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Abstract. For any integerm > 1 X exp(2 i=m), and let Z,, denote the
group of reduced residuesmodulo m. Let q= p , a power of a prime p. The hyper-
Kloosterman sums of dimension n > 0 are de ned for q by

X
R(d;q) = xatotxnrdoa xe) B 7.y

where x ! denotesthe multiplicativ e inverseof x modulo g.

Salie evaluated R(d;q) in the classical setting n = 1 for even g, and for odd
g= p with > 1.Later, Smith provided formulas that simplied the computation
of R(d;q) in these casesfor n > 1. Recenly, Cochrane, Liu and Zheng computed
upper bounds for R(d;q) in the general casen > 0, stopping short of their explicit
evaluation. Here | complete the computation they initiated to obtain explicit values
for the Kloosterman sums for > 1, relying on basic properties of some simple
specialized exponential sums. The treatment here is more elemertary than the
author's previous determination of these Klo osterman sums using character theory
and p-adic methods. At the least, it provides an alternativ e, independert evaluation
of the Klo osterman sums.

Mathematics Subject Classi c ation 11L05, 11T24

1 Intro duction

For any integerm > 1 x , = exp(2 i=m) and let Z,, denote the group of
reducedresiduesmodulo m. Let q = p , a power of a prime p. The hyper-
Klo osterman sumsof dimensionn > 0 are de ned for g by

R(d: _ X X1+ +Xp+d(X1 Xp) t 1
(d;g) = q 1)

forl d g (d;0) = 1, wherex ! denotesthe multiplicativ e inverseof x
modulo g for any x in Z,. For (a;q) = 1, if 5 denotesthe automorphism of
Q( ¢) induced by sending 4! &, then it is readily seenfrom (1) that

a(R(d; @) = R(da"™ ; q): )

In particular, R(d;q) liesin the subeld K of Q( ) xed by automorphisms
a for which a"*!  1(mod q); and of degree

on+l:_ = (@=(n+ 1% (g) if 8g and n odd
iz = 2(q):(n+ 1; (Zq)) otherwise. ®)
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Salie[14] explicitly determined R(d;q) in the classicalcasen = 1whenp

and for odd primes p whereq = p with > 1. Specically, R(1;2)

R(3;4) = R(1;4) = 2, R(1;8) = R(5;8) = 0 ICR(? 8) = R(3;8)

R(1;16)= R(13;16)= R(5;16)= R(9;16)= 4

R(d;16)= 0if d 3(mod 4);

R(5;32)= 16 os( + 7), R(d;32)= 0if d6 5(mod 8);

R(1;64)= 16 2cos(232 + 7), R(d;64)= 0if d6 1(mod 8),

R(1;128)= 32cog%; + 3), R(d;128)= 0if d6 1(mod 8);

For > 5( 6 7), R(1;2 + 7), R(d;2) =

d 6 1(mod 8). The conjugatesR(d;2 ) of R(1;2 ) ford 1(mod 8) with
> 5 are determined from (2).

For odd primespand > 1, R(L;p ) = i+ p= ¥ 2+ (?1) 0 %),
R(d;p ) = Oif (%) = 1. The conjugatesR(d;p ) of R(1;p ) for (%) = lare
determined from (2). Here(B) denotesthe usual Legendresymbol.

Recerily [10] | generalized Salie's result to the multi-dimensional case
n > 1 utilizing the well-known formula [7]

2
11
4

R(d;q) = (d)G( )"

1

(a)
the sum over all numerical characters modulo g where G( ) denotesthe
classicalGausssumfor the character . That treatment relied on Mauclaire's
explicit ewvaluation of G( ) for prime powers q = pP( > 1) and recert
results of the author on exponertial sumsof the form (x)& gx that used
somep-adic methods. Here| give a more elemenary evaluation of the multi-
dimensional Klo osterman sums (1) using the well-known formulas of Smith
[15] (see also Evans [7]), relying on the Galois action (2) and elemenary
properties of the special exponertial sumsof the form

» . . .
1+ pl )k 1 pkt)=p 2] r .
'(](’fp ) p’ kt)=p ( :j >0

t=1

for suitable exponerts k  1(mod p ) when p is odd, and analogoussuch
sumswhen p = 2.1 essetially completethe computation Cochrane, Liu and
Zheng[4] initiated in determining upper bounds for such Klo ostermansums.

To best describe the evaluation here, | write n+ 1= p u, for 0 and
p §u, and setf = gcdin+ 1;p 1)if poddorf = ged(n+ 1;2)if p= 2. For
odd primes p, let H denote the group of f -roots of unity modulo p (or
just modulo p when ). | shall shcw in section 2 for odd primes p with

> + 1that R(d;qg) vanishesif d 6 1(mod p *1), elseup to a fourth
root of unity is a conjugate of

(n + ):Zx X\c x
p (2)° 4)
x2H P
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with ¢= 0 or 1 accordingas n (mod 2) or not. | alsodetermine R(d;p )
for the smaller powers 1 < + 1. The important caseR(d;p) for odd
primes p remainsunresolved. In section31 show for p= 2with > +4and
n odd that R(d;q) vanishesif d 6 1(mod 2 *?), elseup to signis a conjugate
of

- 2 n
2( n + )—2 2 + —): 5
co5——+ ) (5)
| separatelydetermineR(d; 2 ) for the smaller powers + 4. The methods

may be applied to study certain typesof twisted Klo osterman sums, but for
the sake of simplicity | consideronly the ordinary hyper-Kloosterman sums
here.

