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Abstract. Fix an integer m > 1, and set � m = exp(2� i=m). Let �x denote the
multiplicativ e inverse of x modulo m. The Klo osterman sums R(d) =

P
x � x + d �x

m

(1 � d � m, (d; m) = 1), satisfy the polynomial

f m (x) =
Y

d

(x � R(d)) = x � ( m ) + c1x � ( m ) � 1 + � � � + c� ( m ) ;

where the sum and product are taken over a complete system of reduced residues
modulo m. Here I give a natural factorization of f m (x); namely,

f m (x) =
Y

�

f ( � )
m (x);

where � runs through the squareclassesof the group Z �
m of reducedresiduesmodulo

m. Questions concerning the explicit determination of the factors f ( � )
m (x) (or at

least their beginning coe�cien ts), their reducibilit y over the rational �eld Q and
duplication among the factors are studied. The treatment is similar to what has
been done for period polynomials for �nite �elds.
Mathematics Subject Classi�c ation: 11L05, 11T24

1 In tro duction

For �xed integersa and m with m > 1 and (a; m) = 1, the Kloosterman sums
of order m are

R(a; d;m) = R(d) =
X

x

� a(x + d�x )
m 1 � d � m; (d;m) = 1; (1)

where� m = exp(2� i=m) and �x denotesthe multiplicativ e inverseof x modulo
m. (The sum is over a complete system of reducedresiduesmodulo m.) The
Klo osterman sums(1) satisfy the polynomial

f m (x) =
Y

d

(x � R(d)) = x � (m ) + c1x � (m ) � 1 + � � � + c� (m ) ; (2)

wherethe product is takenover a completesystemof reducedresiduesmodulo
m. The polynomial f m (x) is independent of the choice of a, so I will choose
a = 1 throughout.

The Klo osterman sums (1) and their generalizations have been widely
studied, particularly their connectionsto modular forms [9,13]. Little atten-
tion hasbeengivento the Klo ostermanpolynomial (2) though, sohereI study
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questionsregarding the factorization of f m (x) over the rational �eld Q, and
certain arithmetic properties of the n-th power sumsassociated to its factors.
The treatment is similar to what has been done for period polynomials for
�nite �elds [6,7,11].

I begin by stating results known for the casem = p, an odd prime, which
essentially date back to Salie [12]. For m = p, an odd prime, it is known that

f p(x) = f +
p (x) � f �

p (x) (3)

asa product of two distinct irreducible polynomials, each of degree(p� 1)=2,
where

f +
p (x) =

Y

( d
p )=1

(x � R(d)) = x (p� 1)=2 + c+
1 x(p� 3)=2 + � � � + c+

(p� 1)=2 (4)

and

f �
p (x) =

Y

( d
p )= � 1

(x � R(d)) = x (p� 1)=2 + c�
1 x(p� 3)=2 + � � � + c�

(p� 1)=2: (5)

Salie evaluated the power sums

S+
n (p) =

X

( d
p )=1

R(d)n ; S�
n (p) =

X

( d
p )= � 1

R(d)n (6)

and Sn (p) =
X

(d;p )=1

R(d)n = S+
n (p) + S�

n (p)

for small valuesof n. Namely,

S1 = 1; S2 = p2 � p � 1; S3 = (
� 3
p

)p2 + 2p + 1; S4 = 2p3 � 3p2 � 3p � 1;

S+
1 =

1
2

(1 + (
� 1
p

)p); S+
2 =

1
2

(p2 � 2p � 1) (7)

and

S�
1 =

1
2

(1 � (
� 1
p

)p); S�
2 =

1
2

(p2 � 1);

where (� ) denotesthe usual Legendresymbol.
Later, D. Lehmer[10]showed that

S+
3 = p2 + 2p(1 + 2(

� 1
p

)A2) or p2(2(
� 1
p

) � 1) + 2p
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and

S�
3 = p2 + 2p(1 � 2(

� 1
p

)A2) or � p2(2((
� 1
p

) + 1) + 2p

as p � 1 or 5(mod 6), where p = A2 + 3B 2 when p � 1(mod 6): But beyond
this, little elseis known in the casem = p.

