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Thomas Cooper
6.4 Parametric Equations

6.4.35: Use either a CAS or the Table of Integrals to find the exact length of the curve:

First, we use the arc length formula to find the length of the curve:

= [ ()

dx

] . dy
We’ll derive x and y to find = and -

Now we’ll plug in our known values, along with our bounds:

1
L= f J(Bt2)2 + (4r3)2 dt
0

]’0{1‘ skobutt Hhe f);ﬂanm bs

And some algebr:é?to simplify:

L= f1\/9t4 + 16t6 dt
0
icaclw onb £*

1
L= f Jt*(9 + 16¢2) dt
4]

LCOW«PHH Wt vook Punchion on

1 £ and Pudl it onkof Hae veot
L= [T @nrar
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This integral fits the form va? + x? , signaling a tangent trig sub:

vaz + x2 — usex =qgatand
V32 +4t2 4t = 3tan @

4t = 3tanf@ -~ t=%tan6'

t=~f:tana — dt:%seczedﬁ

Substitute the trig sub values we found:

vI+(4t)2 — v32+32tan?f — f32(1+ tan?8) — 3sech
Z
A tan9)2 Y+ ko o= 3SUL O

dt — (% sec? @ )

Plug substituted irig values into the arc length formula:

t=1 3 2 3
L= f (— tan@) (35ec6)(— sec? 9) de
—o V4 4 e
dlsl'(-bu\,\'{ u(rommh
pv\\\ owk towskants
g1 rt=1 tombing. Seeent Functions

L= el . tan? @ sec® 6 d#

Use trig identity to convert tan? 8 to sec? 0 — 1 and distribute;

\ 81 t=1
L —

= — 50 —sec3 @
64 )., sec sec® 8 de

lﬁf\\‘\' AR il\"gva\s

81 t=1 t=1 .
L:—U secseda—f sec38d9]
64 )i £=0
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Use a table of integrals or integration by parts to solve the sec® integral:

Remember the integration by parts formula: [udv = uv — [ vdu

t=1 =1
f sec® 8.do = f sec? @ secOdo
t=0 t=0

# = sec8@ dv=seclg

du = secd tan @ Y= tan @

Plugging into integration by parts formula:

t=1 t=1
f sec® 0 dd = secO tanf — tan? @ secdd@
t={) t=0

Use trig identity to convert tan® # to sec? @ — 1 and distribute again:

t=1 t=1
f sec? 8dO = secd tan® —f (sec? 8 —1)sec dp
t g

=1 t=1
f sec® 8df = secd tan @ —f sec’ 8 —sec@do

=0 t=0
lsf\ﬂr Wb Yo mﬁ)«a\s

o1 [ pt=1 L YT
/ sec® # dO'= sec® tan —]f sec’ 0 do L4 sec@ df
L =0 | t=0 __E t=0

———

hhﬁw B

Use algebra to combine the 2 same integrals to one side of the equation:

,...] ™ = e =

t=1

t=1
Zf sec® 8df = secd tan@ +f secd df
t

=0 =0
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Use table of integrals or algebra and u substitution to solve the integral of sec 8

=0

£=1 t=1 secH + tan & =1 sec? @ +secH tand
f secfdf =
P t

sec) — dfg =
£=0 secO +tan @ -0 secOd + tan 8

# = sec@ +tand

du = sec? 0 + sech tan6

t=11 t=1
j = du = [nlulizt

=0

t=1
f secfdf = [In|secd + tan B|}iZ5
t #*P\uﬁ bacle ke &quom foond onn

lagk ‘P%ﬁt
t=1 sec@ tan#® + [In|secd + tan O]}i]
3 t=0
f sec® 8do =
t=0 2
Do the same with the sec® 8 integral:
t=1 =1
f sec® fde = f sec? 8 sec? 8 do
t=0 =0
u = sec®d dv=sec?@
du = 3sec®fsech tanf v= tan@
t=1 t=1
f sec’ 8df = sec® 0 tan@ —f 3sec? @ tan? 9 do
t=0 t=0
t=1 t=1
f sec® 8 df = sec® § tanf — 3[ sec® @ (sec’ @ — 1) do
=0 t=0
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=1 t=1
f sec’ 0 df = sec? @ tan@ — 3] sec® @ —sec® 0.df
t

