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Abstract. For a positive integer m, set � m = exp(2� i=m) and let Z �
m denote the

group of reduced residues modulo m. Fix a congruence group H of conductor m
and of order f . Choose integers t1 ; :::; te to represent the e = � (m)=f cosetsof H
in Z �

m . The Gauss periods

� j =
X

x 2 H

�
t j x
m (1 � j � e)

corresponding to H are conjugate and distinct over Q with minimal polynomial

g(x) = xe + c1xe� 1 + � � � + ce� 1x + ce :

To determine the coe�cien ts of the period polynomial g(x) (or equivalently , its
reciprocal polynomial G(X ) = X eg(X � 1) ) is a classical problem dating back to
Gauss. Previous work of the author, and Gupta and Zagier, primarily treated the
casem = p, an odd prime, with f > 1 �xed. In this setting, it is known for certain
integral power seriesA(X ) and B (X ), that for any positive integer N

G(X ) � A(X ) � B (X )
p � 1

f (mod X N )

holds in Z[X ] for all primes p � 1(mod f ) except those in an e�ectiv ely determinable
�nite set. Here I describe an analogous result for the casem = p� , a prime power
(� > 1). The methods extend for odd prime powers p� to give a similar result for
certain twisted Gauss periods of the form

 j = i � p
p

X

x 2 H

(
t j x
p

)�
t j x
p � (1 � j � e);

where ( p ) denotes the usual Legendre symbol and i � = i
( p � 1) 2

4 .
2000 AMS Subject Classi�c ation: 11L05, 11T22, 11T23

1 In tro duction

For any positive integerm, set � m = exp(2� i=m) and let Z �
m denotethe group

of reducedresiduesmodulo m. Fix a congruencegroup H de�ned modulo m
of order f and conductor m. Chooseintegerst1 = 1; t2; :::; te to represent the
e = � (m)=f cosetsof H in Z �

m . The Gaussperiods

� j =
X

x 2 H

� t j x
m (1 � j � e) (1)
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corresponding to H lie in the sub�eld K of Q(� m ) �xed by the Galois actions
induced by sending � m ! � x

m for x 2 H . They are conjugate and distinct
over Q [8,11], and have minimal polynomial

g(x) = gH (x) = xe + c1xe� 1 + � � � + ce� 1x + ce (2)

of degreee. For any numerical character � de�ned modulo m, the Gausssum
G(� ) is given by

G(� ) =
X

x 2 Z �
m

� (x)� x
m : (3)

The Gaussperiods (1) are intimately related with the sums(3); namely,

G(� ) =
eX

j =1

� (t j )� j (4)

for any character � annihilating H , and

� j =
1
e

X

�

�� (t j )G(� ) (1 � j � e); (5)

where � runs through the characters de�ned modulo m which annihilate H .
(Here �� denotesthe multiplicativ e inverseof the � .)

It is well-known from the theory of equations [4] that the coe�cien ts
cr of g(x) in (2) can be computed in terms of the symmetric power sums
Sn =

P
(� j )n using Newton's identities

Sr + c1Sr � 1 + � � � + cr � 1S1 + rcr = 0 (1 � r � e) (6)

Sn + c1Sn � 1 + � � � + ce� 1Sn � e+1 + ceSn � e = 0 (n > e)

Alternativ ely, if

G(X ) = GH (X ) = X eg(X � 1) = 1 + c1X + � � � + ceX e (7)

is the reciprocal polynomial of g(x), its logarithm is formally expressed

logG(X ) = log
eY

j =1

(1 � � j X ) = �
1X

n =1

Sn X n

n
(8)

in terms of the power sumsSn .
To determine the coe�cien ts of the period polynomial g(x) in (2) (or

equivalently its reciprocal polynomial in (7)) is a classical problem dating
back to Gauss [5]. When f = 1 one has � 1 = � m in (1) whose minimal
polynomial is the well-known cyclotomic polynomial

 m (x) =
Y

djm

(xd � 1)� (m=d ) ; (9)
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with  p� (x) = xp� � 1 (p� 1) + � � � + xp�
+ 1

when m = p� , a prime power. Henceforth, I shall assumef > 1 throughout
this paper.

Previous work of mine [7] and Gupta and Zagier [6] primarily treated the
casem = p, an odd prime, with f > 1 �xed. In this case, the beginning
coe�cien ts of g(x) exhibit a polynomial dependenceon p for all su�cien tly
large primes p � 1(mod f ). More precisely, Gupta and Zagier [6] showed
for certain integral power seriesA(X ) and B (X ) depending only on simple
arithmetic properties of the f -roots of unit y � v

f (1 � v � f ), that for any
positive integer N

G(X ) � A(X ) � B (X )(p� 1)=f (mod X N ) (10)

holds in Z[X ] for all primes p � 1(mod f ) except for those in an e�ectiv ely
determinable �nite set. Moreover, they give an elegant algorithm to compute
the exceptional sets. For f = 2, the congruence(10) holds for N = p, so
uniquely determinesG(X ). Indeed,

