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Abstract. Fix an integer m > 1, and set n = exp(2 i=m). Let x dgnote the
multiplicativ e inverse of x modulo m. The Kloosterman sums R(d) =, »"%

(1 d m,(d;m)= 1), satisfy the polynomial

Y 1
fm()= (x R@)=x ™+cx ™ T+ 4
d

where the sum and product are taken over a complete system of reduced residues
modulo m. Here | give a natural factorization of f, (x); namely,

Y
fm(x)=  £5)(x);

where runs through the square classesof the group Z,, of reducedresiduesmodulo
m. Questions concerning the explicit determination of the factors £ )(x) (or at
least their beginning coe cien ts), their reducibilit y over the rational eld Q and
duplication among the factors are studied. The treatment is similar to what has
beendone for period polynomials for nite elds.

Mathematics Subject Classi cation: 11L05, 11724

1 Intro duction

For xed integersa and m with m > 1 and (a;m) = 1, the Kloosterman sums
of order m are

X
R(a;d;m) = R(d) = akrd) 1 d m; (d;m)=1; (1)

X

where , = exp(2 i=m) and x denotesthe multiplicativ e inverseof x modulo
m. (The sum is over a complete system of reducedresiduesmodulo m.) The
Klo osterman sums (1) satisfy the polynomial

Y
fm(x) = (x RA)=x M™+ex ™ 1+t 2
d

wherethe product is takenover a complete systemof reducedresiduesmodulo
m. The polynomial f , (x) is independert of the choice of a, sol will choose
a = 1 throughout.

The Kloosterman sums (1) and their generalizations have been widely
studied, particularly their connectionsto modular forms [9,13]. Little atten-
tion hasbeengivento the Klo ostermanpolynomial (2) though, soherel study
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questionsregarding the factorization of f , (x) over the rational eld Q, and
certain arithmetic properties of the n-th power sumsassaiated to its factors.
The treatment is similar to what has beendone for period polynomials for
nite elds [6,7,11].

| begin by stating results known for the casem = p, an odd prime, which
essetially date bad to Salie[12]. For m = p, an odd prime, it is known that

fo(x) = f5 () f, (X) ®3)

asa product of two distinct irreducible polynomials, eat of degree(p 1)=2,
where
Y

— — 1)=2 3)=2
fo(x)= (x R(d) =xP D2+ ex®P 924w (4)
(5)=1

and

Y
fo (x) = (X R@)=xP D2+ x® 9+ 4 gy, ()

(8= 1
Salie evaluated the power sums

X X
Sy (p) = R(A)" S, (p) = R(d)" (6)
(=1 (9= 1

X
and Sy (p) = R(d)" = S; (p) + S, (p)
(dp)=1

for small valuesof n. Namely,

$1=1,S=p> p 1, S3= (f’)pﬁ 2p+ 1, S4=2p° 3p*> 3p 1

S = 5+ (P S = 50 B ) )
and
S, =50 (S0P S, = 50 )

where () denotesthe usual Legendresymbol.
Later, D. Lehmer[10]showed that

S} = P2+ 2p(L+ 2(?1)/«2) or p2(2(?1> 1)+ 2p
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and
_ 2 1 .2 2 1
S; = p~+ 2p(1 2(?)A ) or p (2((F) + 1)+ 2p

asp 1or5(mod6), wherep= A%+ 3B2whenp 1(mod 6): But beyond
this, little elseis known in the casem = p.
Of course,from the Newton identities

c = Fl(Sr+015r 1+ +¢ 1S) forl r p 1 (8)
one obtains the formulas
1 1 3
a= L= Z(P* p 2;c= Z(PP2(—) 3)+ 7p+ 6);
2 6 p
and similarly,

6= SUr (MG = @ W) 9

(
. AG(HP P65+ 12(51)  p@s+ (1) + 3242)  15)
or L(B(-Hp*+ PRl 28(1)  p28+ (4)9) 15)

as p 1or5(mod6); and

6= S0 (GG = @A I

O ACB(HP 5p2+ p(()©@ + 3247 16) 15)
7 or L( 5()pt+ pA(1l+ 16(31) pL6 (L)  15)

as p 1 or 5(mod 6), for the beginning coe cien ts of f,(x), fg (x) and
fo (X) respectively.

