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Abstract.  For a positive integer m, set m = exp(2 i=m) and let Z,, denote the
group of reduced residues modulo m. Fix a congruencegroup H of conductor m
and of order f. Chooseintegerstsi;:::;te to represen the e = (m)=f cosetsof H
in Z,,. The Gauss periods

j = m (1 j e

x2H

corresponding to H are conjugate and distinct over Q with minimal polynomial

1

g(x) = x®+ c1x® T+ + Ce 1X+ Ce:

To determine the coe cien ts of the period polynomial g(x) (or equivalently, its
reciprocal polynomial G(X) = X°®g(X 1)) is a classical problem dating back to
Gauss. Previous work of the author, and Gupta and Zagier, primarily treated the
casem = p, an odd prime, with f > 1 xed. In this setting, it is known for certain
integral power seriesA(X) and B(X), that for any positive integer N

G(X) A(X) B (modx")

holdsin Z[X ] for all primesp 1(mod f ) exceptthosein an e ectiv ely determinable
nite set. Here | describe an analogousresult for the casem = p , a prime power
(> 1). The methods extend for odd prime powersp to give a similar result for
certain twisted Gauss periods of the form
p_X X, .
=i PeT () a g e
p
x2H

. .(p_ 2
where (5) denotesthe usual Legendre symbol and i =i =
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1 Intro duction

For any positiveintegerm, set ,, = exp(2 i=m) andlet Z,, denotethe group
of reducedresiduesmodulo m. Fix a congruencegroup H de ned modulo m
of order f and conductor m. Chooseintegerst; = 1;to;:::;te to represer the
e= (m)=f cosetsof H in Z,,. The Gaussperiods
X
j = 8@ i e 1)
x2H
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corresponding to H lie in the subeld K of Q( ) xed by the Galois actions
induced by sending , ! )X for x 2 H. They are conjugate and distinct
over Q [8,11], and have minimal polynomial

1

gx) = gu(x) = X2+ x® *+  + G 1X+ Ce 2)

of degreee. For any numerical character de ned modulo m, the Gausssum
G( ) is given by X
G()= (X) m: 3)

X272

m

The Gaussperiods (1) are intimately related with the sums(3); namely,

xe
G()= (t;) 4)
j=1
for any character annihilating H, and
1X .
i a (t)G() @ j ey (5)

where runs through the characters de ned modulo m which annihilate H .
(Here denotesthe multiplicativ e inverseof the .)

It is well-known from the theory of equations [4] that the coe cien ts
¢ of g(x) in (2) can be computed in terms of the symmetric power sums
Sh = (j)" using Newton's identities

S+aS 1+ +6 1S1+rg=0(1 r g (6)

Sn+CSh 1+  +C 1Sh er1 ¥ CSh =0 (N> ¢
Alternativ ely, if

G(X)=Gu(X)=X°g(X ') =1+ X+ +ceX® ()
is the reciprocal polynomial of g(x), its logarithm is formally expressed

Sp X"

Ye
logG(X)=1log (1 ;X)=
j=1 n=1

(8)

in terms of the power sumsS,.

To determine the coe cien ts of the period polynomial g(x) in (2) (or
equivalently its reciprocal polynomial in (7)) is a classical problem dating
back to Gauss[5]. When f = 1onehas ; =  in (1) whose minimal
polynomial is the well-known cyclotomic polynomial

Y —_
m(x) = (x? 1) (M9 ©)
djm
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with 5, ()=xP ® D4 4 xP 4+ 1

whenm = p , a prime power. Henceforth, | shall assumef > 1 throughout
this paper.

