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Why yet another definition of (weak) co-groupoids?

e |t's eqUiValent to Grothendieck's definition (up to some minor changes)
e It's short and simple

e It's an essentially algebraic definition (i.e. an oco-groupoid is a
globular set equipped with a collection of operations)
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Globular sets
Proposition

A globular set G has
e a set of objects Ob(G)

a: G & a € Ob(G)

e forall a,b: G, a globular set of morphisms Homg(a, b)
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Globular sets
Proposition

A globular set G has
e a set of objects Ob(G)

a: G & a € Ob(G)

e forall a,b: G, a globular set of morphisms Homg(a, b)
Homg(a, b)

Ce
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Bigroupoids
Definition

A bigroupoid is a globular set G with no n-cells for n > 3 and
equipped with the following 13 operations (and some equations):

. — 1, : Homg(x, x)
)O(L}./ — f~1: Homg(y, x)
xryéez o gof :Homg(x,2)

——e > argp:Hom (ho(gof),(hog)of)

4 At HoMuome () (1y 0 £, )
x f Y

*———e = Pf - HomHomG(x,y)(fo 1X,f)
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Bigroupoids
Definition

A bigroupoid is a globular set G with no n-cells for n > 3 and
equipped with the following 13 operations (and some equations):

)o(%)o/ — DV HomHomG(X’y)(l"_1 of,1y)
)o(—f}o/ — o HomHomG(X,y)(f of1, 1,)
f
X y . _ _
@' = I(Oé) : HomHomG(y,X)(f lag 1)
g
f
X y —~
@. = at: HomHomc(x,y)(ga f)
g
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Bigroupoids
Definition

A bigroupoid is a globular set G with no n-cells for n > 3 and
equipped with the following 13 operations (and some equations):

X f y

e = 1f: HomHomg(x,y)(f7 f)
f !
X%Z% BH0 o : HoMpom(x,)(f' o f, 8" 0 g)
8 g
f
ﬂa
X g—>oy — B *1a: HomHom(;(x,y)(fv h)
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Anatomy of an operation

f '
XZ = B HomHomG(x,z)(f, © fvgl Og)
g g

Every operation has two parts:
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e possibly some other operations of the structure of co-groupoid
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Anatomy of an operation

f '
g g

Every operation has two parts:
e The input: is a bunch of variables with a “contractible” shape
e The . is an iterated hom globular set of G described
using only
e the variables in the input
e possibly some other operations of the structure of co-groupoid

Conversely, any contractible input and well-formed should
correspond to some operation of co-groupoids.
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Idea

Define a syntax in which we can express the notion of
e contractible input

e well-formed

Two basic syntactic notions:
e types
— represent iterated hom globular sets of G
e terms
— represent cells of G

Every term has an associated type. We write:

u: A 2L the term u has type A
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Contexts

In a term like g o f, we need to know what f and g are.
— types and terms are considered in a given context

context = list of variables you are allowed to use
Definition
A context is a sequence I = (xq : A1,...,Xp : Ap) of variables and

types such that:

e the variables x; are pairwise distinct
o for every k € {1,...,n}, Ag is a type in the context
(x1: AL, X1 Akot)
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Types

Definition
In a context ', a type is either:
e the base type (which corresponds to G):

*
e a hom type (which corresponds to Homa(u, v)):
u=apv

In the last case we require that
e Aisatypeinl
e y and v are terms of type A in I’
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Context and types (examples)
Examples (well-formed contexts)

(x %), (y:%),(z:%),(Ff : x = y¥),(g:y >~ 2)

and
(f:%),(g:*)

Counterexamples (ill-formed contexts)

(Fixy),(g:y o 2)

and

(x %), (y %), (f i x = y), (g y e x), (@i 7 g)
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Contractible contexts

Definition
A context A is contractible if either:

e A is a singleton
A= (x:%)

e A is obtained from some contractible context A’ by
duplicating a variable (x : A) € A’ and “gluing a ball":

A= (A (y:A),(z:x~ay))