Here | investigate the generalcasefor composite m, rst giving a natural
factorization of f , (x) asin (3); namely,

Y
fm(x) = 5 ()

with  running through the various squareclassegmod m) and eadh fr(n )(x)
either irreducible or a power of an irreducible over Q. The n-th power sums

() assaiated with ead factor of f, )(x) are seento be products of the
Salie sums(6) or their prime power analogs.Consequence®f Salie's explicit

evaluation of R(1;d;p ) for prime powersp with > 1 are detailed next in
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section 3. In particular, the sumsSr(1 )(p ) are explicitly given, together with
formulas for the corresponding factors f § )(x). In the last section, questions
concerning duplication and reducibility among the factors £l )(x) of fim(X)
are examinedin generalfor composite m. Evidence suggestedthat £ )(x) is
either of the form x¥ or irreducible, and indeed | demonstrate this is always
the case.

| consideronly the classicalKlo ostermansums(1) here. There are natural
extensions of the theory for higher dimensional Klo osterman sums, hyper
Kloosterman sums and certain Klo osterman sumsde ned over residue rings
of algebraic integers. These generalizationswill appear in a sequel.

2 Factorization of the Klo osterman polynomial

Here | give a generalization of the factorization of f ,, (x) in (3) for any com-
posite m. First note that the set of conjugatesof a given Klo osterman sum
R(1;d;m) is

fR(a;d;m) = R(1;da*m)j1 a [m=2];(a;m) = 1g;

P P
ince R(1;d;m) is sert to R(a;d;m) = ~ @*adx = ©  ax+a’dax -
o om da®x = R(1;da?;m) under the action inducedby n ! 2. Further,

R(1;d;m) is xed by the actionsinducedby ! ¢ wherec? 1(mod m)
and soliesin the eld K which is the compositum of the real cyclotomic sub-
elds Q(p + ) for odd primes p wherep jim andalsoQ( , 1+ ,',)
when 2 jjm with > 3.In any caseit follows from Galois theory that f , (x)
factorsin Z[x] as

Y
fm(X) = f& (%) 9)

27,,=2,2

with ead factor

Y
f{)(x) = (x R(d)=xk+c)x T+ +cl) (10)
d2 z,2

irreducible or a power of anirreducible, and of degreek = [K : Q] = jZ?j. We
may distinguish the various squareclassegmod m) by denoting the signature
of d, s(d) = (sp(d)) asatuple of 1'sfor each prime pjm, where

So(e) = 0 if 2m or () if djm or ((—5)i(5) if gim
and

Sp(d) = (g) for any odd prime pjm:
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A squareclass Z,? is then identied by the common signature of any d in
Z.2.
Toillustrate considerthe casem = 15= 3 5.then Z,2 =f1;4gsok = 2
and s(d) = (($);(2)). One nds

fis(x) = (x2+ 3x  1)(x2 2x 4)(x*> 6x+ 4)(x?+ 4x 16);

with respective factors f :D, £ D £ LD gnd £ & 1 jrreducible and
distinct.
When md: 48= 16 3,Z,3 = f1,25g soagain k = 2, now with s(d) =
((5):(3);: (). One nds
fag(x) = (x2  32)(x*> 128x% x?(x®> 32)(x? 128> x?
with respective factors f(l;l:l)’ f(l;l: l)’ f( 1; 1;1)’ f( 1 1 l), f(l: 1;1)'
f@ LD fC L5 gnd £ L5 D Here duplications and some reducibility

occurs.
Next considerthe power sumsassaiated with ead factor £ )(x),

X
S{ )(m) = (R(d;m))" (11)
d;s(d)=
SO X
Sn(m) = s{ ) (m); (12)
27,222
wherem = p;* p,r as a product of distinct prime powers with p; <
p2 < <prand ;>0 (L i r). Thenit is easily seenthat k = jZ ?]
= (Mm=2" 1, (m)=2"or (m)=2"*! accordingas(i) 2jjm, (i) m odd or 4jjm
or (iii) 8m, respectively. Now identify ead squareclass = ( p,; 5 p)

where p, = sp, (d) for any din Z,2 . Then the sumsSr(1 )(m) and S, (m) fac-
tor nicely asa product of their respective prime power componerts. Namely,

Theorem 1. With notation as alove,
S{)m)y= " S"(p') and Sp(m) = Su(p;'):
i=1 i=1
Before proving the theorem we require the following lemma.
Lemma 1. Letm=p,* p- as& product of prime powersas alove. Then
for any (d;m) = 1, R(1;d;m) = ir:l R(1;di;p, ') with di uniquely deter-
mined by the congruenes
d dmi)?modp ' (1 i r); (13)

wheem; =mp, ' (1 i r).
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P x4 dixe
Proof: Now each R(1;di;p, ') = miardx) ), so