| wish to mention some consequencesand related results regarding the
explicit valuesfor R(d;q) found here. Expressions(4) and (5) leadto a bound
JR(d;p )j fp% for > +1( > + 4if p= 2), already mentioned
in [4], that is a modest improvemert of the customary Deligne [5] bound
jR(d;p)j (n+ 1L)p™ 2when > 0. Moreover, from such expressions(4)
and (5), the non-vanishing sums R(d;q) are seento be integer multiples of
ordinary Gauss periods for p or a quadratic twist of such. The author
has recently studied Gauss periods and quadratic twists of suc for prime
powers [9] to obtain formulas for the beginning coe cien ts of their minimal
polynomials and assaiated power sumsof zeros.When f = 2 a closedform
expressionfor the minimal polynomial and the assaiated power sums is
actually obtained [8]. Thoseresults can be applied with thesehereto describe
the polynomial satis ed by the hyper-KloostermansumsR(d;q) for d 2 Z,,.
This determination may be found in [11].

2 Klo osterman sums for odd prime powersp , > 1

As in the introduction | write n+ 1 = p u, for 0 and p Gu, and set
f = gcd(n+ 1;p 1). Forany w6 O(mod p), letw ! denotethe multiplicativ e

inverseof w mod p . Let H denotethe group of f -roots of unity modulop

2
or just modulo p when ,and seti = i=—. For any integer d prime

to p, one has(chiey, Cor 3.2in [7])

S

X "
R(d;p ) = p™ pudw (6)
w=1;wn+*1 d(mod ps)
when =2s 2iseven.For = 2s+ 1 3 odd, onehas(chiey, Cor 4.2
in[7)) for =0
+1
R@p)=p"=* § V") N e

w=1;wn*l d(mod ps*!)
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orfor >0

R(dip ) = pi? 92 P (5 g gt (@)
w=1;wn*l d(mod ps*!)

| note that nw + dw " is invariant modulo p if w is replacedby w + p®

in the sumsabove in (6) and (8), sothat eath sum may be taken over any

complete set of solutions to the respective congruenceup to multiples of pS.

Before giving the results for Klo osterman sums de ned for odd prime

powersp , | rst state an elemenary fact about p powers modulo p (see

alsoLemma 2.1in [4]) and an easyconsequence.

Lemma 1. Letf > Owith fj(p 1). For > 0, an integer d relatively
prime to pis ap f-powermodulop i disap f power modulo p *! i
d™  1(modp *1).

Lemma 2. IfOR(d;q) 6 0 then R(d;q) is conjugate to R(d%q) for some
d® 1(mod p%) where s= [( + 1)=2]. In addition, if s> then one may
choosed®= 1.

Pro of: The hypothesis R(d;g) 6 O implies that w3+1 d(mod pSD)
for someinteger wo 6 O(mod p) from expressions(6) - (8). In particular,
@ dw, "™ 1(mod p*) and R(d;0) is conjugate to R(d® g), speci cally
R(d;q) = w,(R(d%q) in (2). If s> thend® 21(modp *') sod’2 an+1
by Lemma 1, and thus R(d; q) is conjugateto R(Z1; Q).

The following technical results on exponertial sumsfor prime powerswill
prove crucial in computing the Klo osterman sums here and later in section
3.

Lemma 3. SupmseA(t) = g(t) + p'* B(t) for polynomials g(t) and B(t)
with integer coe cients, wher p' is the largestpower of the prime p to divide
the coe cients of gXt). Then if p "g(t) 0O(mod p) has no solutions, the
sum

A(t) _

p =0
t=1

whenever r + 2 whenp is odd, and r+3(r = 2;r=0) when

p= 2.

The above result can be readily deduced using standard techniques to
evaluate exponertial sumsfor prime powers. It is seento be an immediate
consequenceof Theorem 2.1 in [3].

For any positive integer k  1(mod p), say with k 1= p v, p §v, and
any j > 0 set

HI) = S @+ POE 1 ko) ©
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Then it is easyto seethat
Hj (pt) = pHj1 (1) (10)

and for any > 1andt 6 O(mod p)

Hitt+p 5 Hjt)+ 2kvtp * modp : (11)
In particular,
Lemma 4. For any positive , j, and
» ( 1. P .
Wi (Bdp=zi"p if odd
t=1 P pz if even
exeptfor p= 3with =] = 1 when

. A
gl ® = (3)' 33!
t=1

Pro of: First note that Hj(t)  %t? (mod p) for j > 1or p > 3, so

b o ) is an ordinary quadratic Gausssum and the result follows when

= 1. For exceptional casep= 3, = j = 1 direct computation yields the
value stated above. Now assume > landwritet=1ip Y+1for0 i<p,
1 | p 1 Then

X X X
Hj(t Hj (t
i (1) NICTPSE

t=1 t=1;p@j t=1

from (10). But the rst summand on the right above is

1

1 1 1
X Hi(t) _ X=X Hi(+ip %) _ X Hi () X ok -0
p p p p
t=1;pq i=0 I=1;p@j 1=1 ;pgj i=0
Po Hiw

from (11) sincep Gkvl. Thusfor = 2, [,
result follows now by induction.

| am now ready to determine the valuesR(d;p ) for odd prime powers. |
rst state the result for even powers p?s. The computation naturally breaks
into the cases > + land?2 + 1.

p? = p, and the general

Theorem 1. Letg=p with =2s> + 1. Then

R(L;q) = pl" * )72 “1)2(?2) (%) p

X2H
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The soleexeption whenp=3and = + 3is

_X
R(3) =370 73" () g,

x2H
Furthermore, R(d;q) = O if d"r 6 1(mod p *!) elseR(d;q) is conjugate
to R(1; ) alove and determined from (2).

