mod p� ):

Thus,

R(d;p� ) = p
�n
2

X

x 2 H

� (n + d)x
p�

ps � 1 � 1X

t =0

�
nxt 1� d

p s

p� � s � 1

equalsp
�
2 (n +1) � 1 P

x 2 H � (n + d)x
p� if d � 1(mod p� � 1) and otherwise 0 for d �

1(mod ps) since

ps � 1 � 1X

t =0

�
nxt 1� d

p s

p� � s � 1 =
�

ps� 1 if d � 1(mod p� � 1)
0 if d 6� 1(mod p� � 1):

In view of Lemma 2 one has R(d;p) 6= 0 if and only if d � d0wn +1
0 (mod p� )

with d0 � 1(mod p� � 1) if and only if d is a p� f power modulo p� � 1 if and

only if d
p � 1

f � 1(mod p� � 1) by Lemma 1. Thus the last statement of the
proposition readily follows. This completesthe proof of the proposition.

I next consider the casefor odd powers p2s+1 .

Theorem 2. Let q = p� with � = 2s + 1 > � + 1. Then

R(1; q) = p( �n + � )=2� (1 � p)( n +1)
8 (

� 2
p

)� +1 i
( p � +1 � 1) 2

4

X

x 2 H

(
ux
p

)� +1 � ux
p� � � :

The sole exception is

R(1; 3� ) = 3( �n + � )=2i � n
X

x 2 H

(
ux
p

)� 19ux
27

when p = 3 and � = � + 3 > 3. Furthermore, R(d;q) = 0 if d
p � 1

f 6�
1(mod p� +1 ) elseR(d;q) is conjugate to R(1; q) above and determined from
(2).

Pro of: I consider the cases � � �rst. The last assertion of the theorem
follows in this caseas before from Lemmas1 and 2. When � = 0 (and hence
u = n + 1) one has from (7) that

R(1; q) = p�n= 2� (1 � p)n
8 (

u
p

)
ps +1
X

w=1 ; w n +1 � 1(mo d ps +1 )

(
w
p

)n � nw + w � n

p� ;
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where the sum may be taken over any complete set of solutions (mod ps+1 ).
Here one may choosew to run through H , so the above becomes

R(1; q) = p�n= 2� (1 � p)n
8 (

u
p

)n
X

x 2 H

(
x
p

)n � ux
p� ;

sincex � n � x(mod q) for x 2 H , so nx + x � n � nx + x � ux(mod q). This
expressionfor R(1; q) matchesthat stated above upon noting � 1� p

8 i � = ( � 2
p ).

When � � 1, one uses(8) to compute

R(1; q) = p( �n +1) =2� (1 � p)( n +1)
8

ps
X

w=1 ; w n +1 � 1(mo d ps +1 )

� nw + w � n

q

where the sum may be taken over any complete set of solutions (mod ps),
say those of the form f x � (1 + ps+1 � � t)j 1 � t � p� � 1; x 2 H g. One writes

R(1; q) = p( �n +1) =2� (1 � p)( n +1)
8

X

x 2 H

Sx ;

where

Sx =
p� � 1
X

t =1

� nx (1+ ps +1 � � t )+ x (1+ ps +1 � � t ) � n

q ;

as before with Sx conjugate to S1 via the action � q ! � x
q . To evaluate S1

again set k = (� (q) � 1)n with j = s + 1 � � > 0. One has k � 1 = p� v for
p 6jv, and

n + nps+1 � � t + (1 + ps+1 � � t) � n � n + 1 + (1 + pj t)k � 1 � kpj t (mod q);

so S1 = � n +1
q

P p� � 1

t =1 � H j ( t )
p� � 1 = � n +1

q p( � � 1)=2 or � n +1
q ( � 2u

p )i � p
pp� =2� 1 accord-

ing as � � 1 even or odd from Lemma 4 (except S1 = � n +1
243 ( u

3 )i
p

3� 2u
3 if

� = 5 and � = 2 with p = 3). This yields the expressionfor R(1; q) whenever
s > � > 0.