Of course,from the Newton identities

cr = �
1
r

(Sr + c1Sr � 1 + � � � + cr � 1S1) for 1 � r � p � 1; (8)

one obtains the formulas

c1 = � 1; c2 = �
1
2

(p2 � p � 2); c3 = �
1
6

(p2(2(
� 3
p

) � 3) + 7p + 6);

and similarly,

c+
1 = �

1
2

(1 + (
� 1
p

)p); c+
2 = �

1
8

(p2 � 2p(2 + (
� 1
p

)) � 3);

c+
3 =

(
1

48 (5( � 1
p )p3 � p2(5 + 12( � 1

p )) � p(28 + ( � 1
p )(9 + 32A2)) � 15)

or 1
48 (5( � 1

p )p3 + p2(11 � 28( � 1
p )) � p(28 + ( � 1

p )9) � 15)

as p � 1 or 5(mod 6); and

c�
1 = �

1
2

(1 � (
� 1
p

)p); c�
2 = �

1
8

(p2 + 2(
� 1
p

)p � 3)

c�
3 =

(
1

48 (� 5( � 1
p )p3 � 5p2 + p(( � 1

p )(9 + 32A2) � 16) � 15)
or 1

48 (� 5( � 1
p )p3 + p2(11 + 16( � 1

p )) � p(16 � 9( � 1
p )) � 15)

as p � 1 or 5(mod 6), for the beginning coe�cien ts of f p(x), f +
p (x) and

f �
p (x) respectively.

Here I investigate the generalcasefor composite m, �rst giving a natural
factorization of f m (x) as in (3); namely,

f m (x) =
Y

�

f ( � )
m (x)

with � running through the various squareclasses(mod m) and each f ( � )
m (x)

either irreducible or a power of an irreducible over Q. The n-th power sums
S( � )

n associated with each factor of f ( � )
m (x) are seento be products of the

Salie sums(6) or their prime power analogs.Consequencesof Salie'sexplicit
evaluation of R(1; d;p� ) for prime powers p� with � > 1 are detailed next in
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section 3. In particular, the sumsS( � )
n (p� ) are explicitly given, together with

formulas for the corresponding factors f ( � )
m (x). In the last section, questions

concerning duplication and reducibilit y among the factors f ( � )
m (x) of f m (x)

are examinedin generalfor composite m. Evidencesuggestedthat f ( � )
m (x) is

either of the form xk or irreducible, and indeed I demonstrate this is always
the case.

I consideronly the classicalKlo ostermansums(1) here.There are natural
extensions of the theory for higher dimensional Klo osterman sums, hyper
Klo osterman sumsand certain Klo osterman sumsde�ned over residuerings
of algebraic integers.Thesegeneralizationswill appear in a sequel.

2 Factorization of the Klo osterman polynomial

Here I give a generalization of the factorization of f m (x) in (3) for any com-
posite m. First note that the set of conjugatesof a given Klo osterman sum
R(1; d;m) is

f R(a; d;m) = R(1; da2; m) j 1 � a � [m=2]; (a; m) = 1g;

since R(1; d;m) is sent to R(a; d;m) =
P

x � ax + ad �x
m =

P
ax � ax + a2 d�a �x

m =
P

x � x + da2 �x
m = R(1; da2; m) under the action induced by � m ! � a

m . Further,
R(1; d;m) is �xed by the actions induced by � m ! � c

m where c2 � 1(mod m)
and so lies in the �eld K which is the compositum of the real cyclotomic sub-
�elds Q(� p� + � � 1

p� ) for odd primes p where p� jjm and also Q(� 2� � 1 + � � 1
2� � 1 )

when 2� jjm with � > 3. In any caseit follows from Galois theory that f m (x)
factors in Z[x] as

f m (x) =
Y

� 2 Z �
m =Z � 2

m

f ( � )
m (x) (9)

with each factor

f ( � )
m (x) =

Y

d2 � Z � 2
m

(x � R(d)) = xk + c( � )
1 xk � 1 + � � � + c( � )

k (10)

irreducible or a power of an irreducible, and of degreek = [K : Q] = jZ � 2
m j. We

may distinguish the various squareclasses(mod m) by denoting the signature
of d, s(d) = (sp(d)) as a tuple of � 1's for each prime pjm, where

s2(d) = () if 2jjm or (
� 1
d

) if 4jjm or ((
� 1
d

); (
2
d

)) if 8jm

and

sp(d) = (
d
p

) for any odd prime pjm:
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A squareclass� Z � 2
m is then identi�ed by the common signature of any d in

� Z � 2
m .
To illustrate consider the casem = 15 = 3 � 5. then Z � 2

15 = f 1; 4g so k = 2
and s(d) = (( d

3 ); ( d
5 )). One �nds

f 15(x) = (x2 + 3x � 1)(x2 � 2x � 4)(x2 � 6x + 4)(x2 + 4x � 16);

with respective factors f (1 ;1) , f (1 ;� 1) , f ( � 1;1) and f ( � 1;� 1) irreducible and
distinct.