Pro of: | consider the cases > rst. The secondassertion of the
theorem follows easily in this casefrom Lemmas1 and 2. In computing

S

. — ns X nw + w
R(lyq) - p

p2s
w=1;wn*l  1(mod ps)

n

it has beennoted that the summation may be taken over any complete set
of solutions of the congruence(mod p®), say those of the form x(1F-r tps )
forl t p andx any elemen of H. One writes R(1;0) = p™ ,,4 S«
where

S, = R nx (1+ p°  t)+x@+ps t) "
x = q
t=1
sincex x "(mod g). Since Sy is the conjugate of S; under the action
q! § it suces to ewaluate S;. Setting k= ( () 1)nandj=s >0
onehask 1= p v for pgv, and modulo g

n+ntpS +(@+tpS ) " n+ntpl+ (1+tp)¢ n+ 1+ @+ pP )k 1 kp't;
S0

g, = n+l X wo_ §7p7 if even
17 4 p a2 Pppl D=2 it odd

(except S; = Ql"l(%)ipﬁ 20if =4and = 1with p= 3) by Lemma 4.
This yields the expressionfor R(1;q) in Theorem 1 whenewer s >

Next considerthe case + 1< =2s 2 , wherefrom Lemmas1 and
2 it suces to considerR(d;q) for d 1(mod p®), say d = 1+ yp° for some
integery. | assertthat if R(d;q) 6 0 then R(d;q) is conjugate to R(1;q), so
the secondstatemen of the theorem holds here, too. Indeed, one may choose
solutions of w"**  d(p®) in (6) of the form

fx(L+pt)jl t p° Lx2Hg (12)

P
and write R(d;q) = p™ ,,, Sx where

1

S, = nx (1+ pt)+ xd (1+ pt) "
X = q
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sincex x "(mod g). Again it suces to evaluate S;. With k= ( (90 1)n
as before,one nds

n(L+pt)+dl+pt) " n+npt+ (1+ ypS)(L+ pt*

n+ 1+ (1+pH)* 1 kpt+yp*(L+ pt* (mod q);

SO

n+l+ yp® X' y((L+ pt)* D=p)}+p "' SHa(1)
Sl = q ps 1 =0
t=1

by Lemma3 whenord, y< + 1 ssinces and g(t) = %((1 +pt)k 1)
is linear modulo p* . Thus if R(d;q) 6 Othen d 1(mod p *!), and
henced is an n + 1-power modulo g by Lemma 1 so R(d; Q) is conjugate to
R(l,'Dq) asasserted.Taking solutions (12) to compute R(1; q) yields R(1;q) =
p" L, on Sx similarly as before,with

1 2

P X
S, = N+l Hi(t) _ , +1 s n+l Ha(t)
1 q p 2 p q p 2
t=1 t=1
_ o+l s n+l 2 41 s 1, 22U P 3
=p g P77 orp q (T)' pp™2
by Lemma 4 accordingas evenor odd. The sokg:gxception occursforp= 3
when =+ 3whereS; = 3" s p*1(4)i° 3 3. The expressionsfor

R(1;q) in the statemen of the theorem now followswhen + 1< 2s 2 .
The proof of the theorem is now complete.

Corollary 1. If g= p?s and p (n + 1) then

R(1: — n=2x (n+1) x.
( ,Q)—p q .
X2H

For small even valuesof one nds that

Prop osition 1. Letg=p with 1< +leven.Ford 1(modp 1),

1

X
R(d;p )=pz™v *  [frrdxw o
X2H

where H is the group of f -roots of unity modulo p. Furthermore R(d;q) = 0
if " 6 1(mod p 1) elseR(d;q) is conjugateto someR(d% q) above where
d® 1(modp 1) andis determined from (2).
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Pro of: First assumed 1(mod p®). One may take the solutions of
w1 d(mod p®) in formula (6) of the form w = x(1+ tp) for0 t< ps 1
and x 2 H. Sincex " x(mod @), one nds using the negative binomial
seriesthat nx(1 + tp) + d(x(1 + tp)) " is congruert to

nx + nxtp + dx(1 ntp + n; 1 t’p? : ; 2 tpd+ )
(n+ d)x + nxtp(1 d)+ dx n; 1 t?p?  dx n; 2 t3p% (mod p ):
Thus,
S X (n+d)x PX nxt L4
R(d;p ) = p~= P b st
x2H t=0

P .
equalspz ("D 10 - (DX e g

1(mod p®) since

1(mod p 1) and otherwise O for d

PXT T e _ ptoifd I(modp 1)
o " st 0 ifdé 1(modp 1):
In view of Lemma 2 one has R(d;p) 6 0 if and only if d d0w3+1 (mod p )
with d® 1(mod p ?) if and only if disap f power modulo p 1 if and
1
only if d 1(mod p 1) by Lemma 1. Thus the last statemert of the
proposition readily follows. This completesthe proof of the proposition.
| next considerthe casefor odd powers p?s*t .
Theorem 2. Letgq=p with =2s+ 1> + 1 Then
R(lq) — p(n + ):2 él p)(n+1) (_2) +1i(P "‘14 1)2 X (%) 1 ux
’ p

