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Question: When are two things the same?
Answer (Leibniz): When they have all the same properties.

This splits in two:

1) Indiscernibility of identicals : TF X= Y +hen P&><—> P(}) B all Pﬂy?Prﬁll?j P
/
In mathematics, usually asserted explicitly in foundational theories.

e |n first order logic / ZFC, this is the substitutive principle of equality
e We will use Dependent Type Theory (DTT) where it is the eliminator of identity types:

WA, »:A/ piX=y - C(x,g,p) T3P€ A F el COux, refl )
WA, gk, pixzy = T(Ce,x,y,p): Cloyp)

2) ldentity of indiscernibles - ,L]o P(X)(—? P/#) ‘1%r~ all Prafcr-#/fs P Hen X = y

In mathematics, usually trivially true, because of haecceities: Tgke P[u (x u>



Often, in mathematics, we want to consider things "the same" under weaker conditions:

- Isomorphism of groups, rings, fields, topological spaces, ...
- Equivalence of categories
- Biequivalence of bicategories

In ZFC set theory, isomorphic groups are not indiscernible! Take P(@> = (@/55‘> .
But such properties are "uninteresting", or more precisely non-structural.

In Dependent Type Theory, we cannot exhibit any non-structural property.

This metatheoretic property shows that DTT matches mathematical practice better than ZFC,
in this regard. But for practical use, we would rather have a positive, internal version.

In Homotopy Type Theory / Univalent Foundations (HoTT/UF) —a form of DTT —we can prove,
internally, that all properties are structural, i.e. that isomorphic structures are indiscernible.

—— "Indiscernibility of isomorphs"




Indiscernibility of Isomorphs = Structure Identity Principle

Again because of haecceities, indiscernibility of isomorphs implies identity of isomorphs:
(62H) — (6=H)

To a set-theoretic mind this looks like a "skeletality" property, collapsing isomorphism to
identity. But actually, in HOTT/UF we expand the notion of identity to include isomorphism.

To be precise, from indiscernibility of identicals we get a canonical map in the other direction:
(6‘: H) — Iﬁo(é}l"/)

and we prove a Structure Identity Principle (SIP) saying that this map is an equivalence.

Hence, in particular, there is a map in the other direction; but rather more is true.

In fact, in practice we prove the SIP first and deduce indiscernibility of isomorphs from that.



The basic principle that implies all SIPs is Voevodsky's univalence axiom,
which is just the SIP for types:

For AB:Type, The canomical map

(S an ezuim/ ence

/\ = B denotes the type of equivalences. This is roughly like the type of isomorphisms

(fonctions  +-A—8B and ;[:B‘"UZ\ such That 70";:"”{/3 and ?”02"74)

but enhanced to be correct for types that are not sets, i.e. whose identity types

X:Ay_ , W=V are not propositions (i.e. may have more than one distinct element).




Univalence (the SIP for types) implies the SIP for groups:

Group *= > 2> > UM@,6)=4> _

G Set m: G626 e & a-A
Since equality of tuples is componentwise, for groups (é/m, é, ) ahc[ (H/ m//ei ,.f>

ve hae |(6re,.) =, (e )] % G=H) x (b)) * eoe)

s (6_/,\3 H) X i (b; univalence  axion,)

v [(é/m,e,,..> & (H/m,'e’)]

(Technically, the products on the RHS are Sigma-types, i.e. the multiplications are identified
modu |0 +he b?Jec‘H()n G->H , as we expect for a group isomorphism.)

General SIPs were proven in the HOTT Book (Chapter 9) and by Coquand-Danielsson.
They apply to all "set-level structures" like groups, rings, fields, topological spaces, etc.
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In category theory, isomorphism is not the "correct" notion of "sameness" for categories.

A SIP for categories was also proven in the HoTT Book and Ahrens-Kapulkin-Shulman.
It says that the canonical map

(¢=8) — (2 8)

IS an equivalence (of types), where (f’—‘«’ ﬁ Is the type of equivalences of categories.

But to make this true, we have to define "category" carefully...



Naive definition: A "cateqgory" in DTT consists of

* A type of objects Eo

+ A family of hom-types ?QD(X/;L) Tar X,y7 Cs

« Composition functions o . g[y,z) — f{xlg) - LO[X/Z—)

¢ |ldentities 1x: C(’SX)

s+ Associativity and unit axioms Tr }'1"((7"1'3) = (}*07) "'IC ) Z‘TG’Z? = _p)x (J°7£:WCJ _

-F,?,h
If the types are arbitrary, then the "axioms" should have an infinite tower of higher coherences
(an (00/ l) - (,Afejary > For a theory that better matches traditional 1-category theory,

we require all the hom-types ZO[X,;) to be sets.

