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Abstract. Fix anintegerm > 1, and let Z,, denote the group of reduced residues
modulo m and set , = exp(2 i=m). Let x denote the multiplicativ e inverse of x
modulo m. The n-dimensional Kloosterman sums are de ned by

REGm) = e 0 (42 7,),

X130X n2Zp
and satisfy the polynomial
fm(x)=  (x R@m)=x ™+eax ™ T+ +c )

where the product is taken over a complete system of residues modulo m. Here |
give a natural factorization of f, (x); namely,

Y ()
fm(x) = fm "(x);
22, =(Zp )"

where runs through the n + 1-st power classesmodulo m. Questions concerning
the determination of the factors f )(x) (or at least their beginning coe cien ts),
their reducibilit y over the rational eld Q and duplications among the factors are
studied. The treatment generalizesresults of the author in the classical casen = 1,
and relies heavily on the recert explicit evaluation of hyper-Klo osterman sums for
prime powers.

Mathematics Subject Classi c ation 11L05, 11T24

1 Intro duction

For a xed integer m > 1, let Z,, denote the group of reduced residues
modulo m and set , = exp(2 i=m). For n 1, the n-dimensional (or
hyper) Kloosterman sumsare given by

X
R(d;m) = pt txerdoa ) (1 d o m;(d;m) = 1); (1)
X1;X2:5X n2Z,
where x denotesthe multiplicativ e inverseof x modulo m. The Klo osterman

sums (1) satisfy the polynomial

Y
fm(x) = x R@E@m)=x M+ex ™ e +ecy; (2
d27

m
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and are intimately related to the classicalGausssums

X
G()= ) m ®)

X272

m

for numerical characters de ned modulo m. Indeedit is known [3,12] that

o 1 X net .
R(im) = —5 (@G()"; (4)

where denotesthe complexconjugate of and the summation is taken over
all characters modulo m. (Actually (4) is given for prime powersin [3] but
the more general caseis an easy consequenceof Proposition 1 of section 2
here and the product formula for Gausssums [Exercise4, p. 336, 2].)

The Klo osterman sums and their generalizationshave beenwidely stud-
ied, particularly their connectionsto modular forms [11,15]. Fisher and Wan
[16] have studied the Klo osterman polynomial de ned over nite elds, but
little attention had beengivento (2) de ned over residuerings modulo m, so
in a recert paper [6] | gave a canonical factorization of (2) for the classical
Klo osterman sums (the casen = 1); namely,

Y
fm(X) = f4(%);
2Z,=(Z24)2

where runs through the various square classesmodulo m. There questions
concerningreducibility and duplication amongthe factors £ )(x) were stud-
ied, as well as the problem of explicitly computing ead non-trivial factor
r(n)(x). Here | considernatural extensionsof the results in [6] for the higher

dimensional Klo osterman sums (1).
In section21 rst givethe analogousfactorization of f ,, (X) in (2); namely,

Y
fm(x) = £57(0)
22, =(Zp )"

with  running through the various n + 1-st power classes(mod m), and
mertion someimmediate consequencesf the product formula (Prop osition
1in section 2) for the Klo ostermansums.In particular, the determination of
agivenfactorfé1 )(x) is found to rely on the prime power casem = p . Using
someelemenary class eld theory and the theory of Lagrangeresolvents [5, 6,
10], this fact is exploited in section 3 to establishlocal criteria to determine
reducibility and duplications among the factors £ )(x). Section 4 details
consequence®f the author's recernt explicit evaluation [9] of R(d;p ) for
prime powersp with > 1. In particular, the non-trivial factorsfé )(x) of
fp (X) are expressedn terms of period polynomials for ordinary and twisted
Gaussperiods|[4, 5, 7, 8]. In the last section, questionsconcerningreducibility
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and duplication among the factorsfrs1 )(x) of f m (X) are examinedin general
for composite m.

| consideronly the ordinary multi-dimensional Kloosterman sums here.
There are natural extensionsof the theory for certain twisted Klo osterman
sumsas well asfor Klo osterman sumsde ned over residuerings of algebraic
integers. These generalizationswill appear in a sequel.

2 Factorization of the Klo osterman polynomial f, (x).

Here | give a canonical factorization for f,(x) in (2) and product formulas
for the higher dimensional sums (1) into prime power componerts and for
their corresponding sums of powers.