The sole exaption is

X
R(1;3)= 3"+ )% 07 () g
x2H P
whenp = 3and = + 3 > 3. Furthermore, R(d;q) = O if d 6
1(mod p *1) elseR(d;q) is conjugate to R(1;q) above and determined from
).
Pro of: | considerthe cases rst. The last assertion of the theorem

follows in this caseas beforefrom Lemmas1 and 2. When = 0 (and hence
u= n+ 1) onehasfrom (7) that

+1

. — = 1 u
RLa=p" 2 ") (
w=1;wn*l 1(mod ps*l)

n

w
p

)n SW+W
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where the sum may be taken over any complete set of solutions (mod ps*!).
Here one may choosew to run through H, sothe above becomes

X
REQ=p™ 2§ ") (O g
P X2 H P

sincex " x(modq) forx 2 H,sonx+x " nx+ x ux(mod g). This
expressionfor R(1; g) matchesthat stated above upon noting 81 Pi = (TZ).

When 1, oneuses(8) to compute

s

x
R(1;0) = p(n +1) =2 él p)(n+1) gw+w

n
w=1;wn*  1(mod pstl)

where the sum may be taken over any complete set of solutions (mod p®),
say thoseof the form fx (1+ p>*t t)j1 t p I x2 Hg. Onewrites

X
R(1;0) = p(n +1) =2 él p)(n+1) Sy;

x2H
where
1
S, = X nx (1+ pS*t )+ x(@+ pstt ) .
X = q ]
t=1
as before with S, conjugate to S; via the action 4 ! g To evaluate S;

againsetk = ( (@0 1)nwith j = s+ 1 > 0.0nehask 1= p vfor
p 6v, and
n+nps*t t+ @+ pt ) " n+1+(L+ptk 1 kp't(moda);
s0S, = S+l P ’F:ll ;,(i) - S+l p( D=2 or S+l (%)i pf)p =2 1 zccord-
ing as 1 even or odd from Lemma 4 (except S; = 5,5 ($)i 33uif
= 5and = 2with p= 3). This yields the expressionfor R(1; q) whenewer
s> >0.

Next considerthe case + 1< =2s+1 2 1, wherefrom Lemmas
1and 2it suces to considerR(d;q) ford 1(mod p3*!), say d = 1+ yps*!
for someintegery. | assertthat if R(d;q) 6 0, then R(d;q) is conjugate to
R(1; q) sothe last assertion of the theorem holds for this case,too. Indeed,
one may choosesolutions of w"**  d(mod p*!) in (8) of the form

fx@+p)jl t p* ' x2Hg (13)

P
and write R(d;q) = p *D=2 { DD T s, where

1

S, = nx (1+ pt)+ xd (1+ pt) "
X = q
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sincex " x(mod q) ashefore.lt su ces to evaluate S; with k= ( () 1)n
again. One nds that

n(L+pt)y+dl+pt) " n+npt+ (1+yp*)(L+ p)

n+ 1+ @+ ptH)* 1 kpt+ yps*t 1+ pt)* (mod q)

SO

S, = N+l ypst X' y(@+ pt)* D=p)+p  SHi(t) _ 0
1= q ps 1 -
t=1
by Lemma 3 again when ordpy < s similar to before. Thusif R(d;q) 6 O,
thend 1(modp ") and henced is an n + 1-power modulo g by Lemma 1,
so R(d;q) is conjugateto R(1;q) asasserted.
Taking solutions (13) to compute R(1; q) yields

X
R(l;q) — p(n +1) =2 c(11 p)(n+1) Sx;
x2H

where similar to before

equals §*tp sp 272 or 1*1p S'(%)i pr)p( 3=2 py Lemma 4
accordingas odd or even. The soleexceptionoccursforp= 3when = +3
where

u

P
3! 3 2u:

S1= ™3

The expressionfor R(1;g) now follows when + 1< 2 1. The proof
of the theorem is now complete.
For small odd valuesof > 1 one nds

Prop osition 2. Letq= p with 3 + 1 odd,
Ford 1(modp 1Y),

1.

X
R(d;p ) = él p)(n+1) p7(n+1) 1 lgn+d)x:p
x2H

where H is the group of f -roots of unity modulo p. Furthermore, R(d;p ) =0
if d 6 1(mod ps*! else R(d;q) is conjugate to some R(d% g) alove with
d® 1(modp 1) andis determined from (2).
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Pro of: First assumed 1(mod p3*') and choosesolutions of w"*!
d(mod p**') in formula (8) of the form w = x(1+ tp) for 0 t< p* ! and
x 2 H. Proceedingasin the proof of Proposition 1 one nds

s\,1

X 1 1 d

. _ Nt +1 +d Xt <55

R(d;ip )= p™=z § Pm o
x2H t=0

— @ p)(n+l) —(n+1) 1X (n+d)yx=p 1!
- 8 p p

x2H

if d 1(mod p ') and otherwiseis O for d  1(mod ps*'). A similar
argumert leadsto the last statement of the proposition.

Example 1. To illustrate Theorems 1 and 2 and Proposition 2 above,
considerthe casen = 6 for q = 49,343 and 2401.Herep = 7 with = 1,
u=landf = 1. Proposition 2 applieswheng= 49 wheres = 1. Direct cal-
culation using (6) yields R(1;49) = 7° ;, R(8;49) = 7° 2, R(15;49) = 7° 3,
R(22;49) = 75 4, R(29;49) = 7° 2, R(36;49) = 7° ¢ and R(43;49) = 78,
with their conjugatesR(d; 49) obtained from (2). Here(Z,4)" = f 1, 18 19g,
so R(d;49) 6 0O for eadh d 2 Z,4. For q = 343, Theorem 2 applies where
s= 1to give R(1;343)= 7% 7 49; and for g = 2401, Theorem 1 yields
R(1;2401)= 7% 7 343 wheres = 2. In ead of thesecases,R(d;q) = O if
d® 6 1(mod 49); otherwise R(d; q) is determined from (2).