Next considerthe case� + 1 < � = 2s+ 1 � 2� � 1, where from Lemmas
1 and 2 it su�ces to considerR(d;q) for d � 1(mod ps+1 ), say d = 1+ yps+1

for someinteger y. I assert that if R(d;q) 6= 0, then R(d;q) is conjugate to
R(1; q) so the last assertion of the theorem holds for this case,too. Indeed,
one may choosesolutions of wn +1 � d(mod ps+1 ) in (8) of the form

f x(1 + pt) j 1 � t � ps� 1; x 2 H g (13)

and write R(d;q) = p(n� +1) =2� (1 � p)( n +1)
8

P
x 2 H Sx where

Sx =
ps � 1
X

t =1

� nx (1+ pt )+ xd (1+ pt ) � n

q
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sincex � n � x(mod q) asbefore.It su�ces to evaluate S1 with k = (� (q) � 1)n
again. One �nds that

n(1 + pt) + d(1 + pt) � n � n + npt + (1 + yps+1 )(1 + pt)k

� n + 1 + (1 + pt)k � 1 � kpt + yps+1 (1 + pt)k (mod q)

so

S1 = � n +1+ yps +1

q

ps � 1
X

t =1

� y((1+ pt ) k � 1)=p)+ p� � s H 1 ( t )
ps � 1 = 0

by Lemma 3 again when ordpy < � � s similar to before.Thus if R(d;q) 6= 0,
then d � 1(mod p� +1 ) and henced is an n + 1-power modulo q by Lemma 1,
so R(d;q) is conjugate to R(1; q) as asserted.

Taking solutions (13) to compute R(1; q) yields

R(1; q) = p(n� +1) =2� (1 � p)( n +1)
q

X

x 2 H

Sx ;

where similar to before

S1 = � n +1
q

ps � 1
X

t =1

� H 1 ( t )
p� � � � 2 = � n +1

q p� � s
p� � � � 2

X

t =1

� H 1 ( t )
p� � � � 2

equals � n +1
q p� � sp( � � � � 2)=2 or � n +1

q p� � s( � 2u
p )i � p

pp( � � � � 3)=2 by Lemma 4
accordingas� odd or even.The soleexceptionoccursfor p = 3 when� = � +3
where

S1 = � n +1
q 3� � s(

u
3

)i
p

3� 2u
3 :

The expressionfor R(1; q) now follows when � + 1 < � � 2� � 1. The proof
of the theorem is now complete.

For small odd valuesof � > 1 one �nds

Prop osition 2. Let q = p� with 3 � � � � + 1 odd,
For d � 1(mod p� � 1),

R(d;p� ) = � (1 � p)( n +1)
8 p

�
2 (n +1) � 1

X

x 2 H

� (n + d)x=p � � 1 ;
p

where H is the group of f -roots of unity modulo p. Furthermore, R(d;p� ) = 0

if d
p � 1

f 6� 1(mod ps+1 else R(d;q) is conjugate to some R(d0; q) above with
d0 � 1(mod p� � 1) and is determined from (2).
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Pro of: First assumed � 1(mod ps+1 ) and choosesolutions of wn +1 �
d(mod ps+1 ) in formula (8) of the form w = x(1 + tp) for 0 � t < ps� 1 and
x 2 H . Proceedingas in the proof of Proposition 1 one �nds

R(d;p� ) = p
�n +1

2 � (1 � p)( n +1)
8

X

x 2 H

� (n + d)x
p�

ps � 1 � 1X

t =0

�
nxt 1� d

p s

p� � s � 1

= � (1 � p)( n +1)
8 p

�
2 (n +1) � 1

X

x 2 H

� (n + d)x=p � � 1

p

if d � 1(mod p� � 1) and otherwise is 0 for d � 1(mod ps+1 ). A similar
argument leadsto the last statement of the proposition.

Example 1. To illustrate Theorems 1 and 2 and Proposition 2 above,
consider the casen = 6 for q = 49; 343 and 2401. Here p = 7 with � = 1,
u = 1 and f = 1. Proposition 2 applies when q = 49 where s = 1. Direct cal-
culation using (6) yields R(1; 49) = 76� 7, R(8; 49) = 76� 2

7 , R(15; 49) = 76� 3
7 ,

R(22; 49) = 76� 4
7 , R(29; 49) = 76� 5

7 , R(36; 49) = 76� 6
7 and R(43; 49) = 76,

with their conjugatesR(d;49) obtained from (2). Here(Z �
49)7 = f� 1; � 18; � 19g,

so R(d;49) 6= 0 for each d 2 Z �
49. For q = 343, Theorem 2 applies where

s = 1 to give R(1; 343) = � 79i
p

7� 49; and for q = 2401, Theorem 1 yields
R(1; 2401)= � 712i

p
7� 343 where s = 2. In each of thesecases,R(d;q) = 0 if

d6 6� 1(mod 49); otherwise R(d;q) is determined from (2).

3 Klo osterman sums for q = 2�

As beforeI write n + 1 = 2� u for � � 0 and u odd, and set f = gcd(n + 1; 2).
The following result dealswith the case� = 0.