When m = 48 = 16 � 3, Z � 2
48 = f 1; 25g so again k = 2, now with s(d) =

(( � 1
d ); ( 2

d ); ( d
3 )). One �nds

f 48(x) = (x2 � 32)(x2 � 128)x2 � x2(x2 � 32)(x2 � 128)x2 � x2

with respective factors f (1 ;1;1) , f (1 ;1;� 1) , f ( � 1;� 1;1) , f ( � 1;� 1;� 1) , f (1 ;� 1;1) ,
f (1 ;� 1;� 1) , f ( � 1;1;1) and f ( � 1;1;� 1) . Here duplications and somereducibilit y
occurs.

Next consider the power sumsassociated with each factor f ( � )
m (x),

S( � )
n (m) =

X

d;s (d)= �

(R(d;m))n (11)

so
Sn (m) =

X

� 2 Z �
m =Z � 2

m

S( � )
n (m); (12)

where m = p� 1
1 � � � p� r

r as a product of distinct prime powers with p1 <
p2 < � � � < pr and � i > 0 (1 � i � r ). Then it is easily seenthat k = jZ � 2

m j
= � (m)=2r � 1, � (m)=2r or � (m)=2r +1 accordingas(i) 2jjm, (ii) m odd or 4jjm
or (iii) 8jm, respectively. Now identify each squareclass� = (� p1 ; � � � ; � pr ) ,
where� pi = spi (d) for any d in � Z � 2

m . Then the sumsS( � )
n (m) and Sn (m) fac-

tor nicely as a product of their respective prime power components. Namely,

Theorem 1. With notation as above,

S( � )
n (m) =

rY

i =1

S
� p i
n (p� i

i ) and Sn (m) =
rY

i =1

Sn (p� i
i ):

Before proving the theorem we require the following lemma.

Lemma 1. Let m = p� 1
1 � � � p� r

r as a product of prime powersas above. Then
for any (d;m) = 1, R(1; d;m) =

Q r
i =1 R(1; di ; p� i

i ) with di uniquely deter-
mined by the congruences

di � d( �m i )2 mod p� i
i (1 � i � r ); (13)

where m i = mp� � i
i (1 � i � r ).
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Proof: Now each R(1; di ; p� i
i ) =

P
x i

� m i (x i + di �x i )
m (1 � i � r ), so

rY

i =1

R(1; di ; p� i
i ) =

X

x 1 ;��� ;x r

� m 1 x 1 + ��� + m r x r + m 1 d1 �x 1 + ��� + m r dr �x r
m

=
X

x 1 ;��� ;x r

� m 1 x 1 + ��� + m r x r + d �d(m 1 d1 �x 1 + ��� + m r dr �x r )
m :

Sincethe congruencesx � m i x i (mod p� i
i ) (1 � i � r ) have a unique solution

x(mod m) for each choice of x i relatively prime to p� i
i (1 � i � r ), it follows

from the Chinese Remainder Theorem that x = m1x1 + � � � + mr xr runs
through a reduced system of residuesmod m as the x i independently run
through a reducedsystem of residuesmod p� i

i (1 � i � r ). To establish the
lemma it su�ces to show that �d(m1d1 �x1 + � � � + mr dr �xr ) equals �x precisely
when (13) holds. But x �d(m1d1 �x1 + � � � + mr dr �xr ) � m i x i

�dmi di �x i � m2
i

�ddi �
1( mod p� i

i ) if and only if di � d( �m i )2 (mod p� i
i ) (1 � i � r ), so the last

assertion follows readily from the ChineseRemainder Theorem.
Proof of Theorem 1 : From the Lemma S( � )

n (m) =
P

d;s (d)= � R(d)n =
P

d;s (d)= �

Q r
i =1 R(1; di ; p� i

i )n ; where di � d( �m i )2 (mod p� i
i ) (1 � i � r ).

Expanding the right hand side and comparing terms with those obtained in
expanding the product

Q r
i =1

P
di ;sp i (di )= � p i

R(1; di ; p� i
i )n one �nds equality

by the ChineseRemainder Theorem sincespi (di ) = spi (d) (1 � i � r ) from
(13). This establishesthe �rst product identit y. The latter follows similarly
by consideringall d with (d;m) = 1.