3 Klo osterman sums for q = 2

As beforel write n+ 1= 2 u for O and u odd, and setf = gcd(n+ 1;2).
The following result dealswith the case = 0.

Prop osition 3. Forneven,R(1;2)= 1, R(1;4)= R(3;4)=( 1)"=22" ,,
n+2

R(1;8) = 2%%=2 { = R(L;2)=( 1) M+ 12m™ 2 5% for > 3. In each
case,for d6 1(mod 2 ) with 3, R(d;2 ) is determined from (2).

Pro of. In view of Evans' formulasfor p= 2in section3 and 4 in [7], only
the expressionfor R(1;2 ) for = 2s with s > 1 needssomejusti cation.
Here (6) is valid for p= 2 too, so

X
R(1;22S) - 2ns nw + w

225
O<w <25; wn*l  1(mod 2)

n

Sincen is even, w"*! 1(mod 2°) has a unique solution w  1(mod 23),
SOR(1;2%) = 27 DXt = 2= 2 2*1 in agreemen with the statemert of the
proposition. The last statemert follows since(Z, )"** = Z, here.
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I now assumethat > 0 throughout the remainder of the section. For
any odd integerd whereq= 2 onehas(chiey, Cor. 3.2in [7])

b .
R(d;q) = 2 gy (14)
w=1;wn* d(mod 2s)
when = 2s 2iseven;whereasfor = 2s+ 1 5 odd,
n 1 — )@S n
R(d,q) - ( 1)T 25n+( n+1) =2 2W+dW (15)
w=1;2sjj (w1 d)
if =1or
n+1 %S n
R(d;q) — ( 1) 7 25n+(n+1) =2 2W+dW (16)
w=1l;wn*l d(mod 2s*1)
if > 1.

The case 3 is dealt with in the following result (chiey from Evans'
Theorem 4.3 in [7]).

n+

Prop osition 4. For odd n and d, R(d;2) = ( 1)"*!, R(d;4) = ( 1) 2% on
and

. 2”2 (2) if d6 n(mod 4)
R = d
(d:8) 0 if d n(mod 4).

| begin by stating an elemenary fact about 2 powers modulo 2 (see
alsoLemma 3.2 in [4]) and analogsof Lemmas1 and 2.

Lemma 5. For > 0and > + 1, anoddintegerdis a2 -power modulo
2 i disa2 -powermodulo2 *2 i d 1(mod2 *2).

The next fact is an easyconsequencef Lemma 5 and Proposition 3.

Lemma 6. Suppse > 3. If Ro(d;q) 6 0 then R(d;q) is conjugate to
R(d%q) for somed® 1(mod 25), where s° = [( + 1)=2] if odd and
6 1, elses’= s. In addition, if S°> + 1 then one may choosed®= 1.

Proof: For = 0,eadh R(d;2 ) 6 0 and is conjugate to R(1;2 ) by
Proposition 3, soassume > 0. From (14)-(16) the hypothesisR(d;q) 6 0
implies that wj*™*  d(mod 250) for someodd integer wo. In particular, d®
dw, (n+1) 1(mod 250) and R(d%2 ) is conjugate to R(d;2 ), speci cally
R(d;q) = w,(R(d%@) in (2). If s> + 1then d® 1(mod 2 *?) so
d°2 Zq(”+l) by Lemma 5, and thus R(d; q) is conjugate to R(1;q).
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For any odd integerk, say with k 1= 2 v, v odd, and any j > O set

1 ) )
Hi(t) = m((“ 2k 1 2kt): (17)
It is easyto seethat
Hj (2t) = 4H; .1 (1); (18)
and for any odd t,
Hit+2 Y Hjt) (mod2)if >1 (19)
Hit+2 2 Hj®)+2 ' (mod2)if >3 (20)

In particular, one nds the following analog of Lemma 4.

Lemma 7. For any positive k and with k oddand j > 1,

X Hj (1) - (3) 2 =2 kv
2% kv 8
t=1
P
exeptfor =j=2when [, M= 2k,
Pro of: | proceedby induction on . When = 1 with j > 1, Z"'(l) +
1@ = kve1=(2) 25 Alsonotefor =2andj > 1,
x4
:j(t) — gv+2' 1+ gv+2' + 1
t=1
yielding the statement of the lemma when = 2 including the exceptional

value whenj = 2.
Now assume 3. Then
X X *
Hij () _ H;(t)+ Hj (1)
2 +1 - 2 +1 2 1
t=1 t=1;t odd t=1

from (18). | assertthe rst sum on the right vanishes.Indeed from (20)

s X" X"
Hj (t Hj (t Hj (t)+2 Hj (t Hj (t
21+E): (21+](,)+ 21+:(l)+ ): (21+](.) 21+:(L)):O:
t=1;t odd t=1;t odd t=1;t odd

From (19) the secondsum on the right equals

X 2 2

His _2 =
2 V=20 27 =2 T

t=1

by the induction hypothesis. This concludesthe proof of the lemma.
| am ready to determine the valuesR(d;2 ) for > Oand > 3.1 rst

state the result for even powers 225, The computation naturally breaksinto
the cases > + 4and4 + 4.
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Theorem 3. Letgq=2 with =2s> +4 5 Then

R(1L:q) = (uin) 2" ( ;(1+ n2 4 2u(1+ n+2 3))

. — - (n+ u(1+8 u(1+8

when = + 6. Furthermore, R(d;q) = 0if d6 1(mod 2 *?) elseR(d;q) is
conjugate to R(1;q) alove and determined from (2).