First note that for (a;m) = 1, if , denotesthe action of Q( ) induced
by sending m ! &, then it is readily seenfrom (1) that

a(R(d:m)) = R(da"*™* ; m); (5)
since
a(x1+ +Xxp)+ad(xy Xn) — axi+ +axp+a'*td(ax; axp).
m m .

Thus R(d;m) is xed by the actions . wherec"*'  1(mod m), soliesin a
eld K contained in Q( m) with G(K=Q)"' (Z,,)"*'. In any case,it follows
from Galois theory that f, (x) factorsin Z[X] as

Y
fm(x) = £57(0) (6)

27, =(Zy)"

with ead factor
Y
£4)(x) = (x R(dm)=x"+c)x 1+ +q’ (7
d2 (Zm)n+1

irreducible or a power of an irreducible, and of degreek = [K : Q] = jZ,,"*'j.

Now write m = p;* p,* asa product of distinct prime powers with
p1 < p2 < (5 prand >0 i r).AsZ,=(Z,)"* is canonically
isomorphicto ir:l Zpi i :(Zpi') n*lviathemap ! ( p,;i p ) Where o
isthe image i( ) underthe projection ; :Z.,=(Z,)"" ! Z, . =Z,1) n+l
givenby (d(Z,,)"*!) = dz, ) n+l. onemay identify eac n+ 1-st power
classby its signature ( p,; ; p, ) in terms of the p-componerts , . To
illustrate | provide someexamples.

Example 1. Considern = 1with m = 16 3= 48, whereZ,3 = f 1, 25g,
sothere are @ = 8factors of f 43(x) in (6), eat of degreetwo. In the iden-
tication Z,5=Z,3"' Z,s=Z,% Z3=Z3%, onemay choosel; 3;5;7 to represer
the squareclassesmodulo 16 and 1; 2 to represen those modulo 3. Thus 13
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has signature ( »; 3) = (5;1) since 13Z,% = f13;37g contains an elemer;
namely 37, simultaneously congruert to 5(mod 16) and 1(mod 3). One nds

fag(x) = (X2 32)(x2 128) x% x2 (x> 32)(x* 128) x? x?

with respectivefactorsf &1; f 1:2);f G:1): § 3:2) § 6:1). § 6:2); § (1) gnd f (732
Here there are non-trivial duplications f 1) = f 1) and f 332 = § 62 and
reducibility when , = 3 or 7.

Example 2. Now considern = 9 with m = 8 25= 200 where Z,3§ =

f1;49g, sothere are @ = 40 factors of f y90(X) in (6), eat of degreetwo.
Choosing1; 3; 5; 7 to represen the squareclassesnodulo 8 and 1; 6; 11; 16; 21,
2;7,12;17, 22 to represert the 10-th power classesnodulo 25 in the identi -

cation Z,00=Z,30 "' Z4=Z% Z,5=Z,%; one nds factors f{,)(x) satisfying

FBD) - £ (36) _ ¢ (i11) _ ¢ 3521)

_ 2 14 =9 28 18,
200 200 200 200 (X) =X 2 5x 27 57

7:1 7:6 7;11 7;21
fz(oo)—fz(oo)—fz(oo )—fz( )(X)_X + 214 5% 228 gls.

3,16 ;16 —
fao (x) = (x+ 2 5921507 (x) = (x  2° 5°)?

and all remaining factors x2. Here there are non-trivial duplications when
5 = 1;6;11 and 21, while non-trivial reducibility occurswhen 5= 16.
Example 3. Now considern = 8 with m = 4 27 = 108 where
Z,3 = f 1; 53y, sothere are -% = 9 factors of f108(x) in (6), each
of degree4. Here Z,° = Z, sowe may choose 1; 85;61; 37; 13;97; 73; 49 and
25 to simultaneously represent the 9-th power classesmodulo 27 or 108 in
the identi cation Z,05=Z,3% ' Z4=Z,° Z,,=Z,3. One nds f{)(x) satisfying

:I(_:é)B( ) — f](_g;) (X) - X4 + 216325X2 + 232350 ](_g:;) (X) — (X 216325)2

fios (X) = fiog () = Figg (x) = fiog () = fiog (x) = f1og (x) = x*
Here there are non-trivial duplications when 3 = 1 and 37, while non-trivial
reducibility occurswhen 3= 73.