The following corollary is readily deducedfrom Lemma 1 and Theorem 1
above using Galois theory and the fact R(1; 1; 2) = 1 .

Corollary 1. For odd m > 1, f ( � )
2m (x) = f ( � )

m (x).

3 The prime power case m = p � , � > 1

Here I give explicit expressionsfor the sums S( � )
n (p� ) and formulas for the

factors f ( � )
m (x) for prime powersp� when � > 1, using the results of Salie[12].

To this end, I �rst mention somefacts concerning the minimal polynomials
for certain Gaussperiods and their quadratic twists [8] that will be needed.
Note that the quantit y 2cos(2� =2� ) = � 2� + � � 1

2� for � � 3 has minimal
polynomial Q2� (x) of degree2� � 2 given recursively by

Q8(x) = x2 � 2; Q2� (x) = Q2� � 1 (x2 � 2) for � � 4 (14)

since (2cos(2� =2� ))2 � 2 = 2cos(2� =2� � 1). The corresponding sums of n-th
powers of zerosof Q2� (x) are seen[8] to satisfy Sn = 0 if n is odd; otherwise
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for even n,

Sn = 2� � 2
�

n
n=2

�
+ 2� � 1

[n 21� � ]X

t =1

(� 1)t
�

n
(n � 2� � 1t)=2

�
: (15)

The polynomial Q2� (x) is just A2� � 2 (x) (chie
y , Corollary 1 in [8]), where

Ad(x) =
[d=2]X

n =0

(� 1)n d
d � n

�
d � n

n

�
xd� 2n (16)

is de�ned for any integer d > 0. Here [ ] denotesthe greatest integer function.
When p is an odd prime with � � 2, the quantit y 2cos(2� =p� ) = � p� + � � 1

p�

has minimal polynomial Qp� (x) of degree� (p� )=2 and sums of n-th powers
of zerossatisfying [8]

(17)

Sn =
�

n
n=2

�
� (p� )

2
+ p�

[np � � =2]X

t =1

�
n

n=2 � p� t

�
� p� � 1

[np 1� � =2]X

t =1

�
n

n=2 � p� � 1t

�

if n is even, or

p�
[np � � ]X

t =1 ;t odd

�
n

(n � p� t)=2

�
� p� � 1

[np 1� � ]X

t =1 ;t odd

�
n

(n � p� � 1t)=2

�

if n is odd. Its minimal polynomial is explicitly given (chie
y , Corollary 2 in
[8]) by

Qp� (x) = 1 +
(p� 3)=2X

j =0

Ap� � 1 (p� 1� 2j )=2(x): (18)

in terms of the polynomials Ad(x), with coe�cien t cr of x � (p� )=2� r for 1 �
r < � (p� )=2 given by

[r p1� � ]X

j =0 ; j � r (mod 2)

(� 1)t j
p� � 1( p� 1

2 � j )

p� � 1( p� 1
2 � j ) � t j

�
p� � 1( p� 1

2 � j ) � t j

t j

�

and c� (p� )=2 = ( � 2
p ), where t j = (r � p� � 1j )=2:

Finally, consider the quantit y i � p
p(� p� + (� 1)(p� 1)=2� � 1

p� ) when p is an

odd prime with � � 2; where i � = i (p� 1) 2 =4. It has minimal polynomial
Up� (x) of degree� (p� )=2 with sumsof n-th powers of zerossatisfying [8]

Sn = pn= 2 � (p� )
2

�
n

n=2

�
+ p� + n= 2

[np � � =2]X

t =1

(� 1)t (p� 1)=2
�

n
n=2 � tp�

�
(19)
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� p� � 1+ n= 2
[np 1� � =2]X

t =1

(� 1)t (p� 1)=2
�

n
n=2 � tp� � 1

�

if n is even, or

p� � 1+( n +1) =2
[np 1� � ]X

t =1 ;( t; 2p)=1

(� 1)(p� 1)(1+ tp � � 1 )=4(
t
p

)
�

n
(n � tp� � 1)=2

�

if n is odd. The minimal polynomial Up� (x) is explicitly described in terms
of the coe�cien ts of the Aurifeuille factors of the p-th cyclotomic polynomial
xp� 1 + xp� 2 + � � � + 1. It has the form

Up� (x) = a(p� 1)=2pp� � 1 [( p+1) =4] +
[( p� 3)=4]X

j =0

a2j pp� � 1 j Bp� � 1 ( p � 1
2 � 2j ) (x) (20)