G(X ) =
eX

r =0

(� 1)[r =2]
�

[e � r=2]
[r=2]

�
X r (11)

exactly in closedform, a formula known to Gauss[5]. (Here [ ] denotesthe
greatest integer function.) Someextensionsof these results for certain con-
gruencegroupsH of square-freeconductor m = p1 � � � pr with a �xed number
of prime factors of speci�ed types have been suggested(see[8] and also [6]
). However, the prime power casem = p� , � > 1, seemsto have beenover-
looked. It is this situation I describe here. The casep = 2 is treated �rst,
separately in section2, whereclosedform formulas are known for GH (X ) for
any congruencegroup H of conductor 2� . In section3 I give an analogof (10)
for Gaussperiods corresponding to congruencegroupsH of odd prime power
conductor p� , � > 1, together with an adaptation of Gupta and Zagier's al-
gorithm to determine exceptionalprime powers.When f = 2 this congruence
is shown to hold modulo X p� � 1

, not enoughthough to completely determine
G(X ). However, I have recently found [9] closedform formulas in this case
for G(X ) which generalize(11). In the �nal section, I extend the results for
odd prime powers p� to certain twisted Gaussperiods of the form

 j = i �
p

p
X

x 2 H

(
t j x
p

)� t j x
p� (1 � j � e); (12)

where ( p ) denotes the usual Legendre symbol and i � = i (p� 1) 2 =4. Such
quadratic twists or integer multiples of them arise classically as values of
Klo osterman sums[10,13] for odd prime powers p� , � > 1 .
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2 Gauss perio ds for 2�

Throughout this section H is a congruencegroup of conductor 2� (� > 1)
and order f > 1. It is known that there are only two possiblechoicesfor H .
For the sake of completenessI include a brief rationale for this fact.

Prop osition 1. A congruence group H of conductor 2� , � > 1, and order
f > 1 must either be f 1; 2� � 1g or f 1; 2� � 1 � 1g modulo 2� .

Proof: Since H has conductor 2� with f > 1, it is known from class �eld
theory that the �eld K corresponding to H is a proper sub�eld of Q(� 2� ) not
contained in Q(� 2� � 1 ), and so � > 2. Since 2jf , H contains an element of
order two modulo 2� - either 2� � 1, 2� � 1 � 1 or 2� � 1 + 1. The last choicecan
be eliminated since H has conductor 2� . Thus K is contained in one of the
cyclic �elds Q(� 2� + � � 1

2� ) or Q(� 2� � � � 1
2� ) which correspond to the congruence

groups f 1; 2� � 1g or f 1; 2� � 1 � 1g modulo 2� , respectively. But any proper
sub�eld of Q(� 2� + � � 1

2� ) or Q(� 2� � � � 1
2� ) is a sub�eld of Q(� 2� � 1 + � � 1

2� � 1 )
contained in Q(� 2� � 1 ). Thus either K = Q(� 2� + � � 1

2� ) or Q(� 2� � � � 1
2� ), soH

equalsf 1; 2� � 1g or f 1; 2� � 1 � 1g.
From the proposition above the only possibilities for � 1 in (1) here is

� 2� + � � 1
2� or � 2� � � � 1

2� , each with f = 2 and � > 2. The corresponding
minimal polynomials are classicallyknown from the properties of Chebyshef
polynomials. I quote results from [9] relevant to the discussionhere.

Theorem 1. The minimal polynomial for � 2� + � � 1
2� for � > 2 is equivalently

characterized by

g(x) =
2� � 3
X

n =0

(� 1)n 2� � 2

2� � 2 � n

�
2� � 2 � n

n

�
x2� � 2 � 2n

or the power sums

Sn =

8
<

:
2� � 2

�
n

n=2

�
if n even

0 if n odd

for 1 � n � 2� � 2, or the congruence

G(X ) � B+ (X )2� � 2
(mod X 2� � 1

)

where

B+ (X ) = exp(�
1X

n =1

�
2n
n

�
X 2n

2n
) =

1
2

(1 +
p

1 � 4X 2):
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The minimal polynomial for � 2� � � � 1
2� for � > 2 is equivalently charac-

terized by

g(x) =
2� � 3
X

n =0

2� � 2

2� � 2 � n

�
2� � 2 � n

n

�
x2� � 2 � 2n

or the power sums

Sn =

8
>>><

>>>:

� 2� � 2

�
n

n=2

�
if 2 jj n

2� � 2

�
n

n=2

�
if 4jn

0 if n is odd

for 1 � n � 2� � 2, or the congruence

G(X ) � B � (X )2� � 2
(mod X 2� � 1

)

where

B � (X ) = exp(�
1X

n =1

(� 1)n
�

2n
n

�
X 2n

2n
) =

1
2

(1 +
p

1 + 4X 2):

I treat the casewhen H has odd prime power conductor next.