In the HOTT Book, this notion (with that restriction) is called a precategory.



What restriction should we place on the type of objects Ca T There are three natural choices.

1) It is also a set. We call this a strict category.

- Strict category theory looks the most like classical 1-category theory.
- But the SIP is false for strict categories.
- Also, most naturally-occurring categories (e.g. Set) are not strict.

2) No restriction, i.e. work with precategories.

- The most general choice, and suffices for a good deal of category theory.
- But parts of classical category theory fail, e.g. "ff+eso implies equivalence" is false.
- The SIP is also false for general precategories.

3) Require the objects to satisfy their own SIP: the map (x s %) — (Xé‘;) IS an equivalence.
We call these (univalent) categories.
- Most naturally-ocurring categories (e.g. Set, Grp, Top, ...) are univalent.

- "ff+eso implies equivalence" is true (doesn't even require AC!)
- The SIP holds.



What about other (higher-)categorical structures?

0o -categories

. locally cubical bicategories
enriched categories triple categories
3-categories
monoidal categories double categories

2-categories

fibred categories T-categories

categories

We want to prove a general Structure Identity Principle for higher-categorical structures.
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The "univalence" condition in a univalent category may seem like a "weird and new thing"
relative both to classical category theory and to set-level mathematics in HoTT/UF.

(I believe this is part of what leads some people to instead consider precategories
to be the "basic notion of category" in HoTT/UF.)

| aim to convince you that it is neither weird nor new, but just a new manifestation
of something familiar.

"Negative thinking": Often weird things about higher categories make more sense when we
compare them to their "shadows" for "lower categories", i.e. sets, posets, truth values, etc.

Do set-level structures have a version of the "univalence" condition (a.k.a. "SIP for objects")?



Some (set-level) structures have axioms that involve equality.
Hence, we can't expect any notion of "sameness" for their elements weaker than equality.

- algebraic structures like groups, rings, fields, ...
- ordered structures (with antisymmetry) like posets, lattices, total orders, ...

Other structures don't refer to equality in their axioms. In this case, there isgenerally
an induced "indistinguishability" relation on their elements, which may be weaker than equality.

- preorders: X’A‘"% it (Xé&/ A ;éX}

X is "univalent" ( X=Y & x,’t,'} ) iff it is a partial order.
- topological spaces: x/’b’;{, hﬁ \/UG@[X)) {XEU 2 yé Uj

X is "univalent" (x—’y & xx; ) Iff it is T;



This can be captured formally by using logic with equality or logic without equality.

E.g. in (multi-sorted, first-order, relational) logic without equality, we have

- A collection of sorts.
- A collection of relation symbols, each assigned some family of sorts as arity.
- A collection of axioms, which are formulas built from the relation symbols as atomic.

In logic with equality, each sort A is additionally equipped with a specified binary relation EA .
This allows stating axioms involving equalities of elements, e.g. associativity in a group:

\V/x, };,21 6) EG <IM (m(x,;)l 2)} m (x/ m(y,%))> _

We additionally assume that the E relations are congruences for all the others.

Nontrivial notions of "indistinguishability" arise precisely in theories that can be formulated
In logic without equality.



A theory with equality is just a special case of a theory withoutquality...

... except that we usually consider only models of it that are standard,
meaning that the interpretation of the E relations is "real" equality in the model.

But this is just another "univalence" condition, with E playing the role of "indistinguishability" .7

(x = ;i) <> Ey(xy)

A "univalence" condition for structures is already present in classical first-order logic.
We don't notice it because

¢ For logic with equality, it coincides with "standardness", which is so "standard"
that we don't even think of it as an assumption.

¢ For logic without equality, it generally yields "very weak separation axioms"
that we often assume anyway when restricting to "nice objects".
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A set-level theory has only two levels of dependency:

0) sorts are the bottom level: rank 0.
1) relation symbols (predicates) are rank 1,depending on sorts (their arities).

(In DTT and HoTT/UF, propositions are types, predicates are dependent types.)

A higher theory has more levels of dependency. For instance, a category has
0) the sort Eo of objects at rank O.

1) the sorts 1:6(,3) of morphisms, depending on the objects, at rank 1.

2) relations, such as equality of morphisms, at rank 2.

Thus, a "higher signature" has to incorporate the "dependency structure".



For simplicity, consider only relational signatures (no operations, only predicates).
It is always possible to encode operations as relations via their graphs.

Makkai used inverse categories as signatures for First-Order Logic with Dependent Sorts (FOLDS).