Previous work of mine [7] and Gupta and Zagier [6] primarily treated the
casem = p, an odd prime, with f > 1 xed. In this case,the beginning
coe cien ts of g(x) exhibit a polynomial dependenceon p for all su cien tly
large primes p  1(mod f). More precisely Gupta and Zagier [6] shoved
for certain integral power seriesA(X) and B(X) depending only on simple
arithmetic properties of the f -roots of unity ¢ (1 v  f), that for any
positive integer N

G(X) A(X) BX)P VI (modXxN) (10)

holds in Z[X] for all primesp 1(mod f) except for those in an e ectiv ely
determinable nite set. Moreover, they give an elegart algorithm to compute
the exceptional sets. For f = 2, the congruence(10) holds for N = p, so
uniquely determinesG(X ). Indeed,

[e r=2]

6o =" (i
il r=2]

r=0

X' (11)

exactly in closedform, a formula known to Gauss[5]. (Here [ ] denotesthe
greatest integer function.) Some extensionsof these results for certain con-
gruencegroupsH of square-freeconductorm = p;  p; with a xed number
of prime factors of speci ed types have been suggested(see[8] and also [6]
). However, the prime power casem = p , > 1, seemsto have beenover-
looked. It is this situation | describe here. The casep = 2 is treated rst,
separatelyin section 2, where closedform formulas are known for Gy (X)) for
any congruencegroup H of conductor 2 . In section3 1 give an analogof (10)
for Gaussperiods corresponding to congruencegroupsH of odd prime power
conductorp , > 1, together with an adaptation of Gupta and Zagier's al-
gorithm to determine exceptional prime powers.When f = 2 this congruence
is shawn to hold modulo XP *, not enoughthough to completely determine
G(X). However, | have recertly found [9] closedform formulas in this case
for G(X) which generalize(11). In the nal section, | extend the results for
odd prime powersp to certain twisted Gaussperiods of the form

P X X, .
=i Pp AN i ey (12)
X2H P
where (5) denotes the usual Legendre symbol and i = i(P 1*=4 Sudh

quadratic twists or integer multiples of them arise classically as values of
Kloosterman sums|[10,13]for odd prime powersp , > 1.
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2 Gauss periods for 2

Throughout this sectionH is a congruencegroup of conductor 2 ( > 1)
and order f > 1. It is known that there are only two possiblechoicesfor H.
For the sake of completenesd include a brief rationale for this fact.

Prop osition 1. A congruene group H of conductor 2 , > 1, and order
f > 1 musteither bef1;2 1gorf1;2 ' 1g modulo?2 .

Proof: Since H has conductor 2 with f > 1, it is known from class eld
theory that the eld K correspondingto H is a proper sub eld of Q( 2 ) not
contained in Q( » 1), and so > 2. Since2jf, H contains an elemen of
ordertwomodulo 2 -either2 1,2 ' 1or2 '+ 1.The lastchoicecan
be eliminated sinceH has conductor 2 . Thus K is cortained in one of the
cyclic elds Q( 2 + ,)orQ( 2 , ) which correspond to the congruence
groupsf1;2 1gorf1;2 ! 1gmodulo 2 , respectively. But any proper
subeld of Q( 2 + ,1) or Q( 2 o isasubeld of Q(, 1+ ,%))
cortained in Q( , 1). ThuseitherK = Q( 2 + ,)orQ(2 1), soH
equalsf1;2 1gorf1;2 ! 1g.

From the proposition above the only possibilities for 1 in (1) here is
> + L,tor ,1 eah with f = 2and > 2. The corresponding
minimal polynomials are classically known from the properties of Chebyshef
polynomials. | quote results from [9] relevant to the discussionhere.

Theorem 1. The minimal polynomial for , + ,*for > 2is equivalently
characterized by

3

%( 2 2 2 2 n )
— 1)" 2 2n
0= (Dym—y T X
or the power sums

8
<, , n :

Sy = 2 =2 if neven
0 if nodd

ford n 2 2, orthe congruene
G(X) B.(X)? ° (mod X2 1)
where

b3 2n X 2n

B, (X) = exp( n n

O S
) = %(1+ 1 4X?2):
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The minimal polynomial for 2 for > 2is equivalently charac-
terized by
X : 2 2 2 2 n »
9= = T, X7
n=0
or the power sums
8 n
5 2 2 n=p I 2jin
S, =
"Tz2 2 nrz‘z if 4jn
0 if nisodd

fori n 2 2, orthe congruene
G(X) B (X)2 ° (mod X2 )
where

2n XN
n 2n

b3 1 pP——
B (X) = exp( (" ) = E(1+ 1+ 4X2):

n=1

| treat the casewhen H hasodd prime power conductor next.