Prop osition 3. For n even,R(1; 2) = � 1, R(1; 4) = � R(3; 4) = (� 1)n= 22n � 4,

R(1; 8) = 23n= 2� ( � 1) n= 2

8 , R(1; 2� ) = (� 1)� [ n +2
4 ]2�n= 2� n +1

2� for � > 3. In each
case, for d 6� 1(mod 2� ) with � � 3, R(d;2� ) is determined from (2).

Pro of. In view of Evans' formulas for p = 2 in section3 and 4 in [7], only
the expressionfor R(1; 2� ) for � = 2s with s > 1 needssomejusti�cation.
Here (6) is valid for p = 2 too, so

R(1; 22s) = 2ns
X

0<w < 2s ; w n +1 � 1(mo d 2s )

� nw + w � n

22s :

Since n is even, wn +1 � 1(mod 2s) has a unique solution w � 1(mod 2s),
so R(1; 22s) = 2ns � n +1

22s = 2n�= 2� n +1
2� in agreement with the statement of the

proposition. The last statement follows since(Z �
2� )n +1 = Z �

2� here.
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I now assumethat � > 0 throughout the remainder of the section. For
any odd integer d where q = 2� one has (chie
y , Cor. 3.2 in [7])

R(d;q) = 2ns
2s

X

w=1 ; w n +1 � d(mo d 2s )

� nw + dw � n

2� (14)

when � = 2s � 2 is even; whereasfor � = 2s + 1 � 5 odd,

R(d;q) = (� 1)
n � 1

4 2sn +( n +1) =2
2s

X

w=1 ;2s jj (w n +1 � d)

� nw + dw � n

2� (15)

if � = 1 or

R(d;q) = (� 1)
n +1

4 2sn +( n +1) =2
2s

X

w=1 ;w n +1 � d(mo d 2s +1 )

� nw + dw � n

2� (16)

if � > 1.
The case� � 3 is dealt with in the following result (chie
y from Evans'

Theorem 4.3 in [7]).

Prop osition 4. For odd n and d, R(d;2) = (� 1)n +1 , R(d;4) = (� 1)
n + d

2 2n

and

R(d;8) =
�

2
3n +1

2 ( 2
d ) if d 6� n(mod 4)

0 if d � n(mod 4).

I begin by stating an elementary fact about 2
 powers modulo 2� (see
also Lemma 3.2 in [4]) and analogsof Lemmas1 and 2.

Lemma 5. For 
 > 0 and � > 
 + 1, an odd integer d is a 2
 -power modulo
2� i� d is a 2
 -power modulo 2
 +2 i� d � 1(mod 2
 +2 ).

The next fact is an easyconsequenceof Lemma 5 and Proposition 3.

Lemma 6. Suppose � > 3. If R(d;q) 6= 0 then R(d;q) is conjugate to
R(d0; q) for some d0 � 1(mod 2s0

), where s0 = [(� + 1)=2] if � odd and
� 6= 1, elses0 = s. In addition, if s0 > � + 1 then one may choosed0 = 1.

Pro of: For � = 0, each R(d;2� ) 6= 0 and is conjugate to R(1; 2� ) by
Proposition 3, so assume� > 0. From (14)-(16) the hypothesis R(d;q) 6= 0
implies that wn +1

0 � d(mod 2s0
) for someodd integer w0. In particular, d0 �

dw� (n +1)
0 � 1(mod 2s0

) and R(d0; 2� ) is conjugate to R(d;2� ), speci�cally
R(d;q) = � w0 (R(d0; q)) in (2). If s0 > � + 1 then d0 � 1(mod 2� +2 ) so
d0 2 Z � (n +1)

q by Lemma 5, and thus R(d;q) is conjugate to R(1; q).
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For any odd integer k, say with k � 1 = 2� v, v odd, and any j > 0 set

H j (t) =
1

2� � 1+2 j ((1 + 2j t)k � 1 � 2j kt): (17)

It is easyto seethat
H j (2t) = 4H j +1 (t); (18)

and for any odd t,

H j (t + 2
 � 1) � H j (t) (mod 2
 ) if 
 > 1 (19)

H j (t + 2
 � 2) � H j (t) + 2
 � 1 (mod 2
 ) if 
 > 3: (20)

In particular, one �nds the following analog of Lemma 4.

Lemma 7. For any positive k and 
 with k odd and j > 1,

2

X

t =1

� H j ( t )
2
 +1 = (

2
kv

)
 2
 =2� kv
8

except for 
 = j = 2 when
P 4

t =1 � H 2 ( t )
8 = � 2� kv

8 .