The sl'gna'fuv{ 700% ?yau S - 77)8 Sijm‘l‘qm’ ‘PDY (47[70rif5-'
T E¢ T 0 = objects

T EA T
\ng/ ‘\\\/JA{ / Aé&y) = mOr)o)?l3lns

E&(X,;) means X :;_ Jl EA,x,;‘('p//) means 'f:j
T(X’y/%) means X'} =2 O —);,9,% {.F/ /}’) e s g ‘7[’:/1
T(x)  means X=€ g (WC) e s P:Jx

(Our notion of signature is somewhat more general, but I'll ignore that today.)



T E T The nonidentity arrows with a given sort as domain represent
A "all the dependencies" of that sort.

A T hes 3 armws  dy,d, d,: T_E__—%,[\ )
s\”t th/ 7"})“1"8 0\1' 'F{-\e yenl Cam/Oo S"7L95
O sdy=sd, tdesd , tdcH, T30

Thus, in a model, the sort T is interpreted by a family of types with 6 dependencies:

T /A\(X,w - A(ﬂ,2> — Alyz) — Tﬁe

%920

Ve Fhink d‘p 7;99,%(‘6;)0 as aSj€r7Lin;_ ; a g
e %,

Hhat 4 7Lrioin0a,)e Commutes -
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Recall the notion of identity of indiscernibles:

If Px)e P/#) for all Pﬂpx’ril'fs P +hen X<y,

* As a "global" statement about a foundational system, this is trivial because of haecceities.

But as a "local" statement about a structure for a particular signature, with P ranging only
over predicates in that signature, it is nontrivial.

¢ Our notion of "isomorphism" or "indistinguishability" between elements of a structure
will assert that they "share all the same properties" expressible in that signature.

Thus, we call it indiscernibility, writing X X% for "x and y are indiscernible”.

» Of course, in a higher structure, X <y will be a type, not just a proposition.
We call its elements indiscernibilities.

o A structure will then be univalentif each map (x=a\1) —> (xX}> is an equivalence:
a strong form of the "local" identity of indiscernibles.



F()V‘ le sigmlwe (ji,J an (I,’s'/‘ruc‘l‘ulrf’ M Can be decaynpaSeJ {yrf‘a
DA '/'W 'I%lm;}”u M_Lfoii—%TWQ) Consis‘i‘iwj of the ramk-0 sorfs
2) A JCHWEHV*Q M/) WAI‘C}] is an iM/J_ 'S%VMC‘{UVQ ‘l%)“ a O!Fkivéd( sijmﬂtu%e Ofl"’_i

TETI
N

EXM"EIC X i = Hme Si;na+b(y‘€ ’FDr 64‘}2(76”‘?5 N
Mi = the ‘I‘ype O'P Obéds Mo- D
- 'H)g Si?wd\/[ur‘e 7QJV‘ Cﬂ+€ﬁdri€5 1/\//7% "P!X@J 017286% +yP€ Mo,

M, ( )
- mw’(-() Sor‘/B ‘ A(ﬁ;) ) ‘B\f 01// X/;"Ma (NB: ""7[}”’.7/6/)’ many sor'ts /)
~ k-1 sorB “T 7 e‘}c.) wilh olé’penc{’encies T;w/;}

XY 2
L <N
(I\/o+€' YdVl}(S 0 iMo are redwced }99 1 Fom i) Aéyy) Aé\%i) jA(();z)

Y



J:()V‘ any ngh[}we Ji,) an oi'sfrucfuvﬁ M Can }pe decom{mSeJ (yrf‘o
N A 7LW 7Cmy.i)? M_L:o“[i’%lﬂwe) Consis‘,‘iwj of the rank-0 sorfzs
4
2) /\ dcr]\rd‘ilﬁ& M/) W/\I.C,lf] is an iM: "S%Vu(#’dlfﬁ ‘g% a &lé’kivéo( Sith?Lu?‘e ‘fM )
I L

EX“V"EIC" i: 'H"e Siﬂna‘hﬂf %» Cq%éjovt}?; %\#/ ;
Mi: the —l_yﬁe OWD o})d'edls Mo—

i,\i = Hhe S’-?M\}Wﬂe ﬁw Cﬂﬁ?m;fs with ﬂpixaf olod"ec‘f 7Lg,De Mo,

(M'), = The Types ot arrows My(ug)  Forall x47 1,
i) = He popsibos Tpusd), Eyfty) L6
U = Gmp‘f(y.