X
N luf + o+ +ma1d + +m,d

. . — X X X X

FQ(], dirpil) 1X1 r Xr 101X r Or Xy

i=1 X1, Xr

— mixi+ +mex,+dd(midixas+ +m.drXx;)
m

X1; Xr

Sincethe congruencesx  m;x; (modp,') (1 i r) haveaunique solution
x(mod m) for eadh choice of x; relatively primeto p," (1 i r), it follows
from the Chinese Remainder Theorem that x = mix; + + m;X; runs
through a reduced system of residuesmod m as the x; independertly run
through a reduced systemof residuesmod p," (1 i r). To establish the
lemmait suces to show that d(mid;x; + + m;d; X;) equalsx precisely
when (13) holds. But xd(m;dix;+ + myd-x;) mix;dm;d;x; mizddi

1( mod p, ') if and only if di  d(m;)2 (mod p;') (1 i r), sothe last
assertionfollows readily from the ChineseRemainder Th(T:prem.

Proof&f Theorem 1 : From the Lemma S )(m) = gs= R(@" =

d:s (d)= ir:l R(1;di;p;')"; where d; d(m;)? (mod p,') (1 i r).

Expanding the right ha@j sidg and comparing terms with those obtained in
expanding the product ~{_; sp, ()= 5, R(LdiTP )" one nds equality
by the ChineseRemainder Theorem sinces,, (di) = sp,(d) (1 i r) from
(13). This establishesthe rst product identity. The latter follows similarly
by consideringall d with (d;m) = 1.

The following corollary is readily deducedfrom Lemma 1 and Theorem 1
above using Galois theory and the fact R(1;1;2)= 1.

Corollary 1. Foroddm > 1, f{)(x) = £ ().

3 The prime power casem =p , > 1

Here | give explicit expressionsfor the sums S )(p ) and formulas for the
factorsf $, )(x) for prime powersp when > 1, usingthe results of Salie[12].
To this end, | rst mention somefacts concerningthe minimal polynomials
for certain Gaussperiods and their quadratic twists [8] that will be needed.
Note that the quartity 2coq2 =2 ) = , + , L for 3 has minimal
polynomial Q, (x) of degree2 2 given recursively by

Qs(x) = x> 25 Q2 (x)=Qz :(x* 2) for 4 (14)

since(2cog2 =2 ))? 2= 2coq2 =2 1). The corresponding sums of n-th
powers of zerosof Q. (x) are seen[8] to satisfy S, = 0if n is odd; otherwise
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for evenn,

S,=2 2 " 4o X k 1)t "
" i (n 2 1)=2

(15)

The polynomial Q, (x) is just A, (x) (chiey, Corollary 1 in [8]), where

2]
Ag(x)= (1)
=0

n

d d n d 2n
d n n

(16)

is de ned for any integerd > 0. Here[ ] denotesthe greatestinteger function.

When pis an odd prime with 2,the quantity 2cog2 =p )=  + , !
has minimal polynomial Q, (x) of degree (p )=2 and sumsof n-th powers
of zerossatisfying [8]

17)

n P), e = n 1[np$( - n
n=2 2 P ) n=2 pt P n=2 p

Sh =

if n is even, or

g 1 0 . (g ] 0
P n pn= P (n p 1)=2

t=1;t odd t=1;t odd

if n is odd. Its minimal polynomial is explicitly given (chiey, Corollary 2 in
(8]) by
(Px3)=2
Qp (X) =1+ Ap 1p 1 2))=2(X): (18)
j=0
in terms of the polynomials Ag4(x), with coe cient ¢, of x (P )72 T for 1
r < (p )=2givenby

L B Gl DI Co P

1p_1 ) ;
i=0:j r(mod 2) p (5% ) g

andc (p y=2 = (TZ), wheretj = (r p 1j)=2

Finally, considerthe quartity i pr)( p + ( 1P D= 1)y whenpisan
odd prime with 2; wherei = (P D*= |t has minimal polynomial
Uy (x) of degree (p )=2 with sumsof n-th powers of zerossatisfying [8]

[npy  =2]
—_ AN=2 (p ) n +n=2 t(p 1)=2 n
Sn=p TP 1 n=2 tp

2 n=2 (19)

t=1
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[np¥  =2]