Pro of: I proceedby induction on 
 . When 
 = 1 with j > 1, � H j (1)
4 +

� H j (2)
4 = � kv

4 + 1 = ( 2
kv )

p
2� kv

8 . Also note for 
 = 2 and j > 1,

4X

t =1

� H j ( t )
8 = � kv+2 j

8 � 1 + � kv+2 j

8 + 1;

yielding the statement of the lemma when 
 = 2 including the exceptional
value when j = 2.

Now assume
 � 3. Then

2

X

t =1

� H j ( t )
2
 +1 =

2

X

t =1 ;t odd

� H j ( t )
2
 +1 +

2
 � 1
X

t =1

� H j +1 ( t )
2
 � 1

from (18). I assert the �rst sum on the right vanishes.Indeed from (20)

2

X

t =1 ;t odd

� H j ( t )
2
 +1 =

2
 � 1
X

t =1 ; t odd

(� H j ( t )
2
 +1 + � H j ( t )+2 


2
 +1 ) =
2
 � 1
X

t =1 ; t odd

(� H j ( t )
2
 +1 � � H j ( t )

2
 +1 ) = 0:

From (19) the secondsum on the right equals

2
2
 � 2
X

t =1

� H j +1 ( t )
2
 � 1 = 2(

2
kv

)
 2

 � 2

2 � kv
8 = (

2
kv

)2
 =2� kv
8

by the induction hypothesis.This concludesthe proof of the lemma.
I am ready to determine the valuesR(d;2� ) for � > 0 and � > 3. I �rst

state the result for even powers 22s. The computation naturally breaks into
the cases� > � + 4 and 4 � � � � + 4.
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Theorem 3. Let q = 2� with � = 2s > � + 4 � 5. Then

R(1; q) = (
2

un
)� 2

�n + �
2 (� u(1+ n 2� � � � 3 )

2� � � + � � u (1+ n +2 � � � � 3 )
2� � � )

except

R(1; q) = � 2
�
2 (n +1) � 3(� u(1+8 n )

64 + � � u (1+8 n )
64 )

when � = � + 6. Furthermore, R(d;q) = 0 if d 6� 1(mod 2� +2 ) elseR(d;q) is
conjugate to R(1; q) above and determined from (2).

Pro of: I consider the cases > � + 1 �rst. The secondassertion of the
theorem follows in this casefrom Lemma 6. To compute

R(1; q) = 2ns
2s

X

w=1 ;w n +1 � 1(2 s )

� nw + w � n

2�

where the summation may be taken over any complete set of solutions (mod
2s), say those of the form

f� (1 + t2s� � )j 1 � t � 2� g:

One writes R(1; q) = 2ns (S+ + S� ) where

S� =
2�

X

t =1

� � (n (1+ t 2j )+(1+ t 2j ) � n )
q

with j = s � � � 2. To evaluate S+ , note

n(1+ t2j )+(1+ t2j )� n � n(1+ t2j )+(1+ t2j )k � n+1+(1+ t2j )k � 1� 2j kt (mod q)

where k = (2� � 1 � 1)n so k � 1 = 2� v with v odd. Then

S+ = � n +1
2�

2�
X

t =1

� H j ( t )
2� +1 = � n +1

2� (
2

kv
)� 2� =2� kv

8

(except S+ = � 2� n +1
256 � � kv

8 if � = 8 and � = 2. ) by Lemma 7. This yields
the expressionfor R(1; q) in Theorem 3 when s > � + 1.

Next I consider the case� + 4 < � � 2� + 2, so � � 3 and s � 4. By
Lemma 6 we may take d = 1 + � 2s for someinteger � . The solution set for
wn +1 � d(mod 2s) in (14) may be chosen as f� (1 + 4t) j 1 � t � 2s� 2g.
Then R(d;q) = 2sn (S+ + S� ) where

S� =
2s � 2
X

t =1

� � (n (1+4 t )+ d(1+4 t ) � n )
2� :
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With k = (2� � 1 � 1)n one has k � 1 = 2� v with v odd, and

n(1 + 4t) + d(1 + 4t) � n � n(1 + 4t) + (1 + � 2s)(1 + 4t)k

� n + 1� 2s + k� 2s+2 t + (1 + � 2s)((1 + 4t)k � 1 � 4kt) (mod q)

so

S+ = � n +1+ � 2s

q

2s � 2
X

t =1

� k �t +(1+ � 2s )2 � +1 � s H 2 ( t )
2s � 2 = 0

for ord2� � � + 1 � s by Lemma 3, and similarly for S� . Thus if R(d;q) 6= 0
above, then d � 1(mod 2� +2 ) and d 2 Z � n +1

q so R(d;q) is conjugate to
R(1; q). The secondassertion of the theorem follows now in this casefrom
Lemmas5 and 6.