=0 t=0

g1 E=1 t=1
j sec®0dO = sec’ 0 tan8 — 3 sec® 6 + Bf sec? 9 do
¢

t=1 t=1
4] sec’ 8df = sec® @ tan 0@ +3f sec3 8 do
t

=0 =0

*notice we found the integral of sec? 8 d8 on page 4

t=1
4-f se059d9=sec39tan9+3\ >
¢

secf tan & + [In|secd + tan 9|]§§3]
=0

=1
re1 secd 0 tan6+3[secg tan g +[ln|25ec9+tan9| t=0]
ft

5 —
sec’ @df = 7

=0

Finally, we replace our trig sub values back to their original ¢ values and plug them all back into the arc length formula:

4t - . o o
tan® =— *with this we can create a right triangle to find secant valucs

3 .
oppeste

4t
(offw-h)

3
(aoﬁgcmh

hypotenuse

secd = -
adjacent

J@DZ + 32

g =
sec 3
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g1 [ rt=1 =1
L=-—J. sec59d9—f sec® 6 d@
64 |J=0

t=0

_ 3 secd tan0 + [In|secé +tan6|]§§%]
ftdSECS gdo = sec” 6 tanf + 3[ 2 ft=1sec3 0 do — sect tan@ + [Infsecd + tan8|]i=]
t=0 4 o 2
jtmsec5 0do = sec® 8 tan@ 4 3(secl tand) N 3[In|sec® + tand|]i=] ft=156c3 0do = secd tand 4 [In|sec @ + tan 8[];=5
t=0 4 8 8 o 2 2
N . | ,

t=1 t=1

e

f sec® @ df — f sec® 60 df =
o | e
sec® f tanf 3(secH tan®) 3[In|sec® +tanH|]iZ} secH tand [In|secd + tan 8|]iZ]
+ + - -
4 g 8 2 2
wiombine (ilee rermas

t=1 t=1 sec? 0 tan® (secd tan@ In|secd + tan 8]z}
f sec® 6 d6 — f sec® 6dO = _{ ) _ [in] =0

=0 t=0 4 8 8

Substitute t values back into the equation:

4t
tanf = — sec @ =V(4t)2+32

3 3
3 1
(4t)2 + 32\ s4t (4t)2 + 32\ /4t (4t)? + 32\ 4t
o e (R () b))
sec’ 0 d0 — f sec® 0df = - -
ft:D t=0 ‘ 4 8 8
1
ft=1secs 0. do — ftzisecg 5o < L2430 G737 /67 +32 1[ /(07 +37 +4e
- - 81 18 8 3 O
ft:1secs 00— ft=1sec3 5 gp - LA +39)/G07+32 t/(4? +32 1 | /(402 +32 +4¢
=0 t=0 81 18 8 I 3
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Plug into the arc length formula:

81 [((4t)* +3%)y/(4t)2 + 32

tJ (4t)2 +32

81

|,/(4t)2 T 32 +4¢

1/(41:)2’ + 32 44t

64

L [t((4t)2 +37)/ (4% +3% 9t/ (48)7 + 82

Evaluated from O to 1...

Lty = (42 +39)Va%7 +32 92 +327 81 |VEE+3%T+4 LeO) = 0(0% + 32402 +32 W02+ 37
= 64 128 512 | 3 (0) = 64 128
_(25)V25 925 81 xf—+4 160 =0__811n|§l
L) =—2— 128 sl 0 512713
L ] | l L(0) = — 2= Inj1
(1) 128 512n (0) = —ggz Il
205 81 L(0) =0
L(l) = ﬁé‘“m]ﬂwl
L(1) — L(O) = 205 8L 03
(D~ L) = 55 ~ 51513
205 81
Arc Length (L) = — — ——In|3{ »~ 1.42775860277

128 512

128 512

0

0

81
T 512

[

V02432 +0
3
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6.4 Parametric Equations
6.4.21: Find the exact length of the curve:

x=1+3t% y=4+2t3 0<t<1

First, we use the arc length formula to find the length of the curve:

2

o= [ (@

We’ll derive x and y to find %i—a and %

x =1+ 3t? y =4+ 23

dx _  _ 6e2
dt—6t = 6t

Now we’ll plug in our known values, along with our bounds:

1
L= f J(61)2 + (6t2)2 dt
aQ

And some algebra fo simplify:

1
L= f V3682 + 36tt dt
0

1
L= f J36e2(1+t2) dt
0
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1
L= f 6t 1+ t2 dt
0

Now we solve using u-substitution:

2uZ 37t=1 3t
3 [__ =2 [uz] =2 [(1 + tz)Z]
3 t=0

0
t=0

2 “(1 + 12)%] - [(1 + 02)%” = 2[2v2 - NT] =42 -2
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Aan ¢ iG‘l .
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(o 26 Wi
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15
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