Math 361: Real Analysis 2
Assignment # 5

1. In class we defined Thomae’s function h : [0,1] — R as:

1 ifx=0
h(z) =4+ if 2 =2 where ged(m,n) =1
0 ifzeR\Q.

(a) Show that h is not continuous for all a € Q.
(b) Show that A is continuous for all a € R\ Q.

You may assume:

1. Between any two real numbers there exist both a rational and irrational (from Real I).

2. For all e >0, E. = {z € [0,1] : h(x) > €} is finite (from class).

2. Suppose that [c,d] C [a,b]. Remember that:

)1 ifxeled
Tea(@) = {0 if x & [c,d].

Show that:

b
(a) 1jcq € Rla,b] and that / Lieg=d—c

b b b
(b) ]l(c,d}, ﬂ(c’d), ]l[c,d) € Rla, b] and that / ﬂ(c,d] = / ﬂ[c,d) = / ﬂ(c,d) =d-—c.

3. Suppose that f € c¢([a,b]) and further assume f € R[a,b] (since we have not yet proved that this is

b
implied but we will). Further assume f(z) > 0 for all = € [a,b] and / f=0. Show f(x) =0 for
all x € [a, b ’

b
4. Find f € R([a,b]), such that f(x) > 0 for all x € [a,b] and / f =0, but f(c) # 0 for some c € R.