+
[( p� 1)=4]X

j =0

a2j � 1p(p� � 1 (2 j � 1)+1) =2Bp� � 1 ( p � 1
2 � 2j +1) (x)

in terms of the polynomials

Bd(x) =
[d=2]X

n =0

(� 1)n pn d
d � n

�
d � n

n

�
xd� 2n (21)

(chie
y , Corollary 3 in [8]), with coe�cien t cr of x � (p� )=2� r given for 1 � r <
� (p� )=2 by

p[ r +1
2 ]

[r p1� � ]X

j =0 ; j � r (mod 2)

(� 1)t j aj
p� � 1( p� 1

2 � j )

p� � 1( p� 1
2 � j ) � t j

�
p� � 1( p� 1

2 � j ) � t j

t j

�
;

where t j = (r � p� � 1j )=2 as before, and

c� (p� )=2 =

(
( 2

p )p� (p� )=4 if p � 1(mod 4)

(� 1)N ( 2
p )( � p)( � (p� )+2) =4 if p � 3(mod 4),

where N is the number of quadratic non-residuesof p in (0; p=2). Here the
coe�cien ts ai arise from an Aurifeuille factor

a0 + a2x + � � � + ap� 1x(p� 1)=2 +
p

px(a1 + a3x + � � � + ap� 2x(p� 3)=2)

of the p-th cyclotomic polynomial. The reader is referred to section 3 of [8]
for details.
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Now, from Salie[12] one�nds the Klo ostermansumsR(1; d;p� ) for � > 1
explicitly up to conjugacy. Namely,

R(1; 1; 4) = � 2, R(1; 3; 4) = 2
R(1; 3; 8) = � 4, R(1; 7; 8) = 4, R(1; 1; 8) = R(1; 5; 8) = 0
R(1; d;16) = 0 if d � 3(mod 4) or � 4

p
2 if d � 1(mod 4)

R(1; d;32) = 0 if d � 1; 3; 7(mod 8) or a conjugate of 16cos(2� =16) if
d � 5(mod 8),
and for � � 6, R(1; d;2� ) is a conjugate of 2( � +3) =2cos(2� =2� � 1) or 0 as
d � 1 or not (mod 8).

For odd primes p with � > 1, R(1; d;p� ) = 0 if ( d
p ) = � 1. If ( d

p ) = 1 then

R(1; d;p� ) is a conjugateof 2p�= 2cos(2� =p� ) if � even,of 2
p

pp( � � 1)=2cos(2� =p� )
if � odd and p � 1(mod 4) or of 2( � 2

p )
p

pp( � � 1)=2sin (2� =p� ) if � odd and
p � 3(mod 4).

The corresponding sums S( � )
n (p� ) are, in view of (15), (17) and (19),

tabulated below.

Prop osition 1 (i) S� 1
n (4) = (� 2)n , S(1 ;� 1)

n (8) = 0, S( � 1;� 1)
n (8) = (� 4)n

for n > 0.
S( � 1;� 1)

n (16) = 0 for n > 0, S(1 ;� 1)
n (16) = 0 or 2(32)n= 2 as n > 0 is odd or

even.
S( � 1;� 1)

n (32) = S(1 ;1)
n (32) = 0 for n > 0, S(1 ;� 1)

n (32) = 0 or

8n (4
�

n
n=2

�
+ 8(

[n= 8]X

n =1

(� 1)t
�

n
(n � 2� � 1t)=2

�
)

according as n > 0 is odd or even.
For � � 6, S( � 1;� 1)

n (2� ) = S( � 1;� 1)
n (2� ) = 0 for n > 0, and S1;1

n (2� ) = 0 or

2( � +1) n= 2(2� � 3
�

n
n=2

�
+ 2� � 2

[n 22� � ]X

t =1

(� 1)t
�

n
(n � 2� � 2t)=2

�
)

as n > 0 is odd or even.
(ii) For � � 2, S�

n (p� ) = 0 for any n > 0. For n even,

S+
n (p� ) = pn�= 2(

� (p� )
2

�
n

n=2

�
+ p�

[np � � =2]X

t =1

(� 1)(p� 1) t= 2
�

n
n=2 � tp�

�

� p� � 1
[np 1� � =2]X

t =1

�
n

n=2 � p� � 1t

�
)if � even or p � 1(mod 4); or

pn�= 2(
� (p� )

2

�
n

n=2

�
+ p�

[np � � =2]X

t =1

(� 1)t
�

n
n=2 � p� t

�
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� p� � 1
[np 1� � =2]X

t =1

(� 1)t
�

n
n=2 � p� � 1t

�
)if � odd and p � 3(mod 4):