Taking the solutions for wn +1 � 1(mod 2s) in (14) of the form f 1 +
2t j � 2s� 2 � t � 2s� 2 � 1 g to compute R(1; q) in this case,one �nds
R(1; q) = 2sn (S+ + S� ), where

S+ =
2s � 2 � 2X

t = � 2s � 2 ;t even

� n (1+2 t )+(1+2 t ) � n

q and S� =
2s � 2 � 1X

t = � 2s � 2 ;t odd

� n (1+2 t )+(1+2 t ) � n

q :

(21)
Sincen is odd, one notes that S� becomes

S� =
2s � 2 � 1X

t = � 2s � 2 ;t even

� � n (1+2 t ) � (1+2 t ) � n

q ;

upon replacing t by � 1 � t in the expressionfor S� . Henceone may write

S+ =
2s � 3 � 1X

t 0= � 2s � 3

� n (1+4 t 0)+(1+4 t 0) � n

q and S� =
2s � 3 � 1X

t 0= � 2s � 3

� � n (1+4 t 0) � (1+4 t 0) � n

q :

(22)
With k = (2� � 1 � 1)n, one has

n(1+ 4t0) + (1+ 4t0)� n � n(1+ 4t0) + (1+ 4t0)k � n + 1+ 2� +3 H2(t0) (mod q)

so

S+ = � n +1
q

2s � 3 � 1X

t 0= � 2s � 3

� H 2 ( t 0)
2� � � � 3 = � n +1

q

2s � 2
X

t =1

� H 2 ( t )
2� � � � 3 = � n +1

q 2� +2 � s
2� � � � 4

X

t =1

� H 2 ( t )
2� � � � 3

in view of (19) sinces � � + 1. Thus

S+ = (
2

kv
)� 2� =2� n +1

q � kv
8 = (

2
nu

)� 2� =2� (n +1)(1+ n +2 � � � � 3 )
q
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since� � 3. Similarly, S� = ( 2
nu )� 2� =2� � (n +1)(1+ n 2� � � � 3 )

q so

R(1; q) = (
2

nu
)� 2

�n + �
2 (� u(1+ n 2� � � � 3 )

2� � � + � � u (1+ n 2� � � � 3 )
2� � � ):

The soleexception occurs for � = � + 6, � � 4, when S+ = � 2� =2� u(1+8 n )
64 so

R(1; q) = � 2
�
2 (n +1) � 3(� u(1+8 n )

64 + � � u (1+8 n )
64 ):

This completesthe proof of the theorem.
For small even values� with � > 0 one �nds

Prop osition 5. Let q = 2� with � � 2 even. For � < � + 2,

R(d;q) =
�

(� 1)(n + d)=2� � 1
2

�
2 (n +1) � 1 if d � 1(mod 2� � 1)

0 otherwise.

For � = � + 2,

R(d;q) =
�

0 if d � 1(mod 2� � 1) or d 6� 1(mod 2� � 2)
(� 1)(n + d)=2� � 1

2
�
2 (n +1) � 1 if d � 1 + 2� � 2 (mod 2� � 1):

For � = � + 3,

R(d;q) =
�

2
�
2 (n +1) � 2(� n + d

q + � � (n + d)
q ) if d � 1(mod 2� � 2)

0 if d 6� 1(mod 2� � 2):

For � = � + 4,

R(d;q) =
�

2
�
2 (n +1) � 2(� n + d

q + � � (n + d)
q ) if d � 1 + 2� � 3(mod 2� � 2)

0 otherwise.

Pro of: First note that since s � � + 2, wn +1 � 1(mod 2s) for any
odd integer w. Thus from (14) R(d;q) = 0 if d 6� 1(mod 2s). For d �
1(mod 2s), one may choose solutions of wn +1 � d(mod 2s) in (14) of the
form f� (1 + 4t) j 1 � t � 2s� 2g. From the negative binomial expansion

(1 + 2x) � n = 1 � n(2x) +
�

n + 1
2

�
(2x)2 � � � � ;

one �nds

n(1+4 t)+ d(1+4 t) � n � n+ d+4 tn (1� d)+2 � +3 t
�

n + 1
2

�
(2x)2�� � � (mod 2� +4 ):

In particular from (14), R(d;q) = 2
�n +1

2 (S+ + S� ) where

S� =
2s � 2
X

t =1

� � (n + d+4 t (1 � d)n +2 � +3 t )
q :
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For � � � + 3,