1+n=2 t(p 1)=2 n
p ( 1) n=2 tp 1
t=1
if nis even, or
ngd 1 ) ¢ n
p 1+( n+1) =2 ( 1)(p 1)(1+ tp )—4(_) (n tp 1)22
t=1;(t; 2p)=1 P

if n is odd. The minimal polynomial U, (x) is explicitly described in terms
of the coe cien ts of the Aurifeuille factors of the p-th cyclotomic polynomial
xP 14+ xP 2+  + 1. It hasthe form

. [(px3)=4] .
Up (x) = ap 1):2pp [(p+1) =4] 4 ] pp 'Bp s 2]_)()() (20)
j=0

[(px1)=4] "

+ g 1P @ VTR, o1 ) (X)
j=0
in terms of the polynomials
i52]
d

Bab)=  (1p—— ¢ " ot (21)

=0 d n n

(chiey, Corollary 3in [8]), with coe cient ¢, of x (P )=2 T givenfor 1 r <
(p )=2 by

[r ] 1 .
ol X (g PG Do )
0| 'p % D) b

j=0;j r(mod 2) 2 J

wheretj = (r p 1!j)=2 asbefore,and

) ( (Z)p )= if p 1(mod 4)
Cpr)=2= ( DN p P ID = ifp  3(mod 4),

where N is the number of quadratic non-residuesof p in (0; p=2). Here the
coe cien ts a; arise from an Aurifeuille factor

ao+ ax+ +a, xP V24 Ppga +agx+  +a, xP 92

of the p-th cyclotomic polynomial. The reader is referred to section 3 of [8]
for details.
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Now, from Salie[12] one nds the KloostermansumsR(1;d;p ) for > 1
explicitly up to conjugacy Namely,

R(1;1;4)= 2,R(1:;3;4)=2

R(1;3;8)= 4,R(1;7;8)= 4, R(l;l'pBl: R(1;5;8)=0

R(1;d;16)= 0ifd 3(mod4)or 4 2ifd 1(mod 4)

R(1;d;32) = 0if d 1;3;7(mod 8) or a conjugate of 16coq2 =16) if
d 5(mod 8),
and for 6, R(1;d;2 ) is a conjugate of 20 *3 =2cog2 =2 1) or 0 as
d 1ornot (mod 8).

For odd primespwith > 1,R(1;d;p ) = Oif (%) = 1If (%) = 1then
R(1;d;p ) isaconjugateof 2p~ 2cog2 =p ) if even, of 2 pp¢ D2coq2 =p)
if oddandp 1(mod 4) or of 2(T2) pp¢ Y*2sin(2 =p ) if odd and
p 3(mod 4).

The corresponding sums S\ )(p ) are, in view of (15), (17) and (19),
tabulated below.

Prop osition 1 (i) S,1(4) = ( 2", S& P@®) = 0, s{ ¥ Y@®) = ( 4"
for n> 0.

(11 — (1; 1) — n=2 ;
Sh (16) = Ofor n > 0O, Sy (16) = 0 or 2(32)""< asn > 0 is odd or
even. . )
st ¥ @2 = si(32)= 0for n> 0, & P(32)= 0or

58]
+8( (1

n=1

n n

g n 2 =)

according asn > 0 is odd or even.
For 6S\ " Y2)=s{% Y2 )=0forn>0, andS¥(2 )= 0or
n [n% ] n
( +1) n=2 3 2 t
2 @ 7 o *2 . (D 2 2= )

asn > 0is odd or even.
(i) For 2, S,(p )= 0for any n> 0. For n even,

[npy  =2]

+ — =2 (P) n ( 1)t=2 n
SiP)=PE T g tP - 1 n=2 tp
[p  =2] N
p ! n=2 p )it ewenor p 1(mod4); or
t=1
[npx =2]
n= 2 (p ) n t n
P ( 2 n=2 TP . n=2 pt

t=1
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np =2
1 t
p (1 -
t=1

ot )Jif oddandp 3(mod4):

For n odd with even, S} (p ) equals

8p ] [n ]
P2p n p * X ",
t=1;t odd (n P t)—2 t=1;todd (n P t)—2
For n odd with  odd, S} (p ) equals
[ngf 1 t n
pn W= op !t () (0 tp 1= TP LUmoda) or
t=1;(t; 2p)=1
1 t n
( 1)(p 3):4p(n +1) =2 p 1 ( 1)(1+ t):2(_) I
t=1;(6 2p)=1 pr (1o )=2

if p 3(mod4).