3 Gauss perio ds for odd prime powers

Throughout this section I assumethe congruencegroup H in (1) has con-
ductor m = p� with p odd and � > 1. SinceZ �

p� is cyclic, H = (Z �
p� )� (p� )=f ,

or equivalently H equalsthe group of f -roots of unit y in Z �
p� . In particular,

sinceH hasconductor p� , p 6jf so p � 1(mod f ). To compute the symmetric
power sumsSn , I intro duce certain counting functions Tn (p
 ) for 0 < 
 � �
as in [8]. Speci�cally , let Tn (p
 ) count the number of times

x1 + � � � + xn � 0 (mod p
 ) (13)

for choice of tuples (x1; :::; xn ) with x i in (Z �
p
 )� (p
 )=f (1 � i � n) . These

counting functions possessthe following useful property.

Lemma 1. For 
 > 1, Tn (p
 � 1)� Tn (p
 ) equalsthe number of tuples(x1; :::; xn )
with x i in (Z �

p
 )� (p
 )=f for which p
 � 1jj (x1 + � � � + xn ).

Proof: First observe that any f -root of unit y x mod p
 � 1 lifts to a unique
f -root of unit y x0 mod p
 , since

(x + tp
 � 1)f � x f + f tp
 � 1 � 1 (mod p
 )
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has a unique solution t satisfying � f t � (x f � 1)=p
 � 1 (mod p). Thus each
solution x1 + � � � + xn � 0(mod p
 � 1) with x i in (Z �

p
 � 1 )� (p
 � 1 )=f lifts to a

unique solution x0
1 + � � � + x0

n � 0(mod p
 � 1) with x0
i in (Z �

p
 )� (p
 )=f . The
satement of the lemma now readily follows.

Now observe in the expansion(8)

log G(X ) = �
1X

n =1

Sn X n =n = �
1X

n =1

eX

j =1

(
X

x 2 H

� t j x
p� )n X n

n
;

that Sn equalsthe inner sum

eX

j =1

(
X

x 2 H

� t j x
p� )n =

1
f

X

r 2 Z �
p �

X

x i 2 H

� r (x 1 + ��� + x n )
p� :

But in view of the lemma above, and since

X

r 2 Z �
p �

� r x
p� =

8
<

:

� (p� ) if p� jx
� p� � 1 if p� � 1jj x
0 otherwise,

X

r 2 Z �
p �

X

x i 2 H

� r (x 1 + ��� + x n )
p� = � (p� )Tn (p� ) � p� � 1(Tn (p� � 1) � Tn (p� ))

= p� Tn (p� ) � p� � 1Tn (p� � 1):

Thus,

Sn =
p� � 1

f
(pTn (p� ) � Tn (p� � 1)) : (14)

Now let � f (n) count the number of times � 1 + � � � + � n = 0 for f -roots of
unit y � i in Q(� f ), soTn (p� � 1) � Tn (p� ) � � f (n). Thusaslong asTn (p� � 1) =
� f (n),

Sn =
� (p� )

f
� f (n) (15)

above. Letting � f (n) be the set of odd prime powers p� (� > 1), p �
1(mod f ), for which Tn (p� � 1) > � f (n) and putting

B (X ) = exp(�
1X

n =1

� f (n)
X n

n
) (16)

one obtains from (8) and (15) the following analog of Gupta and Zagier's
result [6, Theorem 1].
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Theorem 2. For each natural number N , the congruence

G(X ) � B (X ) � (p� )=f (mod X N )

holds in Z[X ] for all odd prime powers p� (� > 1), p � 1(mod f ), except
those lying in � f (n) for somen < N

Beforegiving someexamples,somecomments concerningthe result above
and computation of the exceptional sets� f (n) are in order. The power series
B (X ) in (16) is the sameintegral power seriesappearing in [6]. The counting
function � f (n) has a nice expressionwhen f is a prime power or twice a
prime (chie
y , Theorem 2 in [6] ) In particular, one has

� l (n) =
�

0 if l 6jn
n !

(( n=l )!) l if l jn (17)

when l is a prime and

� 4(n) =

8
<

:

0 if n odd�
n

n=2

� 2

if n even : (18)

(Seealso Corollary 2 in [8].)
Gupta and Zagier [6] give an elegant alternativ e expression for � f (n)

which is useful in computing the exceptional sets � f (n). For any tuple �i =
(i 1; :::; i n ) in (Z=f Z)n , let P�i (x) denote the polynomial x i 1 + � � � + x i n with
i v (1 � v � n) chosento be the least non-negative representativ e of the class
i v (mod f ). Then

� f (n) = card(f �i = (i 1; :::; i n ) 2 (Z=f Z)n j f (x) div ides P�i (x)g) (19)

where  f (x) denotesthe f -th cyclotomic polynomial (9). If one �xes a prime
~p lying above p in Q(� f ), then

Tn (p
 ) = card(f �i = (i 1; :::; i n ) 2 (Z=f Z)n j ~p
 div ides � i 1
f + � � � + � i n

f g) (20)

in (13), independent of the choiceof ~p. Clearly Tn (p� � 1) > � f (n) if and only
if for sometuple �i = (i 1; :::; i n ) in (Z=f Z)n