The reducibility and duplications amongthe factors f § )(x) in the exam-
ples above will be seenlater in section5 to be consequencesf the following
product formula.

Prop osition 1. (Product Formula) For any (d;m) = 1,
Y .
R(d;m) = R(di;p')
i=1
with d; uniquely given by the congruences
d dm)"™* modp’ (1 i ) (8)

wheem; =mp;, ' (1 i r).
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Pro of: Obserwe that the product of the

X
R(di;p ') = ml(xll"' +Xin +diXi1 Xin ) a i

R(diip ') = LR )
i=1 Xij ZZp |;1 i ;1) n

where| have set

Xj = MyXyj + +mex; for 1 j n (20)
and Vi = midixiz  Xin for 1 i r:
Since the congruencesx; m;x; (mod p;') (1 [ r) have a unique

solution x; (mod m) for ead choice of x; relatively prime to p;' (1
i r), it follows from the Chinese Remaninder Theorem that for ead j,
Xj = MyXyj + + m;X,; runs through a reducedsystem of residuesmodulo
m asthe x; independertly run through a reducedsystemof residuesmodulo
p' (1 i r). Moreover from (10), x1  Xn  (Mi)"Xi1  Xin (MOd P, ")
(I i r),sodxs Xxn midiXjzs Xjp oryi(modp; ') (1 i r) precisely
when (8) holds. Thus dx;  Xp midiX11  X1n + + myd X1 Xen

y1 + + y; (mod m), again by the Chinese Remainder Theorem. Hence
the right-hand side of (9) is

X X1+ +Xp+dxi X
m " " = R(d;m);

X1, Xn2Zp,

which completesthe proof of the proposition.
Now considerthe power sumsassaiated with ead factor £ )(x),

X )
s )(m) = R(d;m) (j > O): (11)
d2 (Zm)n+1

Then the power sums S; (m) assaiated with f, (x) satisfy for j > 0,

X j X ()
Sj(m) = R(d;m) = S “(m): 12)
d2z,, 22 =(Z )"t
Expressing = ( p,;:5 p,) in terms of its p-componerts p, as before,

one nds that the power sumsSj( )(m) and S; (m) factor nicely asa product
of their respective prime power componerts.
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Theorem 1. With notation as atove for any j > 0,

Oz | gl Y
S '(m=§ "(p') and S (m):’ Si(p'):

i=1 i=1

P _

I:,Pro of: From the product formula one ?gds S’»(D )(m) = @2 @z, R(d;m)!
= @2 @z, i R equalto TLy g, g ) ea RGP
upon comparingterms, by the ChineseRemainderTheorem,sinced 2, (Z,, 1) n+l
(L i r)from (8). Thusthe rst product identity holds, and the second
follows similarly by consideringall d with (d;m) = 1.

The following corollary immediately follows from Theorem 1 upon natu-
rally identifying Z,,, with Z,, when m is odd, and using the fact R(1;2) =
( 1)n+1_

Corollary 1. For oddm > 1, fz(m) (x) = ( DDk O 1)+l y),

3 Consequences of the product form ula.

Herel examinethe extent to which duplications and reducibility that appear

among the factors f & )(x) of f , (x) in (6) are determined locally by the sig-
nature = ( p,; ; p ). Using Proposition 1 and Theorem 1 it is easyto

determine the conditions for a given factor f,% )(x) to equal XX (necessarily
somecomponert sum Sj( p)(p ) equalsO for all j > 0). Non-trivial duplica-

tions £ (x) = f& " (x) occur for = ( py;in p) and 0= ( o g in

Z.,=Z,"*! preciselywhen SJ-( p)(p ) = Sj( p)(p ) (j > 0) for all primes pjm.
Thus

Prop osition 2. All duplications among the factors i )(x) are completely
determined locally by the signatures = ( p,;5 p, ).