From the above proposition, formula (16) and remarks at the beginning
of this section, one nds f,g )(x) for > 1 In particular,

f,b)0=x 2§ P0)=x 4 (22)

FU Dy =x2 32 £ D(x)= x4 2562 + 8192and

4

X 2 3 3
L) 1y = n (i 2 n o 3 o
f2 (X) ( 1) 2 3 n2 n X
n=0
for 6. For p odd, f; (x) equalsp )= Q, (x=p=?) if is even;

otherwise f; (x) equalspt 1 ® )= U, (x=p V=2) if p 6 7(mod 8) or

pl D PI= Y, (x=pt V2)if p 7(mod 8) when > 1is odd, in
terms of the polynomials Qp (x) and U, (x) described before. In ead of
these caseswith p odd, the rst p ! coecients off,;‘ (x) is seento satisfy

- r=2r =2 (P) (p)=2 r=2
= —_— 2
6 = 0 or (1)FpT T e (23)
accordingasr is odd or evenwith 1 r<p 1.
Each of the aforemertioned polynomials is irreducible . In all other cases

with > 1, £ (x) = xk.
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4 Duplications and reducibilit y among the f { )(x)

Here | examine what duplications and reducibility may appear among the
factors f {, )(x) of fm (X) in (9). Using Theorem 1 and the proposition above
it is easyto determine the conditions for a given factor f,% )(x) to equal xX
(necessarilysomecomponert sum Sﬁ p)(p ) equalsOfor all n > 0). Additional

duplications can occur among the factors fr(n )(x) when 16jjm for , = (1;1)
and (1; 1). In particular, one notesthe following.

Prop osition 2 A factor fi )(x) = xk if and only if one of the following
holds:

(i) p?im for someodd prime pwith , = 1

(i) 8jm with = (1; 1)

(i) 16jm with .= ( 1; 1)

(iv) 32jm with , 6 (1, 1)

(V) 64im with , 6 (1;1).

Corollary 2. Factors f & K (x) = il )(x) if and only if one of the conditions
(i)-(v) of Proposition 2 holdsor 16jjm with 8 =  for all odd primes pjm
and 2; 22f(1;1);(1; Lg

Computational evidenceseemsto suggestfr(n )(x) is irreducible wheneer
fr(n )(x) 6 xX. Indeed | can show this holds in full generality. For this | re-
quire someelemenary class eld theory and a generalization of the argumert
regarding "Lagrange" resolvents made in the Appendix of [5].

Considera congruencegroup H of conductor m and let L be the sub eld
of Q( m) corresponding to H through class eld theory, say with [L : Q] = k.

Choosecosetrepresenativ est; = 1;tp; ;tg in Z,, for Gal(L=Q) with ead
t; relatively prime to k, and any element  in L. Label the conjugatesof as
i= ()@ i k), where ; denotesthe automorphism of L=Q induced

by sending m ! |\ . Finally, set

X
T()= ' (ti) (24)

i=1
for any character annihilating H. Then
1 X

=L WTO @ ik

the sum taken over annihilating H. Generalizingthe argumert in the Ap-
pendix of [5] one nds in view of the lemma there that

Prop osition 3 The ; (1 i k) are distinct if T( ) 6 0 for all an-
nihilating H with conductor f ( ) > 1 satisfying (m=f( );f( )) = 1 wher
m=f ( ) is squae-free.
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In the classicalcasem = p, an odd prime, with primitiv e root g and
congruencegroup H = f 19 of conductor p, one may chooset; = ¢ 1 with
i = R(L;dg” %p) (1 i (p 1)=2)in (24) whered 2 Z,. One nds here

Prop osition 4 With H = f 1g modulo p and ; = R(1;dg® 2;p) (1
i (p 1)=2) asalove, T( ) 6 0 for any evencharacter modulo p. In
particular, each i geneatesQ( p+ , b.

Proof: Fix a character to generatethe group of numerical characters
modulo p. Any character which annihilates H is even and of the form 2 for
0 v<(p 1)=2.Usingformula (59)in [12]to expressthe Klo ostermansums

for m = p in terms of the GausssumsG( ) = x22, (x) p for characters
modulo p and setting = (5), one nds
) 1 X L _
(™M= 2dHi=-—35 M@H @ I6()=
i=1 P i=1 j=1
1 B(l j j Z%T V j(n2 2 1 \ vy2 \ Vv )2
— Hd)G( ) o™ D) =S Y(d6( )+ ¥ (dG( ¥ )Y);
p 1 . 2
j=1 i=1
since X i@ 2= "z ifi v(mod B;7)

i=1 0 otherwise.