S+ = � n + d
q

2s � 2
X

t =1

� tn (1 � d)=2s

2s � 2 = 2s� 2� n + d
q

if d � 1(mod 2� � 2) and otherwise0. Similarly S� = 2s� 2� � (n + d)
q or 0 accord-

ings as d � 1(mod 2� � 2) or not. A routine calculation gives the expressions
for R(d;q) for � � � + 3 as stated in the proposition. For � = � + 4 above
though,

S+ = � n + d
q

2s � 2
X

t =1

� t (n (1 � d)=2s )+2 s � 3 )
2s � 2 = 2s� 2� n + d

q

if d � 1 + 2� +1 (mod 2� +2 ) and otherwise 0. This yields the expressionfor
R(d;q) when � = � + 4.

The analogoussituation for odd powers 22s+1 is treated next. The com-
putation again breaks naturally into the cases� > � + 4 and 5 � � � � + 4.

Theorem 4. Let q = 2� with � = 2s + 1 > � + 4 � 5.
i) If � = 1 then

R(1; 128) = (� 1)(n +3) =42(7n +1) =2(� u(1+8 n )
64 + � � u (1+8 n )

64 )

R(1; q) = (� 1)(n � 1)=42( �n +1) =2(� u(1+ n 2� � 4 )
2� � 1 + � � u (1+ n 2� � 4 )

2� � 1 ) for � > 7:

ii) If � > 1 then

R(1; q) = (
2

un
)� � 1(� 1)(n +1) =42( �n + � )=2(� u(1+ n 2� � � � 3 )

2� � � + � � u (1+ n 2� � � � 3 )
2� � � );

except when � = � + 6

R(1; q) = (� 1)(n � 3)=42� (n +1) =2� 3(� u(1+8 n )
64 + � � u (1+8 n )

64 ):

Furthermore, R(d;q) = 0 if d 6� 1(mod 2� +2 ) else R(d;q) is conjugate to
R(1; q) above and determined from (2).

Pro of: I consider the cases > � �rst. The last assertion of the theo-
rem follows in this case from Lemma 6. To compute R(1; q) when � = 1
so s � 3, one notes that the two solutions of wn +1 � 1(mod 2s) with
2s jj (wn +1 � 1) in (15) may be take to be � (1 + 2s� 1). With k = (2� � 1 � 1)n
one has k � 1 = 2� v with v odd, and n(1 + 2s� 1) + (1 + 2s� 1)� n � n(1 +

2s� 1) + (1 + 2s� 1)k � n + 1 +
�

k
2

�
22s� 2 (mod 2� ) for s > 3, so R(1; q) =
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(� 1)
n � 1

4 2
�n +1

2 � u(1+ n 2� � 4 )
2� � 1 + � � u (1+ n 2� � 4 )

2� � 1 ) immediately from (15). When s =

3, onereadily getsR(1; 128) = � (� 1)
n � 1

4 2
�n +1

2 (� u(1+8 n )
64 + � � (1+8 n )

64 ) instead.
To compute R(1; q) when s > � > 1, onemay choosesolutions of wn +1 �

1(mod 2s+1 ) in (16) of the form f� (1 + 2s� � +1 t)j 1 � t � 2� � 1g, and write
R(1; q) = (� 1)

n +1
4 2

�n +1
2 (S+ + S� ), where

S� =
2� � 1
X

t =1

� � (n (1+2 j t )+(1+2 j t ) � n )
2� ;

with j = s � � + 1 � 2. To evaluate S+ note for k = (2� � 1 � 1)n that
n(1+ 2j t) + (1+ 2j t) � n � n(1+ 2j t) + (1+ 2j t)k � n+ 1+ 2� � � H j (t) (mod q),
so

S+ = � n +1
q

2� � 1
X

t =1

� H j ( t )
2� = � n +1

q (
2

kv
)� � 12

� � 1
2 � kv

8

(except S+ = � 2� n +1
512 � kv

8 if � = 9 and � = 3.) by Lemma 7 as before. This
yields the desiredexpressionfor R(1; q) in (ii).

Next consider the case� + 5 � � � 2� + 1 so � � s � 4. By Lemma 6
we may take d = 1 + � 2s+1 for someinteger � . The solution set for wn +1 �
d(mod 2s+1 ) in (16) may be chosen as f� (1 + 4t) j 1 � t � 2s� 2g with
R(d;q) = (� 1)

n +1
4 2

�n +1
2 (S+ + S� ) where

S� =
2s � 2
X

t =1

� � (n (1+4 t )+ d(1+4 t ) � n )
q :

Now one gets similarly as before that

S+ = � n +1+ � 2s +1

q

2s � 2
X

t =1

� k �t +(1+ � 2s +1 )2 � � s H 2 ( t )
2s � 2 = 0

for ord2 � � � � s by Lemma 3, and also for S� . Thus if R(d;q) 6= 0 here,
d � 1(mod 2� +2 ) so R(d;q) is conjugate to R(1; q) again as assertedin the
last statement of the theorem.