The splitting of a given factor fi )(x) in Z[x], howewer, is completely
determined locally by its signature = ( ,;:5; p,) only if

Y
degR(d;m) =  degR(di;p ') (13)

i=1

holds for R(d;m) and its constituents R(di;p;') in Proposition 1 where
d2 z[". For instance,in Example 3, onepnds from Prop?,'sition 1 that
R(1;108) = R(3;4) R(1;27) = ( 28i)( 3%i 33) 28312" 3 3 has de-
greed over Q, whereasR(73;108)= R(3;4) R(19;27)= ( 28i)( 3% 3)=

28312" 3 has only degree2. Sof {L(x) is irreducible, but {2 (x) factors
since (13) fails.
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I wish to establish criteria to determine when (13) holds. For this pur-
pose |l require some elemenary class eld theory and a generalization of
the argumert regarding "Lagrange” resolverts made in [6] (seealso the Ap-
pendix of [5]). Consider a congruencegroup H de ned modulo m and of
conductor f (H), and let L be the subeld of Q( ) corresponding to H
through class eld theory, say with [L : Q] = k. Choosecosetrepresertativ es
t1 = Lty it in Z,, for Gal(L=Q) with ead t; relatively prime to k, and

any elemert  in L. Label the conjugatesof as ;= ()@ 1 k),
where  denotesthe automorphism of L=Q induced by sending n ! |,.
Finally, set
Xk
T()= (ti) (14)

i=1

for any character annihilating H. Then
1 X :
= WTO @ ik

the sumtakenover annihilating H. One nds in this setting (chiey Propo-
sition 3 in [6]) that

Prop osition 3. The (1 i k) aredistinct if T( ) 6 O for all anni-
hilating H with conductor f ( ) > 1 satisfying (f (H)=f( );f( )) = 1 wher
f(H)=f( ) is squae-free.

Now chooseany din Z,"*! for which = R(d;m) 6 0. By Proposition
1, isthe product of non-zeroR(d;;p,’) (1 | r), whereead R(d;;p;’)
generatesa subeld K; of Q( b, ;) of degreee, which corresponds to a
congruencesubgroup H;j de ned modulo p;'. Hered;  d(m; )"+ mod P’
(T j r),wherem; = mp | asbefore.Now liesin K, the compositum
of the elds K;, which correspondsto the congruencegroup H = \ H; con-
8deredasde ned modulo m, and there is a canonicalidenti cation Z,,=H"

i=1 Z,1=H

For any character annihilating H, T( ) in (14) takesthe form

X
T()= (9)R(dg"**; m): (15)
g2Z,, =H
Let = er:1 j denoteits corresponding decomposition into p-componerts,

whereead ; annihilates H; . Speci cally, we obtain ; (x) for any x in Zp P
i

by setting j(x) = (x9 for x?satisfying x® x(mod p,’), x° 1(mod m;).

If hasconductorf( )= p,* p," whereO i i, then ; hasconductor

pjj-
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Now considerthe sums

X _

T(j)= [(SR(ds";p ") (16)
$2Z | =H;

Pj
for j assciated to R(d;;p;") indl4) for Hj dened modulo p;’ above
(X j r). lassertthat T( )= jr:l T; ( j). Indeed a typical term from
the product on the right is

1(51)  r(s)R(chsT™pyt)  R(des;™ipr) = (S)R(dS™im) (17)
wheres satisess s; (modp’') (1 j ), sincethen

dsf™ ds"™*(m)"™* (modp’) (T ] 1)

satis es (8) in Proposition 1 from the choiceofthe d; (1 j r). But as

thes; (1 j r)independerily run through the cosetsof Zp ; =Hj, s runs

through those of Z,,=H. Thus the sum of the terms (17) isjuslt T().
Thus with notation as above | have shown

Theorem 2. For any character annihilating the congruene group H de-
ned modulo m alove and non-zero = R(d;m) in (1)

Y
T()=  T(j)
j=1
with sumsT; ( ;) asin (16) .

Applying Propositions 3 and Theorem 2 to the situation at hand yields
the following criteria for (13).

Prop osition 4. If T;( ;) 6 O for all ; with conductor f ( ;) = f(H;j) in
(16) (and T; (1) & Oif f (H;) = pj whee p; isodd), 1 j r, then

Y
degR(d;m) = degR(dj;p,’):
j=1
I now turn to the task of describing the situation in the prime power

casenext, enoughto determine the sumsT; ( j) above (at least whether zero
or not) to decide questions about duplications and reducibility among the

factorsfr% )(x) of f , (x) in general.