3 Gauss periods for odd prime powers

Throughout this section | assumethe congruencegroup H in (1) has con-
ductor m = p with podd and > 1.SinceZ, iscyclic, H = (Z, ) (P )=,
or equivalently H equalsthe group of f -roots of unity in Z, . In particular,
sinceH hasconductorp , p§f sop 1(mod f). To compute the symmetric
power sums Sy, | introduce certain courting functions T, (p ) for 0 <

asin [8]. Speci cally, let T,(p ) count the number of times

X1+ + X, O0(modp) (13)

for choice of tuples (x1;:::;Xa) with x; in (Z, ) ®)= (1 i n).These
counting functions possesghe following useful property.

Lemma 1. For > 1, Ta(p Y Ta(p ) equalsthe number of tuples(xz;:::; Xn)
with x; in (Z, ) ®)= for whichp lji(xz+  + Xn).

Proof: First obsenethat any f -root of unity x mod p ! lifts to a unique
f -root of unity x° mod p , since

(x+tp Hf x'+ftp ¥ 1(modp)
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has a unique solution t satisfying ft (x* 1)=p ! (mod p). Thus eat
solution x1 +  +xn  O(mod p ') with xi in (Z, 1) D ifts to a
unique solution xf +  + x3  O(mod p ') with x?in (Z, ) )= . The
satemeri of the lemma now readily follows.

Now obsene in the expansion(8)

b3 X X X toxen XN
Iog G(X): San:n: ( i )”_
n=1 n=1j=1 x2H

that S, equalsthe inner sum
S (X tjx)n _ E X
_ P f
j=1 x2H rZZp Xi2H

But in view of the lemma above, and since

8
X < (p) if pjx
o=, p tif plix
r2z, "0 otherwise,
X X r(xi1+ +Xxn) 1 1
p = (P)Ta(Pp) P (Ta(p ) Tal(p))
r22p Xi2H
=pTa(p) P 'Talp M-
Thus,
p ! 1
Sh = f—(an(p ) Ta(p )): (14)

Now let ¢ (n) count the number of times 1+ + , = O for f -roots of
unity ;inQ(¢),soTa(p 1) Ta(p)  ¢(n). ThusaslongasT,(p 1) =
£ (n),
(p)
f

above. Letting (n) be the set of odd prime powersp ( > 1), p
1(mod f ), for which T,(p 1) > ;(n) and putting

Sn = t(n) (15)

b3 N
BOO=exp( () (16)

n=1

one obtains from (8) and (15) the following analog of Gupta and Zagier's
result [6, Theorem 1].
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Theorem 2. For each natural number N, the congruene
G(X) B(X) ®) (modxN)

holdsin Z[X] for all odd prime powersp ( > 1), p 1(mod f), exept
thoselying in ¢ (n) for somen < N

Before giving someexamples,somecommens concerningthe result above
and computation of the exceptional sets ¢ (n) arein order. The power series
B (X) in (16) is the sameintegral power seriesappearingin [6]. The counting
function ¢ (n) has a nice expressionwhen f is a prime power or twice a
prime (chiey, Theorem 2 in [6] ) In particular, one has

™= a7)
when | is a prime and
g 0 5 if n odd
am=. "N if neven (18)
n=2

(Seealso Corollary 2 in [8].)

