Math 50 Calculus I- Exam 1 — Fall 2003

Name:
Instructions: Answer each question completely and show all work.

1. (a) State the precise definition of:
lim f(z) = L.

r—a

limg_., f(z) = L if and only if for all € > 0 there exists a 6 > 0 such that, if 0 < [z —a| < J
then |f(z) — L] < e.

(b) Use the above definition to prove that:

lim (4 —2z) = 8.

r——2

Let f(z) = —2x + 4. Fix a number € > 0 and let 6 = % Then:

0<l|zr—(=2) <
=|lr+2| <o

:>|ac+2|<§

=2z +2| <e

= =2lfz+2] <e
= -2z +2)|<e
=|—2r—4|<e
=|—-2r+4-8|<e¢
=|f(z) — 8| <e

Thus if 0 < |z — (—=2)| < ¢ then |f(z) — 8| < €. Since € is arbitrary, by the definition of the
the limit it follows that:
lim (4 —2z) =8.

r——2



2. Let the functions f, g and h be defined by the following graphs:
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Figure 1: Graph of f Figure 2: Graph of g Figure 3: Graph of h

Find the following: (2 points each)

(a) f(3) =2
(b) (f o h)(0) = f(n(0)) = f(2) =1
(¢) lim f(z) =0

r—3

(d) lim h(x)=1

z—0t

(e) lim h(x)=2

z—0~

(f) lim g(x) =DNE

x—0
Since the

lim A(x) =1%# lim h(z) =2

z—0t z—0~

(8) lim(h+ f)(z) = lim h(z) + lim f(z) = 0+0=0

r—3 z—3

(h) lim (g —h)(z) = lim g(z)— lim h(z)=0—-1= -1

z—0t z—0t+ z—0t

(i) lim(g-h)(x) =0

x—0
Since:

Jim (g-h)(z) = lim g(z)- lim h(z)=0-1=0
and:

lim (¢-h)(x) = lim g(x)- lim A(zx)=0-2=0

z—0~ z—0~ z—0~

(j) For what values of x on (—1,4) is the function g discontinuous?
The function g is discontinuous at x = 0 since 0 = lim,_,o g(z) # ¢g(0) = —1.



3. Find the following limits, make sure to justify your work using theorems or results from the class:
(10 points each)

(0) 1 2a% — 10z — 2
im ————
a r—2 20+ 1
2% — 10z — 2 : : : . : :
Let f(x) = —omt1 then f is a rational function and hence continuous on its domain.
x

Since 2(2) + 1 # 0, 2 is in the domain of f and hence f is continuous at 2 and so:

223 — 10z — 2 2.8-10-2—2
x—2 2 +1 2-241 )
322 — 127 — 63
2 _ _ _
lim 30" — 120 —63 | 3(xz+3)(x—7)
r——3 r+3 z——3 z+3
= xl_i)n_133(a: -7 since 3(93237}5;—7) = 3(x —7) when x # —3
=3(-3-17) since 3(z — 7) is a polynomial and hence
is continuous at x = —3
=30

4. Find the following limits. You do not need to justify each step but do show all of your work.

43 —
(a) lim _ 4" -8
=00 623 4+ 5 — 1

, 4o% — 8 , 4o° — 8- L
m ————7 = 11In z 1
z—o0 623 + Hr — 1 x—00 63 +bxr — 1 - =
T
_ 3
= lim L

limg o0 4 — limg oo 3%

Ty oo 6 + Lm0 25 — limy oo 25
40
S 640-0



(b) lim (\/4902 t1- x)

r—00

Vi 51—
lim (\/43:2 11— :c) ~ iy YR

T—00 1

Tr—00
I Vax?2 +1—x Vazx2+1+4=x
= lim .
z—00 1 Vaz?2 + 1+«
. 42?2 + 1 — 22
= lim ———
1= \/IzZ £ 1+
) 322+ 1
= lim ——
=00 \/4x? + 1+ x
~ lim 322 +1 ig
z—00 \/4g2 + 1+ 2 3712
, 3+ L
= lim 1 z 1
z=00 S Ax? 14 o
3+ %
= lim z?
T (a2 1)+ 1
3+ %
= lim z?
T—00 1 1
=00
. ) 1 . 1 1
Since lim (34 —) =3 and lim /4+ 5 +-=0+0=0
T—00 x T—00 X X
In(8
() lim 120)

o—z - cos(0)

T
First notice that both In and cos are continuous functions and 5 is in the domain of both it
follows that:

lim In(f) = ln(z) >0 since ~ > 1
9—I- 2 2
lim cos() =0

6—%

Also when values of 6 are slighly less then 7 then cos(f) is positive (since 6 is in the first
quadrant). So this give us:

lim In(6) = +00.
9—z~ cos(0)




5. Consider the curve y = f(t) =t + % when t > 1.

(a) Find the slope of the secant line that goes from ¢ = 2 to ¢ = 2.1. (10 points)

The slope of the secant line from (2,{(2)) to (2.1,£(2.1)) is:

f2.1) - f(2)
21-2

21+ 5 —2—3
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(b) Find the slope of the tangent line at ¢ = 2. (5 points)

The slope of the tangent line at t = 2 is equal to the derivative of f at 2. Thus we compute
the following:

N[

Jh)=(+h)+

Fn) = £ = )+ g - (041
P
iR T
ht(t+h) 4+t — (t +h)
t(t+ h)
_ ht(t+h)—h
~ t(t+h)
hlt(t + h) — 1]
t(t+ h)
Fle+h)—f(t)  tE+h)—1
h t(t+h)
) =y 1D =10

t(t+h)—1
=lim ————
t—0 t(t + h)
(it +0) 1
(4 0)
2 -1
-

3
Thus the slope of the tangent line is f'(2) = 7