To computeR(1; q) using(16) onemay takesolutionsfor wn +1 � 1(mod 2s+1 )
of the form f 1 + 2t j � 2s� 2 � t � 2s� 2 � 1 g. One has R(1; q) = (� 1)

n +1
4

2
�n +1

2 (S+ + S� ), with S+ and S� as in (21) and (22). Once again one �nds

S+ = � n +1
q

2s � 3 � 1X

t 0= � 2s � 3

� H 2 ( t 0)
2� � � � 3 = � n +1

q 2� +1 � s
2� � � � 4

X

t =1

� H 2 ( t )
2� � � � 3

= (
2

nu
)� � 12

� � 1
2 � n +1

q � kv
8 = (

2
nu

)� � 12
� � 1

2 � (n +1)(1+ n 2� � � � 3 )
q
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since� � s � 4; and similarly, S� = ( 2
nu )� � 12

� � 1
2 � � (n +1)(1+ n 2� � � � 3 )

q : Thus

R(1; q) = (� 1)
n +1

4 2
�n + �

2 (� u(1+ n 2� � � � 3 )
2� � � + � � u (1+ n 2� � � � 3 )

2� � � ):

The soleexception occurs for � = � + 6, � � 5 when S+ = � 2
� � 1

2 � u(1+8 n )
64 so

R(1; q) = � (� 1)
n +1

4 2
�
2 (n +1) � 3(� u(1+8 n )

64 + � � u (1+8 n )
64 ):

The proof of the theorem is now complete.
For small odd valuesof � with � > 0 one �nds here that

Prop osition 6. Let q = 2� with � > 3 odd. For � < � + 2,

R(d;q) =
�

(� 1)(n + d)=2� � 1
2

�
2 (n +1) � 1 if d � 1(mod 2� � 1)

0 otherwise.
:

For � = � + 2,

R(d;q) =
�

0 if d � 1(mod 2� � 1) or d 6� 1(mod 2� � 2)
(� 1)(n + d)=2� � 1

2
�
2 (n +1) � 1 if d � 1 + 2� � 2(mod 2� � 1):

For � = � + 3,

R(d;q) =
�

(� 1)
n +1

4 2
�
2 (n +1) � 2(� n + d

q + � � (n + d)
q ) if d � 1(mod 2� � 2)

0 if d 6� 1(mod 2� � 2):

For � = � + 4,

R(d;q) =
�

(� 1)
n +1

4 2
�
2 (n +1) � 2(� n + d

q + � � (n + d)
q ) if d � 1 + 2� � 3 (mod 2� � 2)

0 otherwise.

The sole exception occurs for � = 1 where

R(d;32) =
�

(� 1)
n � 1

4 2
5n +1

2 (� n + d
32 + � � n � d

32 ) if d � 5(mod 8)
0 otherwise.

Pro of: Here � > 1 (except as noted last) and s + 1 � � + 2 so wn +1 �
1(mod 2s+1 ) for any odd integer w. Thus from (16) R(d;q) = 0 if d 6�
1(mod 2s+1 ). For d � 1(mod 2s+1 ) one may choose solutions of wn +1 �
d(mod 2s+1 ) in (16) of the form f� (1 + 4t) j 1 � t � 2s� 2g. The proof
proceedsas that for Proposition 5 to obtain the expressionsfor R(d;q) as
stated in the proposition, including the exceptional case� = 5, � = 1 using
(15).

I concludewith an example illustrating Theorems 3 and 4 and Proposi-
tions 5 and 6 above.

Example 2. Consider the casen = 3 with q = 32; 64; 128and 256. Here
� = 2 with u = 1 and f = 2. Direct calculation using (16) yields
R(1; 32) = � R(17; 32) = � 256

p
2 and R(9; 32) = � R(25; 32) = 256

p
2. The
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values R(d;32) = 0 for d 6� 1(mod 8). This is in agreement with the values
given in Proposition 6. Also from (14), one obtains as expected from Propo-
sition 5 that R(9; 64) = 211 cos 3�

8 with R(d;64) conjugate to R(9; 64) if d �
9(mod 16) and otherwiseequals0. Theorem4 applieswhenq = 128.Hereone
�nds R(1; 128) = 212

p
2cos 13�

16 with conjugatesR(d;128) for d � 1(mod 16)
determined from (2). If d 6� 1(mod 16), R(d;128) = 0. Theorem 3 applies
when q = 256 where s = 4. From (14) one obtains R(1; 256) = 214 cos 7�

32 as
expected, with conjugatesR(d;256) for d � 1(mod 16) determined from (2).
If d 6� 1(mod 16), R(d;256) = 0.