~p� � 1j(� i 1
f + � � � + � i n

f ) but � i 1
f + � � � + � i n

f 6= 0: (21)

Thus � f (n) consistsof all odd prime powersp� , p � 1( mod f ) for which (21)
holds for sometuple �i in (Z=f Z)n . Now a necessarycondition for �i to satisfy
(21) is R�i � 0(mod p� � 1), but R�i 6= 0, where R�i denotes the resultant of
P�i (x) and  f (x). The resultant R�i = 0 if  f (x) divides P�i (x). When  f (x)
6jP�i (x) (so ( f ; P�i ) = 1), R�i is essentially the smallest positive integer R for
which the equation g(x) f (x) + h(x)P�i (x) = R is solvable with polynomials
g; h 2 Z[x], or equivalently , the norm NQ (� f )=Q P�i (� f ). Thus to determine
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which prime powers lie in � f (n), one �rst restricts to those prime powers p� ,
p � 1(mod f ) for which R�i � 0(mod p� � 1) but R�i 6= 0 for some tuple �i
in (Z=f Z)n . For such a prime power p� , selecta primitiv e f -root of unit y g
modulo p� � 1 for which ~p� � 1j(� f � g). Then in view of (21), p� 2 � f (n) if and
only if

gi 1 + � � � + gi n � 0 (mod p� � 1) with � i 1
f + � � � + � i n

f 6= 0

for sometuple �i = (i 1; :::; i n ) in (Z=f Z)n . It is enough to consider tuples �i ,
inequivalent under translation and permutation.

Table1 below showsthe resultsof this computation for �nding exceptional
prime powersp3 amongthe inequivalent n-tuples �i for which R�i � 0(mod p2),
R�i 6= 0 in cases(f ; n) = (4; 7); (5; 7) and (3; 11).

Table 1.

f = 4; n = 7 : ~p5 = 2 � � 5 where � 4 � 7(mod ~p2
5)

�i R�i � i 1
f + � � � + � i n

f factors
0000002 25 5 = (2 + � 4)(2 � � 4)
0000111 25 4 + 3� 4 = � 4(2 � � 4)2

0000333 25 4 � 3� 4 = � � 4(2 + � 4)2

0111112 25 5� 4 = � 4(2 + � 4)(2 � � 4)

f = 5; n = 7 : ~p11 = 2 + � 2
5 where � 5 � 3(mod ~p2

11)
�i R�i � i 1

f + � � � + � i n
f factors

0000123 121 3 � � 4
5 = � � 4

5 (1 + � 4
5 )(2 + � 3

5 )2

0000124 121 3 � � 3
5 = � � 3

5 (1 + � 3
5 )(2 + � 5)2

0000134 121 3 � � 2
5 = � � 2

5 (1 + � 2
5 )(2 + � 4

5 )2

0000234 121 3 � � 5 = � � 5(1 + � 5)(2 + � 2
5 )2

0001113 121 3 + 3� 5 + � 3
5 = � � 2

5 (1 + � 2
5 )(2 + � 5)(2 + � 4

5 )
0001222 121 3 + 3� 2

5 + � 5 = � � 4
5 (1 + � 4

5 )(2 + � 2
5 )(2 + � 3

5 )

f = 3; n = 11 : ~p7 = � 3 � 2 where � 3 � � 19(mod ~p2
7)

�i R�i � i 1
f + � � � + � i n

f factors
00000000111 49 8 + 3� 3 = � � 2

3 (� 3 � 2)2

00000000222 49 8 + 3� 2
3 = � � 3(� 2

3 � 2)2

To illustrate when f = 5 and n = 7, one �nds six inequivalent classesof
7-tuples �i with p2jR�i and R�i 6= 0. Representativ es for each such class are
given in Table 1; all have resultant R�i = 121. To check if 113 2 � 5(7) one
may choose ~p11 = 2 + � 2

5 where � 5 � 3(mod ~p2
11). One of these tuples sat-

is�es (21) with ~p11 = 2 + � 2
5 and � = 3; namely, 0000234,so 113 2 � 5(7).

There are 7!
4! = 210 permutations of 0000234with 5 translations each, so

T7(121) = � 5(7) + 210� 5 = 1250as � 5(7) = 0.
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The "new" exceptionalprime powersfor given n are the elements of � f (n)
which do not appear in � f (n0) for somen0 < n. Table 2 below lists the "new"
exceptional prime powers for 3 � f � 8 and small valuesof n.