Gupta and Zagier [6] give an elegari alternative expressionfor ¢ (n)
which is useful in computing the exceptional sets ; (n). For any tuple i =
(i1;:500) in (Z=fZ)", let P;(x) denote the polynomial x'* +  + x'n with
iv (L v n)chosento bethe least non-negative represenativ e of the class
iy (mod f). Then

¢ (n) = card(fi = (i1;:3in) 2 (Z=FZ)"j ¢ (x) divides P;(x)g)  (19)

where ¢ (x) denotesthe f -th cyclotomic polynomial (9). If one xes a prime
p lying abovepin Q( ¢), then

Ta(p ) = card(fi = (i1;::500) 2 (Z=fZ)"jp divides ;*+ + ["g) (20)

in (13), independert of the choice of p. Clearly T,(p 1) > (n) if and only
if for sometuple i = (iy;:::;ip) in (Z=fZ)"

pol(ft+  + ) but P+ o+ PEO (21)

Thus ;(n) consistsof all odd prime powersp ,p 1(mod f) for which (21)
holds for sometuple i in (Z=fZ)". Now a necessarycondition for i to satisfy
(21) is R; O(mod p 1), but R; 6 0, where R; denotesthe resultant of
P,(x) and ¢ (x). The resultant R; = 0 if (x) divides P;(x). When ¢ (x)
gP; (x) (so( ¢;P;) = 1), R; is essetially the smallest positive integer R for
which the equation g(x) f (x) + h(x)P;(x) = R is solvable with polynomials
g;h 2 Z[x], or equivalertly, the norm Ng(,)=oPi( ). Thus to determine
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which prime powerslie in ¢ (n), one rst restricts to those prime powersp
p 1(mod f) for which R, O(mod p 1) but R; 6 0 for sometuple i
in (Z=fZ)". For such a prime power p , selecta primitiv e f -root of unity g
modulo p ! forwhichp 1j(; g@). Thenin viewof (21),p 2 ¢(n) if and
only if

gt+ +dg° O (modp 1) with [*+ + ["60

for sometuple i = (iq;::in) In (Z=fZ)". It is enoughto considertuples i,
inequivalent under translation and permutation.

Table 1 below showsthe results of this computation for nding exceptional
prime powersp® amongthe inequivalent n-tuplesi for which R;  0(mod p?),
R; 6 0in cases(f;n) = (4;7);(5;7) and (3;11).

Table 1.

f=4n=7: ps=2 s5where 4 7(mod p?)
i R; {4+ + " factors

0000002 25 5= (2+ (2 4

0000111 25 4+ 3,= 42 4)?

0000333 25 4 3,= 42+ 4)?

0111112 25 5.4= 42+ )2 4)

f=5n=7: puu=2+ Zwhere s 3(modp})
i R, {4+ + " factors
0000123 121 da+ Hr+ 32
0000124 121 21+ 32+ 5)?
0000134 121 1+ 22+ )7
0000234 121 s(1+ 5)(2+ 2)2
0001113 121 21+ 22+ 5)2+ 9)
0001222 121 2+ HR+ g2+

4
5
3
5
2
5
5
+ 3
+ 3

WwWwwwww

3
+ 35
+ 5

5
2
5

Tlw
~

f=3n=11: p;= 3 2where 3 19(mod p2?)

i R {t+  + [ factors
00000000111 49 8+33= 2(5 2
00000000222 49 8+32= (2 2)

To illustrate whenf = 5and n = 7, one nds six inequivalent classesof
7-tuples i with p?jR; and R; 6 0. Represetativ esfor each suc classare
given in Table 1; all have resultant R; = 121. To ched if 11° 2 5(7) one
may choosepi; = 2+ 2 where 5  3(mod p%;). One of these tuples sat-
ises (21) with p1; = 2+ 2 and = 3; namely, 0000234,s0 11°> 2 (7).
There are % = 210 permutations of 0000234with 5 translations ead, so
T,(121)= 5(7) + 210 5= 1250as s5(7) = O.
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The "new" exceptional prime powersfor givenn are the elemerts of ; (n)
which do not appearin ¢ (n% for somen®< n. Table 2 below lists the "new"
exceptional prime powersfor 3 f 8 and small valuesof n.