For n odd with � even, S+
n (p� ) equals

pn�= 2�
p�

[np � ]X

t =1 ; t odd

�
n

(n � p� t)=2

�
� p� � 1

[np 1� � ]X

t =1 ;t odd

�
n

(n � p� � 1t)=2

�
�
:

For n odd with � odd, S+
n (p� ) equals

p(n� +1) =2 � p� � 1
[np 1� � ]X

t =1 ;( t; 2p)=1

(
t
p

)
�

n
(n � tp� � 1)=2

�
if p � 1(mod 4); or

(� 1)(p� 3)=4p(n� +1) =2 � p� � 1
[np 1� � ]X

t =1 ;( t; 2p)=1

(� 1)(1+ t )=2(
t
p

)
�

n
(n � tp� � 1)=2

�

if p � 3(mod 4).

From the above proposition, formula (16) and remarks at the beginning
of this section, one �nds f ( � )

p� (x) for � > 1 In particular,

f �
4 (x) = x � 2 f ( � 1;� 1)

8 (x) = x � 4 (22)

f (1 ;� 1)
16 (x) = x2 � 32 f (1 ;� 1)

32 (x) = x4 � 256x2 + 8192and

f (1 ;1)
2� (x) =

2� � 4
X

n =0

(� 1)n 2� � 3

2� � 3 � n
2( � +1) i

�
2� � 3 � n

n

�
x2� � 3 � 2n

for � � 6. For p odd, f +
p� (x) equals p�� (p� )=4 � Qp� (x=p�= 2) if � is even;

otherwise f +
p� (x) equals p( � � 1) � (p� )=4 � Up� (x=p( � � 1)=2) if p 6� 7(mod 8) or

� p( � � 1) � (p� )=4 � Up� (� x=p( � � 1)=2) if p � 7(mod 8) when � > 1 is odd, in
terms of the polynomials Qp� (x) and Up� (x) described before. In each of
thesecaseswith p odd, the �rst p� � 1 coe�cien ts of f +

p� (x) is seento satisfy

cr = 0 or (� 1)r =2p�r =2 � (p� )
� (p� ) � r

�
� (p� )=2 � r=2

r=2

�
(23)

according as r is odd or even with 1 � r < p� � 1.
Each of the aforementioned polynomials is irreducible . In all other cases

with � > 1, f ( � )
p� (x) = xk .
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4 Duplications and reducibilit y among the f ( � )
m (x )

Here I examine what duplications and reducibilit y may appear among the
factors f ( � )

m (x) of f m (x) in (9). Using Theorem 1 and the proposition above
it is easy to determine the conditions for a given factor f ( � )

m (x) to equal xk

(necessarilysomecomponent sumS( � p )
n (p� ) equals0 for all n > 0). Additional

duplications can occur among the factors f ( � )
m (x) when 16jjm for � 2 = (1; 1)

and (1; � 1). In particular, one notes the following.

Prop osition 2 A factor f ( � )
m (x) = xk if and only if one of the following

holds:
(i) p2jm for someodd prime p with � p = � 1
(ii) 8jjm with � 2 = (1; � 1)
(iii) 16jjm with � 2 = (� 1; � 1)
(iv) 32jjm with � 2 6= (1; � 1)
(v) 64jm with � 2 6= (1; 1).

Corollary 2. Factors f ( � 0)
m (x) = f ( � )

m (x) if and only if one of the conditions
(i)-(v) of Proposition 2 holds or 16jjm with � 0

p = � p for all odd primes pjm
and � 0

2; � 2 2 f (1; 1); (1; � 1)g:

Computational evidenceseemsto suggestf ( � )
m (x) is irreducible whenever

f ( � )
m (x) 6= xk . Indeed I can show this holds in full generality. For this I re-

quire someelementary class�eld theory and a generalizationof the argument
regarding "Lagrange" resolvents made in the Appendix of [5].