Table 2.

n; f = 3 f = 4 f = 6
3 � � � 52 72

4 72 � � � 132

5 132 132; 172 192

6 � � � � � � 312

7 192; 312 53; 292; 372 372; 432

8 432 � � � 73

9 � � � 412; 532 612; 672; 732

10 372; 732 � � � 792

11 73; 672 612; 732; 1012 972; 1032

n; f = 5 f = 7 f = 8
3 112 432 172

4 612 292; 712; 5472 412

5 412 1132; 1972; 732; 892; 972

4212; 4632 1132; 2572

6 312; 712 2112; 3792; 4492 1372; 3132

1812; 5212 7512; 26892

7 113; 1012; 1512 2392; 2812; 3372 173; 1932; 2332

1912; 4612 15832; 15972 2412; 2812; 3372

3532; 4092; 4332

6412; 12972

Here are a couple of examplesto illustrate Theorem 2.
Example 1. Consider the casep = 7 with f = 3, so

� 3(n) =
�

n!=((n=3)!)3 if 3jn,
0 otherwise

from (17) with

B (X ) = 1 � 2X 3 � 13X 6 � 158X 9 � 2431X 12 � � � �

in (16), The power 49 �rst appears in the exceptional set � 3(4) with T4(7) =
12 > � 3(4) = 0; whereas343 �rst appears in the exceptional set � 3(11) with
T11(49) = 495 > � 3(11) = 0. The minimal polynomials G(X ) for � � 1

49 =
(� 49 + � 18

49 + � � 19
49 )� 1 begins

1 � 28X 3 + 7X 4 + 14X 5 + 189X 6 + � � �
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whereasthat for � � 1
1 = (� 343 + � 18

343 + � � 19
343 )� 1 begins

1 � 196X 3 + 72 � 362X 6 � 73 � 2872X 9 + 72 � 15X 11 + 73 � 109733X 12 + � � � :

The underscoredcoe�ciien ts deviate as expected from the pattern of the
beginning coe�cien ts given by Theorem 2.
Example 2. Consider next p = 5 with f = 4, so � 4(n) is given by (18) with

B (X ) = 1 � 2X 2 � 7X 4 � 50X 6 � 456X 8 � � � �

in (16). The power 25 �rst appears in � 4(3) with T3(5) = 12 > � 4(3) = 0;
whereas125 �rst appears in the exceptional set � 4(7) with T7(25) = 140 >
� 4(7) = 0. Here onemay take H = f� 1; � 7g for m = 25 and H = f� 1; � 57g
for m = 125. The minimal polynomial G(X ) for � � 1

1 = (� 25 + � � 1
25 + � 7

25 +
� � 7

25 )� 1 is

1 � 10X 2 + 5X 3 + 10X 4 + 1X 5:

That for � � 1
1 = (� 125 + � � 1

125 + � 57
125 + � � 57

125 )� 1 begins

1 � 50X 2 + 1025X 4 � 11250X 6 + 125X 7 + � � �

The underscored coe�cien ts deviate as expected from the pattern of the
beginning coe�cen ts given by Theorem 2.

I concludethis section with a discussionof the casef = 2 where a closed
formula for G(X ) has been obtained [9]. The power seriesB (X ) in (16) is
just

B (X ) =
1
2

(1 +
p

1 � 4X 2) = 1 �
1X

n =0

�
2n
n

�
X 2n +2

n + 1

with � 2(n) given by (17). The minimal polynomial G(X ) for (2cos2� =p� )� 1

is seento have the form

G(X ) = (
1 +

p
1 � 4X 2

2
)� (p� )=2 �

1 � ( 1�
p

1� 4X 2

2X )p�

1 � ( 1�
p

1� 4X 2

2X )p� � 1
(22)

with power sumsSn satisfying

Sn = p�
[np � � ]X

t =1 ;t odd

�
n

(n � p� t)=2

�
� p� � 1

[np 1� � ]X

t =1 ;t odd

�
n

(n � p� � 1t)=2

�
(23)

if n is odd, or

� (p� )
2

�
n

n=2

�
+ p�

[np � � =2]X

t =1

�
n

n=2 � p� t

�
� p� � 1

[np 1� � =2]X

t =1

�
n

n=2 � p� � 1t

�
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if n is even. A closedform formula for G(X ) is

G(X ) = X � (p� )=2 +
(p� 3)=2X

j =0

X p� � 1 j Cp� � 1 ( p � 1
2 � j ) (X ) (24)

where

Cd(X ) =
[d=2]X

n =0

(� 1)n d
d � n

�
d � n

n

�
X 2n ;

or equivalently with coe�cien ts in (7) satisfying for 1 � r < � (p� )=2;

cr =
[r p1� � ]X

j =0 ; j � r (mod 2)

(� 1)t j
p� � 1( p� 1

2 � j )

p� � 1( p� 1
2 � j ) � t j

�
p� � 1( p� 1

2 � j ) � t j

t j

�
(25)

with c� (p� )=2) = ( � 2
p ), where t j = (r � p� � 1j )=2.

From (22) or (24), it follows that the congruence

G(X ) � B (X ) � (p� )=2 (mod X N )

holds in Z[X ] for N = p� � 1 but not for N > p� � 1, so fails to determine
G(X ) which is of degree� (p� )=2. Indeed, one can show p� �rst appears in
the exceptional set � 2(n) for n = p� � 1.