Pro of: | considerthe cases > + 1 rst. The secondassertion of the
theorem follows in this casefrom Lemma 6. To compute

R(l ) _ 2ns )g nw +w
5q - 2
w=1;wn+l  1(2s)

n

where the summation may be taken over any complete set of solutions (mod
25), say those of the form

f (1+t2° )1 t 2g

One writes R(1;qg) = 2"S(S* + S ) where

S = X (n@+ t2 )+@+ t2l) ™)
- q

t=1
with j = s 2. To evaluate S*, note
n(A+t2)+(1+ t2) " n@+t2)+@+ t2)¢  n+1+Q+ t2) 1 2kt (mod q)

wherek= (2 ' 1)nsok 1= 2 vwith v odd. Then

X 2. .
S* = 2+1 ;‘;éﬂ — 2+1 (W) 2 =2 £l;v
t=1
(exceptS* = 2 2;61 &if =8and = 2.) by Lemma 7. This yields
the expressionfor R(1;q) in Theorem 3 whens> + 1.

Next | considerthe case + 4< 2 +2,s0 3ands 4.By
Lemma 6 we may taked = 1+ 25 for someinteger . The solution set for
w1l d(mod 2%) in (14) may be chosenasf (1+ 4t)j1 t 25 ?g.
Then R(d;q) = 2°"(S* + S ) where

2
S = X (n(1+4 t)+ d(1+4 t) M),
= ) :
t=1
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With k= (2 ' 1)nonehask 1= 2 v with v odd, and
n(l+ 4t)+ d(L+4t) " n(@+4t)+ 1+ 251+ 4t

n+125+k 25%2t+ (L+ 25)((1 + 4t) 1 4kt) (modq)

SO
X’ .
_ 28 kt+1+ 2%)2 "t SH,(t) _
S+ - g+1+ o5 2 2 = 0
t=1
for ord, +1 sbyLemma3, and similarly for S . Thusif R(d;q) 6 0

above, then d  1(mod 2 *2) and d 2 an+1 so R(d;q) is conjugate to
R(1;q). The secondassertion of the theorem follows now in this casefrom
Lemmas5 and 6.

Taking the solutions for w"*? 1(mod 2°) in (14) of the form f1 +
2t j 22 't 2?2 1gto compute R(1;0) in this case,one nds
R(1;q) = 25"(S* + S ), where

ZSXZ 2 25X2 1
+ n(1+2 t)+@+2 t) " — n(1+2 t)+(1+2 t) ".
ST = q and S = q :

t= 2% 2:t even t= 25 2:t odd
(21)
Sincen is odd, onenotesthat S becomes
25)(2 1
— n@a+2t) (1+2t) ".
S = q ;

t= 25 2:t even
upon replacingt by 1 t in the expressionfor S . Henceone may write

+ X n(l+4 to+(1+4 t% " d — X n(l+4 t% (1+41t% ".
ST = q and S = q :

tOZ 2s 3 '[0: 2s 3
(22)
With k= (2 ' 1)n, onehas

nd+4t9+ 1+ 49 " n@+49+ @+ 4% n+1+2 PHL(tY (mod )

SO

28 3 1 2 2X 4
gt = n+l Hz(t) _ n+1 Ha() _ n+lg 42 s Ha(t)
q 2 3 q 2 3 q
to= 2s 3 t=1 t=1

in view of (19) sinces + 1. Thus

2 - 2 - 3
+ - (2 =2 n+l kv — ( < =2 (n+1)(1+ n+2 )
$'=() 2t =) 27
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3
since  3.Similarly, S = (2) 2 =2 ("D n2 ) so

2 n +
R(Lg) = () 27 (40 Dy uenz ),

The soleexceptionoccursfor = + 6, 4,whenS* = 2 =2 M8 g
R(lq) - 27(n+1) 3( g£1+8 n) + 64u(l+8 n)):

This completesthe proof of the theorem.
For small evenvalues with > 0 one nds

Prop osition 5. Letq= 2 with 2even.For < + 2
R = ( DOTO? 722000 1 ifd i(mod2 )
0 otherwise.
For = +2

R(d: ) = 0 ifd 1(mod2 ) or d6 1(mod2 ?2)
(d;q) = ( 1)n+d=2 toz(n+l) 1 g 142 2 (mod2 1):

R(d:q) = 2z 2(pedy (DY if g 1(mod 2 2)
' 0 if d6 1(mod 2 ?):

For = +4

R@:q= 27D (5 d+ ) ifd 1+2 ¥mod2 ?)
0 otherwise.