4 The prime power casep , > 1.

Here | examine what duplications and reducibility may appear among the
factors f,§ )(x) of fp (x) in (6) for prime powersp when > 1 using the
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author's recert explicit evaluation of the hyper-Kloosterman sums [9]. For

the most part ead non-trivial factor fé )(x) can be described in terms of
the minimal polynomial for an ordinary or twisted Gaussperiod. To this end
| rst mention some facts concerning the minimal polynomials for certain
Gaussperiods and their quadratic twists that will be needed.

First note that the quantity 2cos% = , + ,' ( 3) hasminimal
polynomial (chie y, Corollary 1 in [7])

3

Q)= (1
=0

2 22 2§ 5 2oy
— . X :

- (18)

2

When p is odd, let Qrpp y(X) and Uy, y(X) be the mirrgmal polynomi-
als for the Gaussperiod  ,,,(, ) p andits twisti "D (5 p

respectively, where H (p ) denotesthe group of f -roots of unity modulo p
e n?

with landfj(p 1),andi =i"—= . It isknown that both Qu )(X)
and Uy (p y(x) are irreducible of degree (p )=f, with beginning coe cien ts
and assaiated power sumsof zerossatisfying a polynomial dependenceon p.
The preciseresult may be found in [4, 5, 7, 8]. Moreover any such (twisted)
Gaussperiod generatesthe unique sub eld of Q( , ) of index f and conduc-
tor p .

When f = 1, Qyp )(X) is just the p -th cyclotomic polynomial

b ()= (D= T 1) (1)

p 1
2

Cex e Yy

whereg(z) = gpp(2) is the "Aurifeuille” factor of p(( 1)®* z2) determined
from (32) in [7]. Whenf = 2 closedform formulas are known [7]for Q (, y(X)
and Uy (, y(x) and for their assaiated power sumsof zeros.This is the situ-
ation for the classicalcasen = 1 discussedin [6].

I now give the KloostermansumsR(d;p ) for > 1 explicitly up to con-
jugacy. To best state theseresults | write n+ 1= p u for 0 and p qu,
and setf = gedn+ 1;p 1)if pisodd or f = ged(n + 1;2) if p= 2. For
odd primesp, H (p ) is the group of f -roots of unity modulo p above, where

= max( i 1).

For p= 2with =0,
R(1;2 = 1,R(1;4)= R(3;4)=( 1)™22" 4 and
R(1;2)=( 1) 9 12% 0 for > 2

With > 0,
R(1;2)= 1;R(1;4) = R(3;4)= ( 1)(n+D=2n
R(1;8)= R(5:8)=2"7":R(3:8) =R(7;8)=0if =1
R(1;8)= R(5;8)= 0; R(7;8) = R(3;8) = 2% i > 1
For3< < +2R(1;2)= R@+2 %2)=2z0*) 1

while  Upp y(x) = x Plg(( 1)
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For3< = +2;R(1+2 %2)= R(@ 2 %2)=( 1)7* 72200
For3< = +3; R(12)=R(1 u2 % ): (g)zfmﬂ) p2 2
(exceptwhen = 2; R(1;32): R(1 8u,32): (2)2°7" 2)

Ford< = +4; R(1+2 z(MD 208+ )
(exceptwhen =1 R(5; 32)— ( 1) 2% Ux2 oy 2y
For > +4>4 R(1;2 )|saconjugateof 2" 2c052—:

For odd primes p with 1< +landd 1(modp 1),
g (n+1) 1 P (n+d)x=p ' if
z if even
R(d;q) = p(l e o 1P e 1 (19)
) pz x2H(p) P it odd:

When > + 1lisewen, R(1;Q) is a conjugate of

n_+ X 2. —_ n+ 1 X X
p'T X or ()i Ppp SR
x2H(p ) P X2H(p )
according as n (mod 2) or not. When > + 1is odd, R(1;q) is
conjugate of
n_+ X . p_ n_+ 1 X
p2 p OF i "pp 7 (<)o (21)
x2H(p ) x2H(p )
accordingas n (mod 2) or not, where
( ( 1) .
(2) (4 D° if n even 22)
( p2) 1 1) if nodd:

For arbitrary d 2 Z, if R(d;q) 6 O then R(d;q) is conjugate to one of the
values above. The non-zero values R(d;qg) above are of maximal algebraic
degreek = qu“"lj, exceptfor R( n;g) wheng= p isodd with 1<

+ 1 and either (i) ewvenorn oddwith f 6 p 1,or (i) oddandn even
with f < (p 1)=2.