4 Twisted Gauss perio ds for p �

Here I considerquadratic twists of Gaussperiods for prime powers p� , � >
1. When p = 2 with � > 3, the twisted Gauss periods have the formp

2(� v
2� + � � v

2�
) or

p
2(� v

2� � � � v
2� ) for some odd integer v, and their corre-

sponding minimal polynomials are easily obtained from the Theorem 1 in
section 2. With no lossof generality then I restrict attention to the casep is
odd, and consider the twisted Gaussperiods

 j = i � p
p

X

x 2 H

(
t j x
p

)� t j x
p� (1 � j � e); (26)

with H a congruencegroup of conductor p� (� > 1) and order f > 1 as in
(1). The twisted Gaussperiods (26) also lie in the sub�eld K of Q(� p� ) cor-
responding to H with [K : Q] = � (p� )=f . In fact  j = TrQ (� p � )=K (i � p

p� t j
p� )

(1 � j � e), and each is seento generateK .

Prop osition 2. Each twisted Gaussperiod  j in (26) generates the �eld K
over Q.
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Proof: It su�ces to show the conjugates j (1 � j � e) are all distinct.
For this purposeset

T(� ) =
eX

j =1

� (t j ) j

for any numerical character � annihilating H Then

 j =
1
e

X

�

�� (t j )T (� ) (1 � j � e);

the sum taken over the characters � annihilating H . Generalizing the argu-
ment in the Appendix of [8] one �nds in view of the lemma there that the  j

(1 � j � e) will be distinct provided T(� ) 6= 0 for all � annihilating H with
conductor f (� ) satisfying (p� =f (� ); f (� )) = 1, wherep� =f (� ) is square-free.
I assert that this hypothesis above holds here so that the  j are distinct.
Indeed for any character � annihilating H , T(� ) equals

eX

j =1

� (t j )i � p
p

X

x 2 H

(
t j x
p

)� t j x
p� = i � p

p
X

x 2 Z �
p �

� (x)(
x
p

)� x
p� ;

or i � p
pG(� ) in terms of a Gausssum(3), where is the quadratic character

( x
p ) consideredmodulo p� . But any such character � with (p� =f (� ); f (� )) = 1

and p� =f (� ) square-freemust haveconductor f (� ) = p� . Hence� must also
have conductor p� so G(� ) 6= 0; and thus T(� ) 6= 0.

The proof of the proposition is now complete.
My goalhereis to givean analogof Theorem2 in section3 for the minimal

polynomial G(X ) for the reciprocals of the  j in (26). Two situations arise
naturally depending on whether (p � 1)=f is even or odd. To deal with the
case(p � 1)=f is even, I set

�̂ f (n) =
�

� f (n) if n is even
0 if n is odd;

(27)

where � f (n) is the counting function in (15). In terms of this adjusted count-
ing function �̂ f (n) and the exceptional sets � f (n) as before, I �nd

Theorem 3. Suppose(p� 1)=f is evenwhere B̂ (X ) = exp(�
P 1

n =1 �̂ f (n)X n =n)
with �̂ f (n) de�ned by (27). Then for each natural number N , the congruence

G(X ) � B̂ (i � p
pX ) � (p� )=f (mod X N )

holds in Z[X ] for all odd prime powersp� (� > 1) except thoselying in � f (n)
for somen < N .
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Proof: Here log G(X ) = �
P 1

n =1 Sn X n =n takesthe form

�
1X

n =1

(i � p
pX )n

n
(

eX

j =1

(
X

H

(
t j x
p

)� t j x
p� )n )

with inner sum
eX

j =1

(
X

H

(
t j x
p

)� t j x
p� )n =

1
f

X

r 2 Z �
p �

(
X

x 2 H

(
r x
p

)� r x
p� )n =

1
f

X

r 2 Z �
p �

(
r
p

)n (
X

H

� r x
p� )n ;

since H is contained in Z � 2
p� as (p � 1)=f is even. When n is even this last

sum is just

1
f

X

r 2 Z �
p �

(
X

H

� r v
p� )n =

1
f

(p� Tn (p� ) � p� � 1Tn (p� � 1)) =
� (p� )

f
� f (n)

as in the proof of Theorem 2 when p� doesnot lie in � f (n) for n < N . When
n is odd this sum becomes

1
f

X

r 2 Z �
p �

X

x i 2 H

(
r
p

)� r (x 1 + ��� + x n )
p� =

1
f

X

x i 2 H

X

r 2 Z �
p �

(
r
p

)� r (x 1 + ��� + x n )
p� = 0

for any prime power p� not in � f (n) for somen < N , since
P

r 2 Z �
p �

( r
p )� r v

p� = 0

unlessp� � 1jj v. This establishesthe theorem with B̂ (X ) de�ned in terms of
the adjusted counting function �̂ f (n) in (27).
Example 3. Consider p = 7 with f = 3, so