Table 2.
n; f=3 =4 f=6
3 52 72
4 72 132
5 132 13?2172 19
6 312
7 19%; 312 53: 292: 372 372:43
8 43 7
9 412,532 612;672; 732
10 372732 7%
11 73: 672 612;73%;1012  97%;10%
n; f=5 f=7 =8
3 112 43 172
4 612 29 712; 5472 412
5 412 11%;197; 732:89%; 972
4212 46F 113%; 257
6 312; 712 2112;37%;: 449  137;31%F
1812; 5212 7512; 268F
7 113;101%; 1512  23%;2812; 3372 17%:19%;23%
191?; 4612 1583; 1597 2412;2812; 3372
35%: 40%; 43F
6412; 1297

Here are a couple of examplesto illustrate Theorem 2.
Example 1. Considerthe casep= 7 with f = 3, so

5(n) = ni=((n=3)H% if 3jn,
0 otherwise
from (17) with
B(X)=1 2X3 13x°% 158x° 2431x12

in (16), The power 49 rst appearsin the exceptional set 3(4) with T4(7) =
12> 3(4) = 0; whereas343 rst appearsin the exceptional set 3(11) with
T11(49) = 495> 3(11) = 0. The minimal polynomials G(X) for 491 =
(a0+ 38+ ,°) ! begins

1 28X°3+ 7X*+ 14X 5+ 189X 6 +
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whereasthat for | *= (a3 + 3%+ 35 ! begins
1 196X°3+ 72 362X% 78 287X °+ 72 15X M+ 7 10973X 2+

The underscoredcoe ciien ts deviate as expected from the pattern of the
beginning coe cien ts given by Theorem 2.
Example 2. Considernext p= 5with f = 4, s0 4(n) is given by (18) with

B(X)=1 2X2 7x* 50x% 456x8

in (16). The power 25 rst appearsin 4(3) with T3(5) = 12> 4(3) = 0;
whereas125 rst appearsin the exceptional set 4(7) with T,(25) = 140>
4(7) = 0. Hereonemay takeH = f 1; 7gform = 25andH =f 1, 57g
for m = 125. The minimal polynomial G(X) for ;= (25+ 5 + 2+
257) Lis
1 10X2+ B5X3+ 10X 4+ 1X 5
That for ;%= ( 125+ 10+ s+ 1,2) * begins
1 50X?2+ 10254 11250 ©+ 125X 7 +

The underscored coe cien ts deviate as expected from the pattern of the
beginning coe cen ts given by Theorem 2.

I concludethis sectionwith a discussionof the casef = 2 wherea closed
formula for G(X) has been obtained [9]. The power seriesB(X) in (16) is
just

X on X 2n+2
n n+1

1 p——
B(X)= -1+ 1 4X?)=1
2
n=0
with  »(n) given by (17). The minimal polynomial G(X) for (2cos2 =p ) !
is seento have the form
p

T v 2 B 1 1 1 T 4X2y\p
G(X) = (u) (p)=2 oo 2X__ ) (22)
2 1 (l l 4X )p 1
with power sumsS,, satisfying
g 1 g ]
_ n 1 n
Sh=p _ p 14y= (23)
t=1;t odd (n p =2 t=1;t odd (n p =2
if n is odd, or
©) n . Inpy  =2] N . 1[np§( =2] N
2 n=2 n=2 pt n=2 p
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if n is even. A closedform formula for G(X) is

(px3)=2 .
G(X) =X )=+ XP G, aea h(X) (24)
=0 i
where
Ise2]
Ca(X)= (1)
=0

n

dann.
dnnx’

or equivalertly with coe cien ts in (7) satisfyingfor 1 r < (p )=2;
X BRC)

G = ( b 2
11 ) )
j=0;j r(mod 2) p (5 IDIRT q

with ¢ (5 )=p) = (%), wheret; = (r p 'j)=2.
From (22) or (24), it follows that the congruence

G(X) B(X) ®)%2 (modxN)

holds in Z[X] for N = p ! but not for N > p 1, sofails to determine
G(X) which is of degree (p )=2. Indeed, one can show p rst appearsin
the exceptionalset »(n) forn=p .