Pro of:  First note that since s + 2, whtt 1(mod 2°) for any
odd integer w. Thus from (14) R(d;g) = O if d 6 1(mod 2°). For d
1(mod 2%), one may choose solutions of w"*1 d(mod 2°) in (14) of the
formf (1+4t)j1 t 25 2g. From the negative binomial expansion

@+20"=1 n@o+ " Loz
one nds
n(l+4t)+ d(1+4t) " n+d+4tn(l d)+2 3t n; ! (2x)2 (mod 2 **):

n +1

In particular from (14), R(d;g) = 2=z (S* + S ) where

2
S = q(n+d+4t(1 d)n+2 +3t):
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For + 3,

2

tn(1 d)=2°
S* = g+d 22(2 ) = 25 2 S+d
t=1

ifd 1(mod2 2)andotherwiseO.Similarly S = 25 2 ("* 9 or 0 accord-
ingsasd 1(mod 2 2) or not. A routine calculation givesthe expressions

for R(d;q) for + 3 as stated in the proposition. For = + 4 above
though,
2
+ _ n+d t(n(@ d)=2°)+2° 3) _ s 2 n+d
S’ = q 2s 2 =2 q
t=1

ifd 1+ 2 *1(mod 2 *?) and otherwise 0. This yields the expressionfor

R(d;q) when = + 4,
The analogoussituation for odd powers 225*1 s treated next. The com-
putation again breaks naturally into the cases > + 4and5 + 4.

Theorem 4. Letq=2 with =2s+1> +4 5
i) If = 1then

R(l; 128): ( 1)(n+3) =42(7n+l) :2( g£1+8 n) + 64u(1+8 n))

R(1;q) = ( 1)(n D=45(n +1) =2( ;(1+1n2 “ 4 ) u(11+ n2 4)) for > 7
i) If > 1then
2 - = 2 3 2 8
R(l,q) - (m) 1( 1)(n+l) 42(n + ) 2( ;J(l+ n )+ ) u(l+n )),
exeptwhen = +6
R(l,q) - ( 1)(n 3):42 (n+1) =2 3( gfﬁg n) + 64U(l+8 n)):

Furthermore, R(d;q) = 0if d 6 1(mod 2 *?) else R(d;q) is conjugate to
R(1; q) alove and determined from (2).

Pro of: | considerthe cases > rst. The last assertion of the theo-
rem follows in this casefrom Lemma 6. To compute R(1;q) when =1
s0s 3, one notes that the two solutions of w"*! 1(mod 2%) with
25jj(w"*t 1) in (15) may betaketo be (1+ 25 1). With k=2 ' 1)n
onehask 1= 2vwithvodd, andn(1+ 25 1)+ 1+25 %) " n@l+

25 )+ (1+25H n+ 1+ I;2252(mod2)f0rs>3,soR(1;q):
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(12t e R , G ) immediately from (15). When s =
3, onereadily getsR(1;128)= ( 1) 2= ( oM+ ¥y instead.
To compute R(1;g) whens> > 1, onemay choosesolutions of w"*1
1(mod 25*1) in (16) of the form f (1+ 25 *1t)j1 t 2 g, and write

+1

R(1;q) = ( 1) 2"7(S* + S ), where

1
S = X (n@@+21ty+@a+2 Tty M),
- 2

t=1

with j = s +1 2. Toewaluate S* note for k = (2 ' 1)n that
nl+2t)+@1+2t) " n@+2t)+(1+2t)* n+1+2 H;(t) (modq),
S0

H; (t 2 _t

S+ — g+1 21(): g+1(W) 12 > I8(v
t=1
(exceptS* = 2250 X if =9and = 3.) by Lemma 7 as before. This
yields the desired expressionfor R(1;q) in (ii).

Next considerthe case + 5 2 +1so s 4.By Lemma6

we may taked = 1+ 25*1 for someinteger . The solution set for w"*!
d(mod 25*1) in (16) may be chosenasf (1+ 4t) j1 t 25 2g with

R(d:q) = ( 1)"+2"2(S* + S ) where
2
— 1+4 t)+ d(1+4t) M).
s = o (N O dasay 1),

t=1
Now one gets similarly as before that

2

= 1+ 2s% kt+1+ 25*1)2  SHa(t) _
S+ — g+ + A 2 =0
t=1
for ord, s by Lemma 3, and alsofor S . Thusif R(d;q) 6 0 here,

d 1(mod 2 *?) soR(d;q) is conjugate to R(1;q) again as assertedin the
last statemert of the theorem.

To compute R(1; g) using (16) onemay take solutionsfor w"**  1(mod 25*1)
of the formf1+2tj 252 t 252 1g OnehasR(l;q) = ( 1)+

n

2"z (S* +S ), with S* and S asin (21) and (22). Once again one nds

25x3 1 2X 4
+ _ n+l Ha(t% _ n+lo +1 s Ha(t)
ST =g 2 2= q 2

t0= 2s 3 t=1

2 1 1 2 1 3
- 27 n+l kv — lZT (n+1)(1+ n2 )
(=) it =) §
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3
since s 4;andsimilarly, S = (&) 127 o "DEr 02 ): Thus

R = (D27 (y0 2 D ez ),

The soleexceptionoccursfor = +6, 5whenS* = 2= 28" g
R(1;0) = ( 1)%23(n+1) 3( gél*'s n 4 64U(1+8 n)):

The proof of the theorem is now complete.

For small odd valuesof with > 0 one nds herethat
Prop osition 6. Letq= 2 with > 3odd. For < + 2,

R(d;Q) - ( 1)(n+d):2 12?(n+1) 1 ifd 1(m0d 2 l) :
0 otherwise.
For = +2
H 1 2

R(d:q) = 0 ifd 1(mod2 *) or d6 1(mod2 <)

( DD T2z ) 1 i g 142 2(mod2 1):

n+l

Rig= {1

27(n+1) 2( g+d+ q(n"'d)) if d 1(mod 2 2)
if d6 1(mod2 ?2):

For = +4

R(d:q) = ( 1)%27(n+1) 2( g+d + q(n"'d)) if d ]-_+ 2 3 (mod 2 2)
0 otherwise.