~� 3(n) =
�

n!=((n=3)!)3 if 6jn
0 otherwise

in (27) with

~B (X ) = 1 � 15X 6 � 2775X 12 � 910202X 18 � � � �

in Theorem 3. Then

~B (i
p

7X ) = 1 + 73 � 15X 6 � 76 � 2775X 12 + 79 � 910202X 18 � � � �

One may again take H = f 1; 18; � 19g for m = 49 or 343 as in Example 1,
where 49 �rst appears in � 3(4) and 343 �rst appears in � 3(11). The minimal
polynomial for the reciprocal of  1 = i �

p
7(� 49 + � 18

49 + � � 19
49 ) begins

1 + 73X 4 + 74 � 2X 5 + 74 � 29X 6 + � � �

whereasthat for the reciprocal of  1 = i �
p

7(� 343 + � 18
343 + � � 19

343 ) begins

1 + 75 � 36X 6 � 78 � 165X 11 + 79 � 2325X 12 + � � �
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The underscoredcoe�cien ts deviate as expected from the pattern given in
Theorem 3.

Now considerthe case(p� 1)=f is odd, sof must be even.For any positive
integer n, let � +

f (n) count the number of times a sum satis�es � 1 + � � �+ � n = 0
for f -roots of unit y � i in Q(� f ) with an even number of the � i actually f =2-
roots of unit y. Similarly, let � �

f (n) count the number of times a sum satis�es
� 1 + � � � + � n = 0 for f -roots of unit y � i in Q(� f ) with an odd number of the
� i actually f =2-roots of unit y. Clearly � +

f (n) + � �
f (n) = � f (n) for any n, and

also � +
f (n) = � �

f (n) if n is odd. De�ne an adjusted counting function �̂ f (n)
by

�̂ f (n) = � +
f (n) � � �

f (n) (28)

for any positive integer n. Note that �̂ f (n) = 0 if n is odd.
In terms of this adjusted counting function and exceptional sets � f (n) as

before, I �nd

Theorem 4. Suppose(p� 1)=f is odd where B̂ (X ) = exp(�
P 1

n =1 �̂ f (n)X n =n)
with �̂ f (n) de�ned by (28). Then for each natural number N , the congruence

G(X ) � B̂ (i � p
pX ) � (p� )=f (mod X N )

holds in Z[X ] for all odd primes powers p� (� > 1) except those lying in
� f (n) for somen < N .

Proof: In this casethe inner sum in the expansion for logG(X ) in the
proof of Theorem 3 can be expressed

eX

j =1

(
X

H

(
t j x
p

)� t j x
p� )n ) =

1
f

X

r 2 Z �
p �

(
X

x 2 H

(
r x
p

)� r x
p� )n =

1
f

+X

x i 2 H

X

r 2 Z �
p �

(
r
p

)n � r (x 1 + ��� + x n )
p� �

1
f

�X

x i 2 H

X

r 2 Z �
p �

(
r
p

)n � r (x 1 + ��� + x n )
p� (29)

since ( x
p ) = � 1 for any x 2 H � H 2. Here H 2 is just the set of f =2-roots of

unit y in Z �
p� ,

P + is the sum over tuples (x1; :::; xn ) with an even number
of components lying in H � H 2 and

P � is the analogoussum over tuples
(x1; :::; xn ) with an odd number of components lying in H � H 2. If p� is
not in any � f (n0) for n0 < N , then each term

P
r 2 Z �

p �
( r

p )� r (x 1 + ��� + x n )
p� = 0

in (29) and hence Sn = 0 when n is odd, since no sum x1 + � � � + xn is
exactly divisible by p� � 1. When n is even, there may be sumsx1 + � � � + xn

divisible by p� , each such sum
P

r 2 Z �
p �

� r (x 1 + ��� + x n )
p� contributing � (p� ) in

(29). Overall, there are � +
f (n) of these with + sign and � �

f (n) with - sign,

so (29) matches � (p� )
f (� +

f (n) � � �
f (n)). This establishesthe assertionof the
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theorem with B̂ (X ) de�ned in terms of the adjusted sums �̂ f (n) in (28).
Example 4. Consider p = 7 with f = 6. Here one �nds � +

6 (1) = � �
6 (1) = 0,

� +
6 (2) = 0, � �

6 (2) = 6, � +
6 (3) = � �

6 (3) = 6, � +
6 (4) = 90, � �

6 (4) = 0, � +
6 (5) =

� �
6 (5) = 180, � +

6 (6) = 180 and � �
6 (6) = � 1860to obtain values �̂ 6(2) = � 6,

�̂ 6(4) = 90 and �̂ 6(6) = � 1680in (28). Then

B̂ (X ) = 1 + 3X 2 � 18X 4 + 217X 6 + � � �

in Theorem 4 so

B̂ (i
p

7X ) = 1 � 21X 2 � 18 � 72X 4 � 217� 73X 6 � �

One may takeH = f� 1; � 18; � 19g for m = 49or 343.From Table 2 one�nds
that 49 �rst appearsin � 6(3), whereas343�rst appearsin � 6(8). The minimal
polynomial for the reciprocal of  1 = i