4 Twisted Gauss periods for p

Here | considerquadratic twists of Gaussperiods for prime powersp , >
E,._When p= 2 vH'tD > 3, the twisted Gauss periods have the form

2(¥ + ,Y)yor 2(Y , ") for someodd integer v, and their corre-
sponding minimal polynomials are easily obtained from the Theorem 1 in
section 2. With no loss of generality then | restrict attention to the casep is
odd, and considerthe twisted Gaussperiods

p_ X tix. ¢ .
=i Pp Gt @ ie (26)
X2 H

with H a congruencegroup of conductorp ( > 1) and order f > 1 asin
(1). The twisted Gaussperiods (26) alsolie in the sub eld K of Q( , ) cor-
respondingto H with [K : Q] = (p )=f.Infact j = Trq(,6 )= (i pT) ,t; )
(3 j e), andead is seento generateK .

Prop osition 2. Each twisted Gaussperiod ; in (26) geneatesthe eld K
over Q.
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Proof: It suces to show the conjugates ; (1 j €) areall distinct.
For this purposeset

Xe

T( )=_ (t) j

=1
for any numerical character annihilating H Then

1 X .
i= g @GTC) @ j ey

the sum taken over the characters annihilating H. Generalizing the argu-
mert in the Appendix of [8] one nds in view of the lemmathere that the
(2 j e) will bedistinct provided T( ) 6 O for all annihilating H with
conductor f () satisfying (p =f( );f( )) = 1, wherep =f( ) is square-free.
| assertthat this hypothesis above holds here so that the ; are distinct.
Indeed for any character annihilating H, T( ) equals

xe X . X
)i P A =i T oy
j=1 x2H P XZZp P
ori P PG( ) in terms of a Gausssum (3), where isthe quadratic character
(%) consideredmodulo p . But any such character with (p =f( );f( ) =1
andp =f( ) square-freemust have conductorf( ) = p .Hence mustalso
have conductorp soG( )6 0;andthusT( )6 0.

The proof of the proposition is now complete.

My goal hereis to give an analogof Theorem 2 in section3 for the minimal
polynomial G(X) for the reciprocals of the ; in (26). Two situations arise
naturally depending on whether (p 1)=f is even or odd. To deal with the
case(p 1)=f isewven,| set

A (n) = ¢ (n) if niseven

0 if nis odd; (27)

where ¢ (n) is the courting function in (15). In terms of this adjusted count-
ing function # (n) and the exceptional sets ; (n) asbefore,l nd

P
Theorem 3. Supmse(p 1)=f isevenwher B(X) = exp( 1., "t (n)X"=n)

n=1
with % (n) de ned by (27). Then for each natural number N, the congruene

cx) Ba Ppx) )7 (modx ™)

holdsin Z[X] for all odd prime powersp ( > 1) exeptthoselying in ;(n)
for somen < N.
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P
Proof: Herelog G(X) = ﬁzl Sh X "=n takesthe form
* U%M”ﬁf(ﬂy%q
n _ p’P
n=1 j=1 H
with inner sum
X

x ti X
( (9=
i=1 H P

) fX)n — E X (E)n(x fX)n.
p p !
f rZZp P H

X X
¢ E

r22p x2H P

|

since H is contained in sz as(p 1)=f is even. When n is even this last
sum is just
1 X X rvyn — 1 1 1\ —
0 " =Fe ) P e )=
rZZp H

(P)
f

£ (n)

asin the proof of Theorem 2 whenp doesnot liein ¢ (n) for n < N. When
n is odd this sum becomes
1 X X

f

r22p Xi2H

() roar +xn) o fi X (L) roar =x) 2 g

p
P Xi2H rZZp P

P
for any prime powerp notin ¢(n) for somen < N, since ,, ('5) g =
P

unlessp jjv. This establishesthe theorem with B(X ) de ned in terms of
the adjusted counting function N (n) in (27).
Example 3. Considerp= 7 with f = 3, so