Theorem 3. Letq=2, > 1. Forn even,

2

fa) = ()= x2 "+ 2"2

For n andd odd, f{%(x)= x

fPx)=x 277 £ =x+2" if =1
) =x 2% it >1
n+d
with 3< < +2 f{x) =x ( 1)2—1220”1) lifd 1(mod2 1)
. _ Lo (@42 Y _ (n+1) 1
With = +2; f4 (xX) = x (1)2 127

with = +3 8 Y=t x)=2n+ 1Qex=2"7)

1
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with = +4; £ O(x) = 20+ 2Que(x=2"7):
With > + 4,

3 n_+
fM(x)=2n+ 2 Q, (x=2"77):

Theorem 4. Letq=p, >1 For > +1

(
epln * Je=2 x=p 7 if n mod 2
fc(ll) (X) = ep( n + l)e(:QZH(p )( p_ UL +) 1 P ( ) (23)
p Ui y(x=p~— =) if n 6 (mod2),
= (#) if evenorasgivenin (22) if is odd.
For 1< + 1,
2 (x fpzD 1)t if even
f§ M) = @ h ¢ e 1yBE (24)
q s (x (1) fpz ) if andn odd
(X2 ( 1)=f2p (0D 2)% if odd; n even;
wherasfor d 1(modp ') whend6 n(modp ),
£ () = epz("D DeQ o (1x=pz(™*D 1) if evenorn odd (25)
K pe *Un (p) ( 21%=p ) otherwise,
where
2 1 if even
1= 1) if odd; n odd

n(p 1) .
if oddn even

Tz ty2y g

Except for fé n)(x) in (24) above, all the polynomials mentioned in The-
orems 3 and 4 above are irreducible. For all other n + 1-st power classes

with > 1, fc(] )(x) = xk. Non-trivial duplication occursfor g even only with
2
= +3wheref{" (x) = §? J(x)=x2 2"* | and for q odd when
2 + 1 with £{(x) in (25) of Theorem 4.

5 Duplications and reducibilit y among the f { )(x).

Here | examine what duplications and reducibility may appear among the
factors f {, )(x) of fm(x) in (6) for composite m using the explicit results of

the last section. From Proposition 2 it is easyto determine whenf §, )(x) = xK
and what non-trivial duplication may arise. In particular, one nds in view
of the commerts at the end of section 4 that
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Prop osition 5. A factor fr(n )(x) = xK if and only if one of the following
local conditions hold:
(1) > + 1for someodd prime p with ;6 1.
(2 Nod 1(modp ?!)liesin ,Z,"** for someodd prime p with 2
+ 1.

B > +4>4forp=2with ,6 1.

(4) = +4>4forp=2with1+2 362 ,Z,"*".

(5) = +3>3forp=2withfl;1+2 2g\ ,z,"* =
6) = +2>3forp=2withfl 2 2g\ ,zZ,"*! =

(7)3< < +2forp=2withf1;1+2 g\ ,Z,"*' = |
(8) =3forp=2with3or72 ,Z,"""if =1,0r Lor52 ,Z,"* if
> 1.

Prop osition 6. Non-trivial factors f & K (x) = il )(x) for °6 if andonly
if for each prime p for which 86 p either

(i) $= 2=1ifp=2with = +3> 3 or
(ii) gp: b =1, but n623[ p, If pis odd with 2 + 1.
Now | take up the question regarding when a factor £l )(x) of fn(X) in
(6) splits as determined locally by its signature = ( ;5 p, ). In Exam-
(73)

ple 3, the additional reducibility for f 55’ (x) is seento arise from the fact
27j108with n= 82 192, there (chiey from (25) in Theorem 4). Com-
putational evidencesuggeststhe required condition (13) for £ )(x) to split
as determined locally holds provided the last choice (24) doesn't occur for
any of the constituents R(d;;p;') in the product formula for R(d;m) for
d2 z,/*1.Indeed,

Theorem 5. A given factor fi )(x) of fm(X) in (6) splits as determined by
its signature = ( p,;: p) If N 62 pr”+l for any odd prime pjm with
n even, oddand 2 + 1.