p
7(� 49 + � 18

49 + � � 19
49 � � � 1

49 � � � 18
49 � � 19

49 )
in (26) is

1 � 72 � 3X 2 � 73X 3 + 74X 4 + 2 � 74X 5 � 74X 7;

whereasthat for the reciprocal of  1 = i
p

7(� 343 + � 18
343 + � � 19

343 � � � 1
343 � � � 18

343 �
� 19

343) begins

1 � 73 � 3X 2 � 74 � 198X 4 � 76 � 1111X 6 + 77 � 29027X 8 + 78 � 6X 9 + � � �

The underscored coe�cien ts deviate as expected from the pattern of the
beginning coe�cients given in Theorem 4.
Example 5. Next considerp = 5 with f = 4. One readily �nds that

�̂ 4(n) =

8
<

:

�
n

n=2

� 2

if n even

0 if n odd.

in (28) so

B̂ (X ) = 1 � 2X 2 � 7X 4 � 50X 6 � 456X 8 � � � �

in Theorem 4 and hence

B̂ (
p

5X ) = 1 � 10X 2 � 52 � 7X 4 � 55 � 2X 6 � 54 � 456X 8 � � � �

Here I take H = f� 1; � 7g for m = 25 and H = f� 1; � 57g for m = 125again
asin Example 2, where25 �rst appearsin � 4(3) and 125�rst appearsin � 4(7).
The minimal polynomial for the reciprocal of  1 =

p
5(� 25 + � � 1

25 � � 7
25 � � � 7

25 )
is

1 � 50X 2 + 125X 3 + 125X 4 � 500X 5;

whereasthat for the reciprocal of  1 =
p

5(� 125 + � � 1
125 � � 57

125 � � � 57
125 ) begins

1 � 250X 2 + 54 � 41X 4 � 57 � 18X 7 � 57X 7 + �
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The underscoredcoe�cien ts deviate as expected from the pattern given in
Theorem 4.

One may have noticed that �̂ 4(n) = � 4(n) in the last example. More
generally,

Prop osition 3. For � > 1, �̂ 2� (n) in (28) satis�es �̂ 2� (n) = � 2� (n).

Proof: I �rst note that no sum of an odd number of 2� -roots of unit y
for � � 1 can vanish since each such root of unit y is congruent to 1 mod
� 2, where � 2 is the unique prime above 2 in Q(� 2� ). Now I assertno sum of
an odd number of primitiv e 2� -roots of unit y can lie in Q(� 2� � 1 ) for � > 1.
Supposeto the contrary a sum � i 1

2� + � � �+ � i n
2� lies in Q(� 2� � 1 ), where� > 1 and

the i j and n are odd. Then � 2� (� ( i 1 � 1)=2
2� � 1 + � � � + � ( i n � 1)=2

2� � 1 ) lies in Q(� 2� � 1 )

so � ( i 1 � 1)=2
2� � 1 + � � � + � ( i n � 1)=2

2� � 1 = 0 contradicting my �rst remark. It follows
easily now that for � > 1 any sum of an even number of 2� -roots of unit y
which vanishesmust always contain an even number of primitiv e 2� -roots of
unit y. Hence� �

2� (n) = 0 for n even. The statement of the proposition readily
follows.

I concludethis section with a remark concerningthe casef = 2 which is
not governedby the last proposition. One �nds in this casethat the counting
function �̂ 2(n) = � 2(n) in (27) whenever p � 1(mod 4), whereas �̂ 2(n) =
(� 1)[n= 2] � 2(n) in (28) for p � 3(mod 4). In each case,the respective power
seriesB̂ (X ) = exp(�

P 1
n =1 �̂ 2(n)X n =n) in Theorems3 or 4 satis�es

B̂ (i � X ) = exp(�
1X

n =1

�
2n
n

�
x2n

2n
) =

1
2

(1 +
p

1 � 4X 2):

In particular for the casef = 2, one �nds for any odd prime power p� , � > 1
that the congurence

G(X ) � B (
p

pX ) � (p� )=2 mod X N (30)

holds in Z[X ] for N = p� � 1 but not for N > p� � 1, where B (X ) = exp

(�
P 1

n =1

�
2n
n

�
X 2n

2n ). Indeed, I had previously remarked in section 3 that

p� �rst appears in an exceptional set � 2(n) for n = p� � 1. One consequence
is that the �rst p� � 1 coe�cien ts of G(X ) satisfy

cr =

8
<

:
(� 1)r =2pr =2 � (p� )

� (p� ) � r

�
� (p� )=2 � r=2

r=2

�
if r is even

0 if r is odd,
(31)

for 1 � r < p� � 1 (chie
y , Corollary 3 in [9]). While (31) is not enough
to determine G(X ), I have recently found a closed form formula for the
coe�cien ts of G(X ) analogousto (25) expressedin terms of an Aurifeuillian
factor [3] of the cyclotomic polynomial  p. The reader is referred to [9] for
details.
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