~(n) = g!:((n:3)!)3 if 6jn

otherwise
in (27) with
B(X)=1 15X°% 2775x*? 91020% *®
in Theorem 3. Then
B(ip7X) =1+ 7 15X® 7° 277512+ 7° 910208

One may againtake H = f1;18;, 19gfor m = 49 or 343 asin Example 1,
where 49 rst appearsin 3(4) and 343 rl§t_ appearsin 3(11). The minimal
polynomial for the reciprocal of 1 =i T(a0+ B+ 4919) begins

1+ 7PX4+ 7% 2X5%+ 7% 29X 6 +
whereasthat for the reciprocal of 1 = i p7( a3+ A+ 5)) begins

1+ 7° 36X°% 78 165X M+ 7° 2325 12+



14 S. Gurak

The underscoredcoe cien ts deviate as expected from the pattern given in
Theorem 3.

Now considerthe case(p 1)=f is odd, sof must be even. For any positive
integern, let [ (n) court the number of times asumsatises 1+ + ,=0
for f -roots of unity ; in Q( ;) with an even number of the ; actually f =2-
roots of unity. Similarly, let ; (n) court the number of times a sum satis es

1+ + n = Ofor f -roots of unity ; in Q( ;) with an odd number of the
i actually f =2-roots of unity. Clearly [ (n)+ ; (n) = ;(n) for any n, and
also [ (n) = ; (n) if nis odd. De ne an adjusted courting function “ (n)
by

ny= ) (n) (28)

for any positive integer n. Note that "y (n) = 0if n is odd.
In terms of this adjusted counting function and exceptional sets ¢ (n) as
before,| nd

P
Theorem 4. Supmwse(p 1)=f is odd where B(X) = exp( Ll N (n)X "=n)
with “f (n) de ned by (28). Then for each natural number N, the congruene

ax) Ba Ppx) ®)7 (modx™)

holds in Z[X] for all odd primes powersp ( > 1) exapt those lying in
¢ (n) for somen < N.

Proof: In this casethe inner sum in the expansionfor logG(X) in the
proof of Theorem 3 can be expressed

X X tj X tj Xyn _1 X X rx rxyn _
C e ))=¢ ( ()p) =
j=1 H P r2z, x2H P
1 X X (it +xp) L X X F(X1+ +Xn)
= ()" 5 F )" o (29)
Xi2H rZZp P Xi2H rZZp P
since(¥) = 1forany x 2 H H2. Here H? is just the set of f =2-roots of
unity in Z,, , " is the sum over tuples (x1;:::;Xn) with an even number
of componerts lying in H H? and is the analogoussum over tuples

(X1; 5 Xn) with an odd number of componert]s_) lyingin H H2. If p is

not in any ¢(n9 for n®< N, then eadr term ~ ,, () par rxe) = g
P

in (29) and henceS, = 0 when n is odd, since no sum x; + + Xp IS

exactly divisible by p *. When B is even, there may be sumsx; + + Xn

divisible by p , eah such sum = ,, *** **") conrributing (p ) in
P

(29). Overall, there are { (n) of thesewith + signand ; (n) with - sign,

S0 (29) matches %( £ (n) ¢ (n)). This establishesthe assertion of the
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theorem with B(X) de ned in terms of the adjusted sums N (n) in (28).
Example 4. Considerp= 7 with f = 6. Hereone nds § (1) = 4 (1) = 0,
6(2=0 5(2=6 g = 6(3)=6 ¢(4=90, ¢(4=0, (5=
6 (5) = 180, ¢ (6) = 180and 4 (6) = 1860to obtain values A6(2) = 6,
"6(4) = 90and "3(6) = 1680in (28). Then