Consider a congruencegroup H of conductor m and let L be the sub�eld
of Q(� m ) corresponding to H through class�eld theory, say with [L : Q] = k.
Choosecosetrepresentativ est1 = 1; t2; � � � ; tk in Z �

m for Gal(L=Q) with each
t i relatively prime to k, and any element � in L . Label the conjugatesof � as
� i = � t i (� ) (1 � i � k), where � t denotesthe automorphism of L=Q induced
by sending � m ! � t

m . Finally, set

T(� ) =
kX

i =1

� (t i )� i (24)

for any character � annihilating H . Then

� i =
1
k

X

�

�� (t i )T (� ) (1 � i � k);

the sum taken over � annihilating H . Generalizing the argument in the Ap-
pendix of [5] one �nds in view of the lemma there that

Prop osition 3 The � i (1 � i � k) are distinct if T (� ) 6= 0 for all � an-
nihilating H with conductor f (� ) > 1 satisfying (m=f (� ); f (� )) = 1 where
m=f (� ) is square-free.
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In the classical casem = p, an odd prime, with primitiv e root g and
congruencegroup H = f� 1g of conductor p, one may chooset i = gi � 1 with
� i = R(1; dg2i � 2; p) (1 � i � (p � 1)=2) in (24) where d 2 Z �

p. One �nds here

Prop osition 4 With H = f� 1g modulo p and � i = R(1; dg2i � 2; p) (1 �
i � (p � 1)=2) as above, T(� ) 6= 0 for any even character � modulo p. In
particular, each � i generates Q(� p + � � 1

p ).

Proof: Fix a character  to generatethe group of numerical characters
modulo p. Any character which annihilates H is even and of the form  2v for
0 � v < (p� 1)=2. Using formula (59) in [12] to expressthe Klo ostermansums
for m = p in terms of the Gausssums G(� ) =

P
x 2 Z �

p
� (x)� x

p for characters

� modulo p and setting � = ( p ), one �nds

T( 2v ) =

p � 1
2X

i =1

 2v (gi � 1)� i =
1

p � 1

p � 1
2X

i =1

 2v (gi � 1)
p� 1X

j =1

� j (dg2i � 2)G( j )2 =

1
p � 1

p� 1X

j =1

� j (d)G( j )2

p � 1
2X

i =1

 v� j (g2i � 2) =
1
2

( � v (d)G( v )2 + � v � (d)G( v � )2);

since

p � 1
2X

i =1

 v� j (g2i � 2) =
�

p� 1
2 if j � v(mod p� 1

2 )
0 otherwise.

Choosing to bethe Teichmuller character onereadily con�rms that T( 2v ) 6=
0 for 1 � v < p� 1

2 using Stickelberger's theorem (Theorem 11.2.1 in [1]);
whereasT(1) = (1 � p)=2 6= 0 from (7). Thus T(� ) 6= 0 for any even charac-
ter � modulo p, and so the last assertionof the proposition follows now from
Proposition 3.

I now can establish

Theorem 2. Each factor f ( � )
m (x) of f m (x) in (9) is either irr educible or

equalsxk .

Proof: It su�ces to consider square classes� where no component sum
S( � p )

n (p� ) = 0 for all n > 0 in Theorem 1, and with 16jm if m is even, in view
of Salie'sresultsand Corollary 1. I assertthe corresponding factors f ( � )

m (x) are
irreducible. I consider the casem is odd �rst, and chooseany d in � Z � 2

m . Set
� = R(1; d;m), which by Lemma 1 is the product of R(1; dj ; p� j

j ) (1 � j � r ),
with each R(1; dj ; p� j

j ) generating the real sub�eld K j of Q(� p
� j
j

) of degree

ej = � (p� j

j )=2 by our assumptionson � above. Here dj � d( �m j )2 mod p� j

j

(1 � j � r ), where m j = mp� � j

j as before.Now � lies in K , the compositum
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of the �elds K j , and corresponds to the congruencegroup H = f x � � 1
(mod p� j

j ) (1 � j � r )g of conductor m.
Next choosegeneratorssj for Z �

p
� j
j

=(� 1) with sj prime to k and sj � 1

(mod m j ) (1 � j � r ). Any coset representativ e s in Z �
m =H can be uniquely

expressedsv1
1 � � � svr

r with 0 � vj < ej (1 � j � r ) via the canonical identi�-
cation Z �

m =H '
Q r

j =1 Z �
p

� j
j

=(� 1). Given a character � of Z �
m annihilating H ,

let � =
Q r

j =1 � j denote its corresponding decomposition into p-components,
where each � j (� 1) = 1. Speci�cally , we obtain � j (x) for any x in Z �

p� , by
setting � j (x) = � (x0) for x0 satisfying x0 � x(mod p� j

j ), x0 � 1(mod m j ). If �

has conductor f (� ) = p� 1
1 � � � p� r

r where 0 � � j � � j , then � j has conductor
p� j

j .