The sole exception occurs for = 1 where

R(;32)= (D277 (4 %+ 5 %) ifd 5(mod8)
0 otherwise.

Pro of: Here > 1 (except asnoted last) and s+ 1 + 2 sow"*!
1(mod 25*1) for any odd integer w. Thus from (16) R(d;q) = 0 if d 6
1(mod 25*1). For d  1(mod 25*') one may choose solutions of w"*!
d(mod 25*1) in (16) of the form f (1+ 4t) j1 t 25 2g. The proof
proceedsas that for Proposition 5 to obtain the expressionsfor R(d;q) as
stated in the proposition, including the exceptionalcase =5, = 1 using
(15).

I concludewith an exampleillustrating Theorems 3 and 4 and Proposi-
tions 5 and 6 above.

Example 2. Considerthe casen = 3 with g= 32;64;128and 256. Here

= 2with u=1andf = 2. Dﬂgct calculation using (16) yields p_

R(1;32)= R(17;32)= 256 2and R(9;32)= R(25;32)= 256 2. The
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valuesR(d;32) = 0 for d 6 1(mod 8). This is in agreemei with the values
givenin Proposition 6. Also from (14), one obtains as expected from Propo-
sition 5 that R(9; 64) = 2! cos2- with R(d;64) conjugate to R(9; 64) if d
9(mod 16) and othervﬁiseequalso. Theorem 4 applieswhenqg = 128.Hereone
nds R(1;128)= 2!2" 2cosi3- with conjugatesR(d;128)for d 1(mod 16)
determined from (2). If d 6 1(mod 16), R(d;128) = 0. Theorem 3 applies
when g= 256 where s = 4. From (14) one obtains R(1;256) = 2'* cosZ; as
expected, with conjugatesR(d;256) for d 1(mod 16) determined from (2).
If d6 1(mod 16), R(d;256)= O.

Using Smith's [7,15]formulas, | have tabulated below the non-zerovalues
R(d;q), onefor eadh n + 1-st power classmodulo g, for seweral small values
of n and small powersq= p ( > 1) with > 0. The explicit calculations
conrm the valuesobtained from Theorems1-4 and Propositions 2, 5 and 6.

n=2:R(1;9= 94 R(49)=9 2, R(7;9)= 9with z2=f 1g
R(1;27)= 27 ¢i Bwith Z,3=1f 1, 8 10g
R(1;81)= 81 i 3with zg3=f 1, 8 10, 17, 19; 26, 28; 35 37g

n=3:R(4 = R(34 = 8 R(1;8 = R(58) = 32; R(5;16) =
R(13;16)= 128 D
R(1;32)= R(9;32)= 256 2with Z,3= 11,179
R(9;64) = 2 coq3 =8) with Zf = f1;17,33,49g
R(1;128)= 212" 2coq13 =16) with Z,5; = fxjx  1(mod 16)g
R(1;256)= 2" coq7 =32) with Z,& = fxjx 1(mod 16)g

n=>5: R(3;4)p: R(1;4) = 32; R(7;8) = R(3;8) = 256; R(1;16) =
R(5;16)= 210" 2

R(5;32)= 2¥cog5 =8) with Z,3 = f1,9;17;25g

R(1;64)= 2" 2coq =16) with Z¢Z = fxjx 1(mod 8)g

R(1;128)= 29cog27 =32) with Z;53 = fxjx 1(mod 8g

R(1;9) = R(7;9) = 243,R(4;9) = 486;

R(1;27)= 2 3cog4 =9) with Z,8 = f1,10,19

R(1;81)= 23" 3sin(22 =27))with Zg8 = f1,10; 19; 28; 37, 46; 55; 64; 739

n=7:R(14) = R(34) = 128;R(1;8) = R(5;8) = 2'%; R(1;16) =
R(9;16)= 2%, R(25;32)= ,R(9;32)= 29,
R(1;64)= R(17;64)= 2%" 2 with Z48 = f1;33gy
R(17;128)= 2%7cog3 =8) with Z,5; = f1;33,65,97g
R(1;256)= 230" 2cog3 =16) with Z,& = fxjx 1(mod 32)g
R(1;512)= 2% cog7 =32) with Z:§, = fxjx 1(mod 32)g

n=8:R(1,9) = 3, B(4:9) = 3% 3, R(7;9) = 38 Zwith z2=f 1g D
R(1;27) = 3%i 33, R(10;27) = 3%i 3% R(19,27) = 3% 3
with 2,2 =f 1g
R(1;81)= 3 g with Zg) =f 1, 28 559
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R(1;243)= 32t 12 with Z,3; = fxjx 1(mod 27g

n=9:R(3;4)= R(L:4) = 2% R(7:8)= R(38)= 2%
R(1;16)= R(5;16)= 28 2with Z,Z= 1,99
R(5;32)= 2% cgs(? =8) with Z,3 = f1,9;17, 259
R(1;64)= 2% 2coq7 =16)with Z43 = fxjx 1(mod 8)g
R(1;128) = 2% cog13 =32) with Z,3; = fxjx 1(mod 8)g
R(1;25) = R(6;25) = R(14;25)= R(4;25)= 5° 2cog4 =5); R(16;25) =
2 5°with Z,3°=f 1g
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