Using Smith's [7,15] formulas, I have tabulated below the non-zerovalues
R(d;q), one for each n + 1-st power classmodulo q, for several small values
of n and small powers q = p� (� > 1) with � > 0. The explicit calculations
con�rm the valuesobtained from Theorems1-4 and Propositions 2, 5 and 6.

n = 2 : R(1; 9) = 9� 3; R(4; 9) = 9� 2
3 ; R(7; 9) = 9 with Z � 3

9 = f� 1g
R(1; 27) = 27� 9i

p
3 with Z � 3

27 = f� 1; � 8; � 10g
R(1; 81) = 81� 19

27 i
p

3 with Z � 3
81 = f� 1; � 8; � 10; � 17; � 19; � 26; � 28; � 35; � 37g

n = 3 : R(1; 4) = � R(3; 4) = 8; R(1; 8) = � R(5; 8) = 32; R(5; 16) =
� R(13; 16) = � 128

R(1; 32) = � R(9; 32) = � 256
p

2 with Z � 4
32 = f 1; 17g

R(9; 64) = 211 cos(3� =8) with Z � 4
64 = f 1; 17; 33; 49g

R(1; 128) = 212
p

2cos(13� =16) with Z � 4
128 = f xjx � 1(mod 16)g

R(1; 256) = 214 cos(7� =32) with Z � 4
256 = f xjx � 1(mod 16)g

n = 5 : R(3; 4) = � R(1; 4) = 32; R(7; 8) = � R(3; 8) = 256; R(1; 16) =
R(5; 16) = � 210

p
2

R(5; 32) = � 214 cos(5� =8) with Z � 2
32 = f 1; 9; 17; 25g

R(1; 64) = 216
p

2cos(� =16) with Z � 2
64 = f xjx � 1(mod 8)g

R(1; 128) = � 219 cos(27� =32) with Z � 2
128 = f xjx � 1(mod 8g

R(1; 9) = R(7; 9) = � 243, R(4; 9) = 486;
R(1; 27) = � 2 � 38 cos(4� =9) with Z � 6

27 = f 1; 10; 19g
R(1; 81) = 2�310

p
3sin(22� =27)) with Z � 6

81 = f 1; 10; 19; 28; 37; 46; 55; 64; 73g

n = 7 : R(1; 4) = � R(3; 4) = 128; R(1; 8) = � R(5; 8) = 211; R(1; 16) =
� R(9; 16) = � 215; R(25; 32) = � R(9; 32) = 219;

R(1; 64) = � R(17; 64) = 222
p

2 with Z � 8
64 = f 1; 33g

R(17; 128) = 227 cos(3� =8) with Z � 8
128 = f 1; 33; 65; 97g

R(1; 256) = 230
p

2cos(3� =16) with Z � 8
256 = f xjx � 1(mod 32)g

R(1; 512) = � 234 cos(7� =32) with Z � 8
512 = f xjx � 1(mod 32)g

n = 8 : R(1; 9) = 38, R(4; 9) = 38� 3, R(7; 9) = 38� 2
3 with Z � 3

9 = f� 1g
R(1; 27) = � 312i

p
3� 3, R(10; 27) = � 312i

p
3� 2

3 , R(19; 27) = � 312i
p

3
with Z � 9

27 = f� 1g
R(1; 81) = 317� 9 with Z � 9

81 = f� 1; � 28; � 55g
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R(1; 243) = 321� 19
27 with Z � 9

243 = f xjx � � 1(mod 27g

n = 9 : R(3; 4) = � R(1:4) = 29; R(7; 8) = � R(3; 8) = 214

R(1; 16) = � R(5; 16) = � 218
p

2 with Z � 2
16 = f 1; 9g

R(5; 32) = 224 cos(7� =8) with Z � 2
32 = f 1; 9; 17; 25g

R(1; 64) = � 228
p

2cos(7� =16) with Z � 2
64 = f xjx � 1(mod 8)g

R(1; 128) = 233 cos(13� =32) with Z � 2
128 = f xjx � 1(mod 8)g

R(1; 25) = R(6; 25) = R(14; 25) = R(4; 25) = 59 � 2cos(4� =5); R(16; 25) =
2 � 59 with Z � 10

25 = f� 1g
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