Now considerthe sum Tj (� j ) =
P ej � 1

v j =0 � j (sv j

j )R(1; dj s2v j

j ; p� j

j ) associated
to R(1; dj ; p� j

j ). I �rst assert that Tj (� j ) 6= 0 when � j has conductor p� j

j

(� j > 1). Indeed, in view of Salie'sresults R(1; dj ; p� j

j ) is up to sign conjugate

to i (p� � 1) 2 =4p�= 2(� p� + ( � 1
p )� � � 1

p� ), where for convenienceI put � = � j and
p = pj . Thus up to a fourth root of unit y Tj (� j ) equals

X

s2 Z �
p � =( � 1)

� j (s)(
s
p

)� p�= 2(� s
p� + (

� 1
p

)� � � s
p� ) = p�= 2

X

s2 Z �
p �

� j (s)(
s
p

)� � s
p� ;

just a non-zeromultiple of the non-vanishingGausssum
P

s2 Z �
p �

� j (s)( s
p )� � s

p�

since � j ( p )� has conductor p� . Note also that Tj (� ) 6= 0 from Proposi-
tion 4 for any even character � modulo p when � j = 1. I now assert that
T(� ) =

Q r
j =1 Tj (� j ). Expanding the right side yields a sum of terms

� 1(sv1
1 ) � � � � r (svr

r )R(1; d1s2v1
1 ; p� 1

1 ) � � � R(1; dr s2vr
r ; p� r

r )

= � (sv1
1 � � � svr

r )R(1; d(sv1
1 � � � svr

r )2; m)

by the choiceof sj and Lemma 1, onefor each choiceof exponents 0 � vj < ej

(1 � j � r ). But this sum is just T(� ).
Supposefurther that � has conductor f (� ) > 1 with (m=f (� ); f (� )) = 1

and m=f (� ) square-free.Then a given p-component � j has conductor p� j

j
or may be trivial if � j = 1, so satis�es Tj (� j ) 6= 0. Thus T(� ) 6= 0 as
claimed. From Proposition 3, it now follows that � generatesK with f ( � )

m (x)
irreducible.

The casem even is argued similarly, though now H has conductor m=2,
with K 1, the real sub�eld of Q(� 2� 1 � 1 ) of degree2� 1 � 2 corresponding to
the congruencegroup f� 1 (mod 2� 1 � 1)g. One choosess1 � 5(mod 2� 1 ) to
simultaneously generateZ �

2� 1 =f� 1; � 1 + 2� 1 � 1g isomorphic to Z �
2� 1 � 1 =(� 1)

with s1 � 1(mod m1) and � as before.The details are left to the reader.
This concludesthe proof of the theorem.



14 S. Gurak

References

1. B.C. Berndt, R.J. Evans and K.S. Williams, Gauss and Jacobi Sums, Wiley-
Interscience,New York, 1998.

2. Z. Borevich and I. Shafarevich, Number Theory, Academic Press, New York,
1966.

3. L. Gaal, Classical Galois Theory with Examples, Chelsea,New York, 1973.
4. S. Gupta and D. Zagier, "On the coe�cien ts of the minimal polynomial of Gaus-

sian periods", Math. Comp. 60 (1993), 385-398.
5. S. Gurak, "Minimal polynomials for circular numbers", Pac. J. Math 112 (1984)

, 313-331.
6. S. Gurak, "Factors of period polynomials for �nite �elds I", Contemporary Math

166 (1994), 309-333.
7. S. Gurak, "On the minimal polynomials for certain Gauss periods over �nite

�elds", in: Finite Fields and their Applications, S. Cohen and H. Niederreiter
(eds.), Cambridge Univ ersity Press, 1996, 85-96.

8. S. Gurak, "Minimal polynomials for Gauss periods with f = 2" (to appear).
9. H. Iwaniec, Topics in classical automorphic forms, Graduate Studies in Mathe-

matics, 17, American Mathematical Society, Providence, RI, 1997.
10. D. Lehmer, "Cub es of Klo osterman sums", Acta Arith. 6 (1960), 15-22.
11. G. Myerson, "P eriod polynomials and Gausssumsfor �nite �elds", Acta Arith.

39 (1981), 251-264.
12. H. Salie, "Ub er die Klo ostermanschen Summen S(u,v;q)", Math Z. 34 (1932),

91-109.
13. P. Sarnak, "Some applications of modular forms", Cambridge Tracts in Math-

ematics, 99, Cambridge Univ ersity Press, Cambridge, 1990.