Choosing to bethe Teichmuller character onereadily con rms that T( 2Y) 6
Oforl v< ”2—1 using Stickelberger's theorem (Theorem 11.2.1in [1]);
whereasT(1) = (1 p)=26 0 from (7). ThusT( ) 6 O for any even charac-
ter modulo p, and sothe last assertion of the proposition follows now from
Proposition 3.

I now can establish

Theorem 2. Each factor ff )(x) of fm(x) in (9) is either irreducible or
equals xX.

Proof: It suces to considersquareclasses where no componert sum
Sﬁ p)(p )= Oforall n> 0in Theorem 1, and with 16/m if m is even, in view
of Salie'sresultsand Corollary 1.1 assertthe correspondingfactorsfrﬁ1 )(x) are
irreducible. | considerthe casem is odd rst, and chooseany din Z,2. Set

= R(1;d;m), which by Lemma1is the product of R(1;d;;p ") (1 j 1),
with ead R(1;d;;p, ") generating the real sub eld K; of Q( b i) of degree
]

g = (p;')=2 by our assumptionson  above. Here d d(m; )2 mod P’
X j r), wherem; = mp; I asbefore.Now liesin K, the compositum
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of the elds Kj, and corresponds to the congruencegroup H = fx 1
(mod p, Y@ j r)gof conductor m.
Next choosegeneratorss; for Zp ;=( 1) with s; primeto k ands; 1
i

(modmj) (1 j r). Any cosetrepresertative s in Z,,=H can be uniquely

expresseds;* @V with 0 v; < g (L j r) via the canonical identi -

cation Z,,=H "' jr:l Zp , =( 1). Givenacharacter of Z,, annihilating H,
]

let = Qj':l j denoteits corresponding decomposition into p-componerts,

where eah j( 1) = 1. Specically, we obtain ;(x) for any x in Z, , by
setting j(x) = (x9) for x%satisfyingx® x(modp;’), x° 1(mod m;). If
has conductor f ( ) = p;* p,* whereO i i, then ; has conductor
B h =
N i (Y= & 1 Qv v Vi i ;

ow considerthe sumT; ( ) = v =0 i(s')R(L;djs; ;p; ') assaiated
to R(L;d;;p’). | rst assertthat Tj( ;) 6 0 when ; has conductor p,’
( j > 1).Indeed,in view of Salie'sresults R(1; d; ; p; 1) is up to sign conjugate
to (P D*=4p=2(  + (Tl) » 1), where for corveniencel put = ; and
p= p;. Thusup to afourth root of unity T;( ;) equals

S

j (s)( b

= S 1 S = x S S .
)P + () IR :zzp 1) 5

s2Z, =( 1)
p
since j(a) has conductor p . Note also that Tj( ) 6 O from Proposi-
tion 4 fgj any even character modulo p when ; = 1.1 now assertthat
T( )= jr:1 T; ( ;). Expanding the right sideyields a sum of terms

) ) o P
just anon-zeromultiple of the non-vanishingGausssum ., i (s)( %) S
P

1(S)  o(SPOR(disi™ipY)  R(Ldes i)

= (st §)RLd(sy  s)%Em)

by the choiceof s; and Lemma 1, onefor ead choiceof exponerts0  v; < g
( j r).But this sumisjust T( ).

Supposefurther that hasconductor f ( ) > 1 with (m=f( );f( ))=1
and m=f ( ) square-free.Then a given p-componert ; has conductor p]-j
or may be trivial if ; = 1, sosatises T;( j) 6 0. ThusT( ) 6 0 as
claimed. From Proposition 3, it now follows that generatesK with fr(n )(x)
irreducible.

The casem ewven is argued similarly, though now H has conductor m=2,
with K1, the real subeld of Q( , , :) of degree2 * 2 corresponding to
the congruencegroup f 1 (mod 2 * 1)g. One choosess; 5(mod 2 1) to
simultaneously generateZ, ,=f 1; 1+ 2 * g isomorphic to Z,, .= 1
with s;  1(mod m;) and asbefore.The details are left to the reader.

This concludesthe proof of the theorem.
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