Pro of: From Propositions 1 and 5 it su ces to considern + 1-st power
classes such that ead constituent R(d;;p;') of R(d;m) isirrational for any
d2 Zz.,M". Thusin view of Corollary 1 and Theorem 3, if m is evenone may
assume4jm, and 2 *3jm when n is odd. Also in view of Theorem 4 and the
hypotheseshere one may assumefor any odd prime pjm with 2 +1
that n62 ,z,"*"*.

Q With theseassumptionson , chooseanyd2 Z "1 andwrite R(d;m) =

R(dj;p;") from Proposition 1. The proof involves shawing the criteria in
Proposition 5 are satis ed by the sums Tj( ;) given in (16). One recalls
that each componert R(d;j;p;') generatesa subeld K;j of Q( b i) which

correspondsto a congruencesubgroupH; de ned modulo p;* (1 j ). |
assertthat T;( j) 6 O for all characters ; of conductorf ( ;) = f (H;) (and
T(1)86 0if f(Hj) =pj) forl | r, thus yielding the statement of the
theorem from Proposition 5.
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| consideran odd prime p = p; rst. For corveniencehere| write =

i, H = Hj, etc. without the subscripts. From the explicit values given
up to conjugacy for R(d;p ) in section 4 one nds herein all caseswhen
> 1, that R(d;p ) up to conjugacy is an integer multiple of an ordinary
Gaussperiod of order f or a quadratic twist of such modulo p . Sincethe
conductor f (H) = p , Z, =H is canonically isomorphicto Z, =H(p ) soone
may chooserespresetativ ess modulo p to simultaneously denotethe classes

ofZ, =H andZ, =H(p ). Moreover, any character modulo p annihilating
H with conductor p when realized modulo p annihilates H (p ). Thus, for

any primitiv e character modulop (and for = 1when = 1) annihilating
H(p ), one nds up to an integer multiple that T( ) is a conjugate of
X X
(s) > = () 5 =6()
s2Z, =H(p ) x2H(p ) X227,
or
p_ X X xs p_ X X . p_
i Pp (s) CyrE=iP5 7w =i e ()
s;ZZp =H (p ) x2H(p ) P x22p P P

Since (5) has conductor p when doesfor > 1, both Gausssumsare
non-vanishing, soT( ) 6 0. (If = 1 the Gausssums above are non-zero
regardless.)

It remainsto considerthe case = 1 with p odd here.But the argumert
using Stickelberger'stheoremin the proof of Proposition 4 in [6] extendshere
forany fj(p 1)toshowT( ) 6 Oforany modulo pthat annihilates H (p),
including = 1.

Indeed, taking ; = R(dg"*™D(T Y;p) 1 i B2y in (14) for any
d 6 0(mod p) and primitiv e root g for p, one nds from (4) that

p 1 pt

X'a

% , 1 o X .
T()= @ hi= 1 @M (dg"*het Dyg( )"+t
i=1 p i=1
1 X )pTI ) 1 X
= — (dG( )" "o h= = (dG( )",
p 1 -1 P
since here

g ly= Bt
@ 0 otherwise.

n+l —

i=1
Expressingead numerical character modulo p in the last sumin terms of
the Teichmuller character, one readily conrms that T( ) 6 O from Stick-

elberger's Theorem [Theorem 11.2.1, 1]. Thus my assertion concerning the
non-vanishing of T( ) is con rmed for p odd.
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The argumernt when p = 2 is similar. Letting  denote the quadratic
character (x) = ( 1)** D=2 one nds herethat if has condyctor 2
then up to an integermultiple, T( ) is conjugateto either G( ) or 2G( ),
the latter occuring for n odd with > 4 odd. Both Gausssumsare non-
vanishingsoT( ) 6 0. The details are left to the reader. This completesthe
proof of the theorem.

The following corollariesinclude the classicalcasen = 1 whereit is known

[6] that ead factor £ )(x) of f y (x) is either irreducible or equalsxX.
Corollary 2. If n62 pr”+1 for all odd primes pjm with 2 + 1,
then &, (x) is either irr educible or equals x¥

Corollary 3. The principal factor f i) (x) is irr educible, exept equals x* if
for p= 2 either
i) =3 >1(Gi) = +2>3or(ii) = +4>4
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