(where y and z are fresh variables)
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Contractible contexts (example)

corresponds to

Ay = ((x %), (y %), (fixy) (g xy), (o f e,y 8),
(z:%),(f iy = 2),(8 1y~ 2),(B: f 2yn,2 g'))
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Contractible contexts (example)

corresponds to

Ay = ((x %), (y ), (f x>~ y),



Case study: bigroupoids The definition Some examples and properties
000 00000800000 000

Contractible contexts (example)

corresponds to

AN ((X:*)7()/:*)7(f:XZ*Y)7(g:X3*Y)>(O‘:fgxz*yg)a
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Contractible contexts (example)

f f
4

corresponds to

Ay = ((x %), (y %), (fixy) (g xy), (o f e,y 8),
(z:%),(f 1y ~ 2),
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Contractible contexts (example)

f f'
g g

corresponds to

Ay = ((x %), (y %), (fixy) (g xy), (o f e,y 8),
(z:%),(f 1y~ z),(g iy~ 2), (B ~yr, 8))
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Contractible contexts (example)

corresponds to

Ay = ((x %), (y %), (fixy) (g xy), (o f e,y 8),
(z:%),(f iy = 2),(8 1y~ 2),(B: f 2yn,2 g'))



Case study: bigroupoids The definition Some examples and properties
000 00000080000 000

Contractible contexts (another example)
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Terms

Definition
In a context I, a term is either:
e a variable x such that (x : A) € ' for some A
e a coherence cell
coha a(us, ..., up)
For a coherence cell we require that:
e the input A = (x3 : B1,...,x, : Bp) is a contractible context
e the Ais a type in A
e in the context I', the arguments uy are terms satisfying

Uy : Bk[Xl =UuUl,..., Xk—1 = uk,]_]

The type of coha a(ui, ..., up) is Alxi := u1,...,Xp = Up].
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Terms (example)

Example (ldentity)

If u:%in context I', then

COh (x:4).(xaex) (U) U = 1
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oo-groupoids

Definition
An co-groupoid is a globular set G equipped with, for every
contractible context A and every type A in A, an operation

cohp 4 : (1 € [A]) — Ob([A],)

where
[+, =6
[u~av], = Hom|[A]]n(|[u]]77, vl
[x1y == n(x)
[coha a(ui, ..., un)ly = coha a([uily, - - -, [ualy)

|I(X1 B, .., Xxn Bn)]] = {(21, ey an) | ai € Ob(l[Bk]](al ..... 3k—1))}
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Examples of operations

Example

Every operation of bigroupoids corresponds to some coha 4.

— o o — gofixmyz
f !

ot e Broai(fof) e (€08)
g g’

More generally, everything with a contractible input and a
well-formed
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Examples of co-groupoids

Examples

e Groupoids
e The fundamental oo-groupoid of a topological space
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oo-groupoid of morphisms

Proposition

Let G be an co-groupoid and a, b : G.
Then Homg(a, b) has a natural structure of co-groupoid.
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oo-groupoid of morphisms

Proposition

Let G be an oco-groupoid and a, b : G.
Then Homg(a, b) has a natural structure of co-groupoid.

. Homg(a, b) £ G

[ ]

Jo e

g a g b

o . d

s E

[ ]

h h
cohzc.’;‘@(a’b)(ul, o up) =coh€a sa(a, byur,. .., up)



Case study: bigroupoids The definition Some examples and properties

000 00000000000 ooe

Summary

We defined syntactically the notions of
e contractible input
o well-formed according to a given input

e coherence operation
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Summary

We defined syntactically the notions of
e contractible input
o well-formed according to a given input

e coherence operation

This gives an elementary definition of globular weak co-groupoid
which is

e easy to define and understand

e equivalent to known definitions

e maybe easier to work with
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Summary

We defined syntactically the notions of
e contractible input
o well-formed according to a given input

e coherence operation

This gives an elementary definition of globular weak co-groupoid
which is

e easy to define and understand

e equivalent to known definitions

e maybe easier to work with

Thank you for your attention
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