Given an  L-structure M a w0 sot K, and  a,b: My

M_L-i—[K] = M_L WI‘HI one Q)(\/V’d e,/emen"f 070 Mk " 7LAe }OkeP‘J *
[id, ]

lid, b]

S M_L 5€h0’ihg_ 4')4(3 (jolcer '/D 4:MI< ana{ AJM,( hesp_

<
~
o
)
NN

WA;/) }m’iscem}ai/[f% A< b 15 an isomar/)}u?m
LAM]*M/ = [;A/LJXM/ oF I/ — struchures

M+ [K7

Fhat restrich a[ow; i My = M+ L] f [‘d’M’ '

W M % uw'lvalfn\?L 4+ K 3{3 (IFD‘—? (ax))) IS dn €7uiv4/@n(<° 7%?4// a,é"Mk.



E_?_(ﬂp)ﬁ iZ-H\e §;gha+l/l"ﬁ -Fav' C4‘/£(70v-)'€§, C{/E-'MO obd‘fd%_

lM/Jr[o] = H’l? Sfjna'}"We TQ\" CATLejoriés lA//7L/) dﬁd‘paLs /")O+1

d A 'M = §uc% A CA{'Q(?N/ with )’)oyo/x/%) - }MMM (X/q)
[ ’ :] hom (#/;) = }75”‘/4(4/%)
hom (. 4) = homy (a,a)

= 7‘-};€ Cd‘fgjor)/ M with a “W/)/'S/éer” aﬁac/zeg/ Na q



An (Moiscermbi)l—f% 75: 1= b cmqsiﬂLs MC E}d'eﬂ%ns

e

¢xo ; WM (XJ d> = /WM (XJA) Tor all x+ M, (jhd [j/?&m ‘ |
Tuy homy (1,9)Z honyy (by)  Prall y My H%;Zf:{ ’

b ¢ hony (,2) = howyy (b) a5 He iduty )
Hhat y\%pecf mfasiﬁon and  identities i ‘all Pass}é/p ways”

This  turns ou > mean
) Qé(, % Vwﬂtum( - X, hence )95 Yoveda o‘ws7L ah jSomarp)z[s)m A=)

2 @ s natural ir Y., hence )9& Yoneda J‘us% an isomorphdm A=
/ ~ .
2) [hese Fwo d:L dre ‘H)e Same, Ind 4150 /m’uce é,_

(¢

T)wg (a%b) = (ag})l Sp umva[t’nce 4‘{‘ () recovers un)va[@w?" C47L€(70r?€5).\



More examples

- If a sort K has an equality relation (local haecceity), then (a>< L) =~ '5( (4/)9)
Thus, univalence at K means that Mkis a set and its equality is standard.
This includes all set-level structures: groups, rings, fields, ...

- In particular, for morphisms in a category 7E,g;-' MA (X/;) W~ }mue (Fxg_) i ,9;(73,;)

Thus, univalence at A means that M is a precategory, with standard equality.

- If P is a top-rank sort (i.e. a relation symbol), then (aﬂb) ~ X s contrackble.

Thus, univalence at P means that MPis a proposition — we even get that automatically!
(Applies in particularto T, E, | in a category.)
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6_04) : (M = j\/) — <M s }\/) is an equivalence for univalent i—structures M, N.

M’-‘-’]\/ is the type of "equivalences of i -structures"... but what are those?

Deqﬂ 1 An equivalence of categories consists of functors [ : éo — ﬁ) é ! 029 — Zf
and natural isomorphisms [~ & Ia/ﬁ ) GF Q’IJC .

Not clear how to generalize this to ot—structures: what is a "natural isomorphism"?

Dmc 2* An equivalence of categories is a functor F: éo — pﬁ such that
1) F is essentially surjective: For 4ll 27/8()) there & an x°LC, amd Fx=z

2)Fistull: For all g7 Oy (Fxfy), Fhere &5 an + 64 Gry) and Ff=g,
3) Fis faithful: Fpr all _° Hf ;Fj There i JF:;L oand — .

Analogous "faithfulness" properties for the sorts T and | follow automatically.



Def: A varphism of Lstructures F:M— N is an €Zmi\ra,€n(€ if

FD'” eack Sol"+ I<) OF an)/ mhk) UMJ BJCA %: NK(F(M’)/F(‘Q)/'”>

+here 15 a épCCi?c;'?C(B X"Mk(u,/uz,...) and an indbceni})/’/ﬁ‘} Fx = Y-

(T )V,/If% 4 bt sabtle

Wy\i-'le Ml_\: )\/ ‘FDY‘ +}\€ ’{\&VC’ 010 C%M)Vd/f’lfl(fé, 75 %)qu/oﬂle +he mduction
T ge‘f Fhis th‘#)

M (HSIP) For univalent X‘Sﬁucﬁ%’s M/ N/ +he Mmap
(M=N) — (M= V)
15 on fiu}\m}@mce (o‘p '{ypc’s)
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