B(X)=1+3X? 18X*+ 2176+
in Theorem 4 so
P
B(i 7X)=1 21X? 18 7°X* 217 7°X®

Onemay takeH = f 1; 18 19gfor m = 49o0r 343.From Table 2 one nds
that 49 rst appearsin ¢(3), Whereas§4_3 rst appearsin (8). The minimal
polynomial for the reciprocal of 1 =i 7( a9+ 5+ 4 4 400 1)

in (26) is
whereasthat for the reciprocal of ; = ip7( 343+ At 2y s s
343) begins

1 7% 3x? 7% 198 * 7% 111X 6+ 77 20027x &+ 78 6X°+
The underscored coe cien ts deviate as expected from the pattern of the
beginning coe cients givenin Theorem 4.

Example 5. Next considerp = 5 with f = 4. One readily nds that
8

< n 7
") = =2 if n even
0 if n odd.
in (28) so
B(X)=1 2X2? 7Xx*% 50Xx°® 4568
in Theorem 4 and hence
é(pEX): 1 10x2 52 7x* 5 2x% 5% 4568

Herel takeH = f 1; 7gform = 25andH =f 1, 57gfor m = 125again
asin Example 2, where25 rst appearsin 4(3) and&gs rst appearsin 4(7).
The minimal polynomial for the reciprocal of 1= 5( 25+ 2" 25 o5
is

1 50X %+ 126X %+ 125X * 500X °;
whereasthat for the reciprocal of ; = pE( 125+ 18 13 10e') begins

1 2502+ 5* 41x4 5 187 5X’+
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The underscoredcoe cien ts deviate as expected from the pattern given in
Theorem 4.

One may have noticed that '\4(n) = 4(n) in the last example. More
generally,

Prop osition 3. For > 1, ", (n) in (28) satises ", (n)= , (n).

Proof: | rst note that no sum of an odd number of 2 -roots of unity
for 1 can vanish since eat sud root of unity is congruert to 1 mod
2, Where ; is the unique prime above 2 in Q( 2 ). Now | assertno sum of
an odd number of primitiv e 2 -roots of unity canlie in Q( , 1) for > 1.
Supposeto the cortrary asum '+ + 3 liesin Q( , 1), where > land
the i; and n are odd. Then é'l D24 é'” ) liesin Q( 5 1)
so {* 9%+ 4+ {n Y%= 0 contradicting my rst remark. It follows
easily now that for > 1 any sum of an even number of 2 -roots of unity
which vanishesmust always contain an even number of primitiv e 2 -roots of
unity. Hence , (n) = 0for n even. The statemert of the proposition readily
follows.

I concludethis sectionwith a remark concerningthe casef = 2 which is
not governedby the last proposition. One nds in this casethat the courting
function “»(n) = (n) in (27) whenewer p  1(mod 4), whereas "»(n) =
( D2 ,(n) in (28)for p  3(mod 4). In ead case,the respective power
seriesB (X ) = exp( Ll Az(n)X "=n) in Theorems3 or 4 satis es
2n  x2n

B(i X)= exp( 0 E):%(l+p1 4X 2):

n=1
In particular for the casef = 2, one nds for any odd prime powerp , > 1
that the congurence

cx) B px) ®)2 modxN (30)

holdsin Z[X] for N = p ! but not for N > p 1, where B(X) = exp
( ,ﬁ:l 2nn %). Indeed, | had previously remarked in section 3 that
p rst appearsin an exceptional set »(n) forn = p 1. One consequence
is that the rst p ! coe cien ts of G(X) satisfy

8

< =2r=2_ (p) (p)=2 r=2 . .

G = ( D 5 (= if r is even (31)
"0 if r is odd,

for 1 r < p ! (chiey, Corollary 3 in [9]). While (31) is not enough
to determine G(X), | have recertly found a closed form formula for the
coe cien ts of G(X) analogousto (25) expressedn terms of an Aurifeuillian
factor [3] of the cyclotomic polynomial . The readeris referred to [9] for
details.
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